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Calculus begins the organized study of functions and develops machinery 
for extracting certain information from the functional structure. e ** e 
are two aspects of this study, both of which must find place in a modern 
text. The first is traditional. The main tools of calculus, the derivative 
and the integral, are invented to answer certain questions raised in geometry 
and physics. Invention of these tools, practice in their technical operation, 
and direct application of them to science, must be prominent. More modern 
direction in mathematics, however, is toward emphasis on further theo¬ 
retical developments, for eventually these in turn feed back additional 
contributions to science. The initial course in calculus can only introduce 
the student to work of this nature; yet here he should begin to learn to 
grope for wanted results and to assume hypotheses likely to produce 
them; to judge and to interpret his findings; to prove them. It is hoped 
that this text gradually instructs in these matters. In early stages the 
training must be wary and wily, to large extent resting on intuitive rather 
than rigorous basis. Here it is consistent practice to lead intuitively to a 
theorem, to discuss its hypotheses and its fruit, to apply it; finally (but 
not always) to offer proof. 

The concept of limiting value of functional values is basic in the defini¬ 
tion of derivative and integral. In a modern text it is not enough to give 
only lip service to the concept, the more quickly to loose the student on 
problems; if he does not fully understand the tool he cannot wisely employ 
it. Here the idea starts in familiar intuitions but gradually finds need for 
the most refined expression. The careful ground work is worth while: 
the dividend is understanding and effective use of the calculating machin¬ 
ery. 

That there are three main functional analyzers—the differential, the 
antidifferential, the definite integral—developed in calculus is kept to 
the fore throughout the book. These are first presented in sequence, 
in the reference frame of algebraic functions. Thus the integral is intro¬ 
duced relatively early. Although discussion of the transcendental func¬ 
tions is thereby postponed, it is unified when presented: the three tools 
are developed and applied each in contribution to the other (including 
consideration of typical differential equations). The operational symbol 
d' 1 originally used to denote antidifferentiation is replaced by the con¬ 
ventional { ... dx only after the definite integral and its relative indefinite 
integral are defined. In this way the properly distinct concepts of inte- 
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gration and antidifferentiation are kept so, and the impact of the Funda¬ 
mental Theorem is not forestalled by prescient notation. Earliest applica¬ 
tions of the definite integral are set up in terms of limit of a sum, trans¬ 
lated into the calculating integral by definition or by the theorem of 
Bliss. Gradually, thought in terms of differential elements is introduced. 
With multiple integrals the argument is mostly by analogy, by interpre¬ 
tation of typical integrands and their transforms to polar coordinate 
systems. 

The Mean-Value Theorem occupies a central place in the organization 
of the course. It begins the practise and theory of approximation. It 
leads into the concept of antidifferential. It underlies proof of the Funda¬ 
mental Theorem. Written for a function of two variables it is the focus 
of development in the calculus of these functions. Generalization furnishes 
Taylor’s Theorem, nuclear weapon in the presentation of power series. 
The Mean-Value Theorem is, indeed, most practical when it leads to 
theoretical consequences themselves of practical value. 

Attempt has been made to root each new idea in matters familiar to 
the student and to develop the subject along lines of inquiry naturally 
occurring to him. The many illustrative examples are carefully selected 
to bring out points of theory, of reasoning, and of technique. The lists 
of exercises are graded, with answers strategically placed. Chapter sum¬ 
maries of contents and progress include miscellaneous exercises, many of 
project type. Small print sets off a number of discussions not essential to 
the main exposition, to be omitted as full class assignment if desired, 
but used for the more capable students. With judicious omissions here 
and among the exercises the book should serve the standard four- or 
five-hour year course. 

Many acknowledgments are to be made: to the students in my classes 
who have year by year served patiently (and unconsciously) as guinea 
pigs for instructional ideas; to my colleague II. D. Lipsich who has read 
critically much of the manuscript and has discussed many points of the 
project with me; to the Taft Fund of the University of Cincinnati for 
its sizable contribution toward typing and the drafting of figures; to 
the typists and draftsmen, too large a corps for individual mention; 
to members of my family for bearing bravely with an author in the house. 
The writer hopes that such a concert of effort will serve the student public 
well. 

G. M. M. 

The University of Cincinnati 
July, 1953 
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((iy Introduction to the Derivative 
of a Function 

Introduction 

A calculusf is a method of calculation. Nearly every subject matter 
in mathematics is a calculus, or needs one; arithmetic is a collection of 
calculi. The first calculus to be studied in this book is that of rate of 
change. Merely to mention this aim is to certify the point: for change is 
so everywhere about us, and rate of change is so necessary to know, 
that we must immediately wonder that we have nowhere in elementary 
mathematics yet studied the question in any situation but the special 
one of steady or constant rate of change. 

In extension, the reader will supply numerous examples within his 
experience which underline the basic nature of the concepts under descrip¬ 
tion. The physical notions of speed, velocity, and acceleration; of rate 
of flow of electricity or heat; the rate of chemical reaction, whether un¬ 
obtrusively steady or explosively rapid; the cycles of growth or decline 
and their rates, found in biological sciences—these loom in importance 
at once. Many more, perhaps variations of these, perhaps man-made 
situations such as the laws of interest in finance, will suggest themselves. 
The development of the subject to anything like its full extent will produce 
many and amazing ramifications, so that the whole study to be undertaken 
is extraordinarily fruitful. 

In this opening chapter we expose the core of the problem through 
a special example, to be studied carefully with feet planted on known 
ground but with eyes alert for the new and unusual in the exploration. 

1.1 $ Real Variables and Their Ranges 

In the formulas 

(1) A = tct\ (2) y = Vl ~ x 3 , (3) h = 96 + 60* - 16f 3 

f'Calculus” is the Latin word for pebble. In the doing of "sums” small stones were 
originally used as "counters” on the lines of a “counting board” instead of beads on the 
wires of an abacus. The word for the utensil then turned into that for the process, or 
calculation. 

JA word about the decimal numbering of sections, theorems, equations, etc. §5.2 
designates Chapter 5, section 2. Theorem 5.2.3 designates Chapter 5, section 2, theorem 3. 
Illustrative examples, e.g., Example 5.2.1, are similarly numbered. The displayed 
equation (4) in §5.2 is designated by (5.2.4) in a cross-reference. The lists of exercises are 
given separate section numbers for easy reference; Exercise 5.3.8 is readily located. 
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the numbers it, 1, 96, 60, — 16, are constants, numbers which remain fixed 
throughout any discussion relating to the formulas. The letters A, r, y, x, 
h, t, are called variables, for the values assigned them may vary over a 
whole set of specified values. 

In this book the source of supply of both constants and variables is 
the collection R* of real numbers. The reader is supposed to have achieved 
in his previous mathematical work a concept of the system of real numbers. 
For the present he should realize its inclusion of rational numbers (the 
integers 0, =fcl, ±2, • • • , and the quotients of integers^/?, q 0) and 
the irrational numbers (e.g., — \Z'2, w, sin 60° = } \/3). Geometrically 
speaking, every real number labels some point on an infinitely extended 


-x<0-> 

<-°<x<5-> 

< -x>5 


+ 72 " + 3.5 


O 




-3 -2 -1 0 +1 +2 +3 +4 +5 

• 1 

r*-l<x<l-H 


Fig. 1.1.1 

straight line (Fig. 1.1.1) on which an arbitrary origin 0: (0) is selected 
and to which an arbitrary unit of measure is applied; conversely, every 
point on the line has a real number label.t 

Connected with a formula is a stipulation of the set of real numbers 
from which each of its variables may be drawn. The set which supplies 
number values for a variable is called the range of the variable. Sometimes 
the range of a variable is the entire set of real numbers; thus for the para¬ 
bolic locus y = x 2 , the variable x may be any real number. But the y 
in y = x 2 is obviously limited to the set of non-negative real numbers; 
we may write! y ^ 0. Both the r (radius) and the A (area) in (1) A = nr 2 
are positive: r > 0, A > 0. In (2) the x is restricted to the range 
— 1 x ^ 1 in order that the corresponding y be real; and y ^ 0 since 
the symbol \/ indicates the positive square root. Formula (3) presents 
height h of a vertically hurled projectile in terms of time t; here t ^ 0 
in general and h cannot exceed the maximum height of the projectile 
(wfiich we shall learn later to extract from the formula). The fact that 
that the x in y = 1 /x may be any real number but zero is indicated by 
writing y = 1/x, x 5 ^ 0. Specification of range is often so important 

fThe system of real numbers is described more fully in Appendix, Chapter 16. 

JThe symbol “>” is read “greater than”; reversed, “ <,” it means “less than.” The 
opening is toward the larger number. Thus, l < 5 means “l less than 5”; t >0 means 
“t greater than zero” or “f positive.” The composite “ ^ ” means “less than or equal to,” 
that is, “not greater than”; t ^ 11 means values of t not to exceed 11. The range 
0 £ t < 5 includes values of t between 0 and 5, including 0 but not 5; thus, it is the range 
of non-negative t less than 5. 
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in a problem that it is wise to append it to the formula. 1 hus, nnc write 

(1) A = irr\ r > 0, A > 0, 

( 2 ) y = vT^7, -i s x g i, y a o, 

(3) h = 96 + 60< - 16(*, t S o, 

(4) y = l/x, x *0. 

If the variable x may be found on the range extending from x - a 
to x = b, we write a < x < b if neither end-value is included (an open 
range), a £ x £ b if both end-points are permissible (a closed range), 
and a g x < b if a but not 6 may be used (a semi-closed range). Sometimes 
x is said to lie on the range R(x) if exact stipulation is unnecessary. 

In the foregoing discussion it is tacitly assumed that the range 
a £ x £ b is a complete section of the real number system, represented 
geometrically by a closed segment of the line of reals (the real axis). 
Since there is a one-one correspondence between all the points of the line 
segment and all the real numbers of the range, the range a £ x £ h is 
called the continuum of reals not less than a and not greater than b. 
Here, x is called a continuous real variable. 

In contrast, a variable is sometimes to take its values from a discrete 
set, numbers separated from one another by others not of the set. I hus, 
we may allow x to be only an integer 0, ±1, ±2, • • • ; or perhaps only 
a negative integral power of 10, e.g., 10 *, k a positive integer; or only a 
member of the set |l, }, J, }, • • • , 1/n, • • •). 

1.2 The Concept of Function 

The expression 

96 + 60* - 16/ 2 

is known physically to compute the height (feet above ground) of a ver¬ 
tically thrown projectile corresponding to a specified time t (seconds); 
only the force of gravity is at work. The initial height is 96, for t = 0. 
Suppose the projectile reaches a maximum height H, and returns to ground 
level at time t, . We set, for short, 

(1) MO = 96 + 60/ - 16/*, 0 g / £ /, , 

where h(t), the “height for time /,” is read “h of t” For each t from 

the range R, : 0 g * ^ *, inserted into (1), that relationship computes 

a unique corresponding h(t) on the range R? : 0 ^ h(t) ^ H. Thus, we 

have: 

For t = 1, MO has the value h(\) = 96 + 60(1) - 16(1) 2 = 140; 

For t = 2, MO has the value h{ 2) = 96 + 60(2) - 16(2) 2 = 152; 

For t = 1.5, MO has the value h{\) = 96 + 60(§) — 16(f) 2 = 150; 

etc. These produce the corresponding pairs (1, 140), (2, 152), (1.5, 150), 

• * • » [ly M0J- If these and others are assembled into a table the cor¬ 
respondence t to MO * s again noticeable; and if the pairs are construed 
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as points in a Cartesian plane with f-axis horizontal and /t-axis vertical, 
the graph (Fig. 1.2.1) resulting as usual pictures the corresponding pairs 
according to (1). 



The reader is familiar with many such relationships connecting variables 
(sets of numbers), be they formulas, tables, or graphs, which arrange the 
correspondence. Examples are: 

(2) A(r) =tt\ r> 0, A(r) > 0, 

(3) .4(x) = O.OGx + 1, x > 0, .4(x) > 1, 

(4) S(x) = Vx, x £ 0, S(x) 0, 

(5) L(x) = logio x, x > 0, L(x) unrestricted, 

as well as tables of experimental and statistical data, and numerous graphs. 

In extension, let the relationship 
(G) /(x) (read this "f of i”) 

present the values x on R,(x) and /(x) on RJ/(*)] in paired correspondence 

[X, /(X)] 

where (G) may be given by a formula, a table, a graph, or even by a verbal 
statement. The can be thought to designate the operation to be 
performed on x to produce its correspondent /(x); thus, (l) directs that 
we subtract 1G times the square of the selected value t from the sum of 






1.2] THE CONCEPT OF FUNC 

96 and 60 times that value t, and in the case of a tabular preronta-tion / 
commands pairing with the entry in one column its compamon 
the other. Since the x on which / operates is an arbitrary c 
R, , this range is called the independent set of values; since, howeve, 
the correspondent fix) on R* depends on the x and the operating J, 2 
is called the dependent set of values. 


definition. A correspondence [x, /(x)] between two sets of numbers 
which pairs to an arbitrary member x of the independent set R,(x) one or 
more members /(x) of the dependent set R 2 (/(x)] is coded a function. 1 he 
dependent set of values /(x) is said to be a function of the independent set. 


R, is the range of definition of the function, R 2 the range of values of 
the function. The independent range R, is often said to be mapped 
on the dependent range R, by the functional correspondence. Other 
letters than / sometimes designate the relationship, e.g., Fix), g(x), *£>(x), 
without altering the concept; indeed, suggestive initial letters are helpful 
as in (1). Many phases of mathematics, including calculus, center about 
the study of properties of functions. 

Although it is the correspondence of values x to /(x) which is by definition 
the “function,” it is standard to speak of 

the function J(x) 

to avoid the lengthier “the function defined by the relation fix)." In 
connection with graphs, we often set 


y = fix) 

for the usual Cartesian pairing (x, y) instead of the pairing [x, /(x)), and 
speak of the function y = /(x). 


In the functional relationship (definition) 

fix) = 96 -f 60x - 16x 2 

the letter x is a mark for which a number is inserted for computation of the corre¬ 
sponding/^). Any mark, e.g., 96 -f 60(#) — 16(#) 2 , or no mark, e.g., 96 + 60( ) — 
16( )*, would indicate the computing structure as well. This remark reveals the 
operational nature of/ previously discussed: a rule computing the correspondent of 
a number. (In such usage x is called an "indeterminate.”) On the other hand, if x 
represents a value from R, , /(x) represents its corresponding value rather than the 
functional structure. This dual aspect of the symbol fix) will rarely confuse. 

Example 1. The relationship 

/(x) = Vx - 1, x a i, /(x) g 0, 
defines a function. By substitution of values of x on both sides of the equality mark 
we compute the corresponding functional values 

/(5) = \ /5 - 1 =2 /(I + 0 = V(1 + 0-1 = Vt, t 6 0 

/(1.01) = Vl.01 - 1 = 0.1 /(A*) = Vh* - 1, 12 1. 

Example 2. The statement that first-class postage costs 3ff for the first ounce of 
weight or fraction thereof, and additional for each additional ounce or frac¬ 
tional part, presents a functional relationship between weight and cost of a 
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letter. If x is weight, C(j) cost, then R, : x > 0 is mapped on R 2 : C(x) a positive 
integer multiple of 3. The relationship can be expressed analytically by 


C(x) 


3, 0 < x ^ 1, 

6 , 1 < x ^ 2, 

9, 2 < x ^ 3, etc. 


This function is discussed and graphed in §4.1. 

Example 3. Suppose a fanner estimates that, dug now. his potato crop will yield 
100 bushels worth SI a bushel, but that for every week he waits the yield will 
increase 10 bushels although the price per bushel will decrease 8(f. If x ^ 0 is the 
time in weeks, the size of the crop is given by the function C(x) = 100 -f- lOx, and 
the price per bushel is given by the function P{x) = 1 — 0.08x; the value of the 
crop is then defined by the function 


V{x) = C(x) P(x) = (100 + 10x)(l - 0.08x), x £ 0. 

(It is clear from this example that many of the translations in algebra from state¬ 
ment to formula are expressions of one variable as a function of another.) 


All the functions discussed so far are single-valued functions: one and 
only one value of /(x) is produced for any choice of x on the admissible 

range of x. According to the definition 
of function there can, however, occur 
more than one dependent value cor¬ 
responding to a specified x; then the 
function is said to be multiple-valued. 
For example, 

(7) y 2 = x, x ;> 0, 

provides two values of y for each posi¬ 
tive x, and y(x) is a do uMe-valued 
function of x. Each of the separate 
functions 

V = +Vx, y = - Vx, x ^ 0, 
is single-valued, and is called a single¬ 
valued branch of (7); use of the latter 
alone allows study of just the lower half of the parabola y 2 = x (Fig. 
1 . 2 . 2 ). 
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Fig. 1.2.2 


Example 4. Although the function 

V = f(x) = sin x 

is single-valued for all real x (think of the graph), the inverse-sine function 
(8) y = F(x) = sin -1 x (— 1 ^ x ^ 1) 

is infinitely many-valued: for any choice of x on the range indicated (limited so that 
x may be used as the sine of an angle) an infinite number of angles may be specified 
which possess the given x as sine. Thus, if x = = sin -1 (}) = 30° or 150° or any 

angle coterminal with them ; these all can be summed up in 

y = 30° + n-360° and y *= 150° + n-360° 
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1.3] EXERCISES 

in which n= 0, drl, ±2, • • • . These statements are clarified by a study of the 
graphf of the function (8) presented in Figure 1.2.3. But the section of the graph 
on which y is restricted to lie on the range — 90° ^ y ^ 90° has one and only one y 
for each admissible x ; this section therefore presents y as a single-valued function 
of x. It is said to contain the principal values of y = sin -1 x. 

Further examples of functions are discussed in §§4.1, 4.2. 



In many theorems we shall assume that we are dealing with single¬ 
valued functions. This hypothesis is not so restrictive as it sounds; the 
result contained in the conclusions of the theorems can be applied to a 
single branch or to a range of principal values, even though the function 
in its entirety is multiple-valued. 

So far we have spoken only of functions depending on one independent variable. 
We can discuss functions of several variables. The formula .4 = /'(l + r)" gives the 
compound amount A as a function of the three variables P (principal), r (interest 
rate per annum), and n (number of years). The statement, “Strength of a rectangu¬ 
lar beam varies as the width and the square of the depth,” translates into 
S = k-w(?, k a constant, in which S is a function of two variables. Functions of 
several variables are studied in Chapters 14 and 15. 

1.3 Exercises 

1. Pick out constants and variables in the following formulas: 

(a) C = 2rr (b) V = (4r/3)r* (c) d = 601 - 5 1 2 

(d) v = 50/p (e) y = V9 - (0 A = 1000(1 + r)'° 

fThe graph of y ** sin -1 x may be obtained from that of y = sin x (or x = sin -1 y) by 
reflecting the latter through the line y = x. This reflection interchanges x and y in 
x = sin -1 y (read it aloud), and is done in order to employ the usual y as dependent 
variable and the usual x as independent variable. 
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Explain how each can be interpreted as a functional correspondence, and how 

to compute functional values. What is the range of definition R, of each function? 

2. (a) If you ask the clerk at the post-office window for a dollar’s worth of 2ff 

and stamps, he will have to solve the equation 2x + By = 100. From 
what range of real numbers will he have to choose his x and y ? 

. (b) If you are notifying a friend of the time of arrival of your train, from what 
range of real numbers is this time drawn? 

3. For what range of real x will y be real in each of the following equations (think 
in terms of loci in analytic geometry’): 

(a) y = 1/x 3 (b) x 1 + y* = 4 (c) X* - y* - 4 

(d) ** + V - 0 (e) x’ + 9y' + 1 = 0 (f) » J (1 - x) = x 3 (t + x) 

[4ns. (l|-!Sx< 1.) 

4. Supply a function expressing each of the following: 

(a) Volume of a cube as a function of the edge; 

(b) Volume of a sphere as a function of the radius; of the diameter; of the 
circumference of a great circle (for the last, since C = 2-irr, we have 
V = (4r/3)r* = (4x/3)(C/2r) 1 = CV&r’l; 

(c) Area of a triangle of which two sides are 20 in. and 30 in., as a function of 
the angle included by the two given sides; 

(d) Length of the third side of the triangle in (c) as a function of the angle 
included by the given sides. 

5. Replace each verbal statement following with a formula expressing the im¬ 
plied function: 

(a) The distance of the horizon at sea varies as the square root of the elevation 
of the observer; 

(b) The repulsion between a pair of charges of electricity varies inversely as 
the square of the distance between them. Suppose that repulsion R (dynes) 
is 5 when the distance d (centimeters) between charges is 2. Particularize 
your formula, draw up a table of corresponding values, and graph. Confine 
d to the range 0.5 ^ d ^ 8. 

6. If /(x) = 60x - 5x 3 , compute : (a) /(2); (b) /(2.001); (c) /(x*); (d) /(x* + Ax); 

(e) /(2 + Ax); (f)/(x). 

7. If F(x) = l/(x 3 - 1), compute: (a) F( 3); (b) F(a); (c) F( i); (d) F(- 4); 
(e) F(x * + Ax). For what values of x is F(x) undefined? 

8. If/(x) = * + \/x, compute/(10),/(10+ h),f(\/x). 

9. If/(x) = 2*, compute/(0),/(l),/(}),/(-5). 

10. If/(x) = log.o X, compute/(1),/(10),/(0.001). 

1 1. If/(x) = tan 2x, compute/(0),/(30°),/(90°). For what first quadrant angle is 
f(x) undefined? 

12. (a) By means of what single-valued function, y = f(x), could you study just 
the lower half of a unit circle with center at the origin? 

(b) By means of what single-valued function, x = f(y), could you study just 
the right half of the circle x + y — 2x — 3 = 0? The lower half? 

1 3. State the multiplicity of each function y of x as defined by: 

(a) y = x* (b) y = x wi (c) y' = s 3 

(d) *y = 4 (e) y = cos x (f) x 2 - y 2 = a? 

(g) xy = 1 (h) y = cos" 1 x (i ) y = tan" 1 x 

(j) x 2 + 5 xy 4- 6y 2 = 0 

Indicate the range of x for which y is defined in each of these functions. 
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14. (a) Show that - y' = 4 supplies y as a double-valued function of *. • 

iasa double-valued function of y. Show that x ,n “ st , 

outside the interval -2 < x < 2, but that y is unlimited. Draw a grap 
showing single-valued branches of the curve. 

(b) Treat x — y — —4 in a fashion analogous to (a). 

1 5. A long piece of tin 24 in. wide is formed into a gutter by turning up» (not 
necessarily vertically) an 8-in. strip at each side. Express the cros s-sect mnal 
area (a trapezoid) as a function of its height. [An*. A = A(8 + v 64 n ), 

0 < h g 8.) 

1 6. A covered rectangular tank with square base is to contain 80 cu. yd. The base 
will cast S3 a sq. yd., the top and sides S2 a sq. yd. Express the cost ol the 
tank as a function of one of its dimensions. [If x is the side of the base and y 
is the height of the tank, cost C = 3x* + 2x 3 + Sxy dollars; but xy= 80 
from which y = S0/x 3 can be substituted in C.J 

17. A right circular cylinder is inscribed in a sphere of 
radius 12. Represent its volume as a function of its 
height. [If r is the base-radius, h the height, of the 
cylinder, then its volume V = xr 3 h\ but from the 
right triangle OP A (Fig. 1.3.1), r 3 + \h 2 = 144, 
whence V = t(144/» - J A 3 ), 0 < A < 24.| 

1 8. A right circular cone is inscribed in a sphere of radius 
12. Represent its volume as a function of its height. 

[Ans. V = Jir(24/i 3 - A 3 ), 0 < h < 24.) 

1 9. A right circular cylinder is inscribed in a right circu¬ 
lar cone of height 10 and base radius 5. Express its volume l ' as a function of its 
base radius r. [Aim. V = T(10r 3 — 2r*), 0 < r < 5.) 



1.4 Problem: A Vertically Thrown Ball and Its Velocity 

The values h(t) computed for the function 

(1) h(t) = 96 + GO* - 16/*, t ^ 0, 

represent the height h (feet above ground) of a vertically thrown ball 
in terms of time t (seconds); the formula is assumed from physics for the 
purpose of introducing the main discussion here. Understanding of the 
physical situation and study of the graph (Fig. 1.2.1) suggest the following 
two questions:! 

(a) What is the greatest height achieved by the ball? 

(b) How fast is the ball moving at a specified moment? 

Since physical intuition has it that the ball is highest when it is momentarily 
stationary in mid-air, motionless, we realize that question (a) is to be 


fAbility to extract other information from (1) is already possessed by the reader. 
The height for specified t = /• is obtained merely by substitution of t* for l in (1). The 
times at which a specified height h = H is reached are found by solving the quadratic 
equation H = 96 + 60* — 1&* for l. In particular, the ball is at ground level when H = 0; 
the corresponding times are the t satisfying 16f l — 60* — 96 = 0 namely, t = 4.96 sec., 
approximately (the other root is negative). 
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generallyf answered from the answer to (b). It is the latter to which we 
turn our attention. 

The reader is presumably familiar with the notion and computation 
of average velocity. We recall, for example, the following routine com¬ 
putation: When t = 1.5 the height of the ball is 

Ml.5) = 96 + 60(1.5) - 16(1.5)* = 96 + 90 - 36 = 150 ft., 
and when t = 1 it is 


MD = 96 + 60(1) - 16(1) 2 = 140 ft. 

The ball has been displaced through a distance of h( 1.5) — M0 = 
150 — 140 = 10 ft. during the time interval of 1.5 — 1 = 0.5 sec. following 
t = 1. Its average velocity during the specified time interval is defined as 


( 2 ) 


avg. vel. 


displ acement 
time interval 


Ml-5) ~ MD _ JO 
1.5-1 0.5 


20 ft./sec. 


Generalizing this, we begin at arbitrary t — t* and consider an arbitrary 
time interval either prior to or following upon the instant /*. We shall 
denote this time interval by the symbol At (“dclta-t”) called the increment 
of t. This At may be positive or negative. The symbol At is read as a 
single entity, not the algebraic product of a number A by a number t. 
Thus, the time interval begins at / = /* and ends at / = t* + At, extended 
through a duration At. To maintain a distinct interval of time At, and 
to distinguish between the instants l* and t* + At, we must keep At 0. 
Corresponding to the increment At in time there is an increment Ah in 
h, the displacement 

Ah = Mf* + A/) - 

In these terms the average velocity is defined by 


(3) 


avg. vel. 


displacement 
time interval 


Ah = h(l! + At) - h(t*) 
At At 


At 0. 


We note that this reduces to the formula in (2) for l* = [, At = 0.5, 
t* + At - 1.5. 

To fill in the right side of (3) we compute the two needed quantities 
Mf* + A0 = 96 + 60(f* + AO - 16(f* + At) 7 

= 96 + 60f* + 60(A0 - 16f* 2 - 32t*(A0 - 16(40*, 
//(/*) = 96 + 60f* - 16f* 2 . 

The difference between these is the displacement 

(4) Ah = h(t* + AO ~ M**) = 6O(A0 - 32(*(A0 - 16(40*. 

Division of (4) by At, provided At 9 * 0, results in 


(5) avg. vel. 

(during ^ I ( 


Ah 

At 


h(t* + AQ ~ h(t*) 
At 


= 60 - 32 1* - 16 At, 


At 0. 


tAlthough a special method for a quadratic function like (1) can be developed in 
elementary algebra, we seek a more general method. 
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1.5] INSTANTANEOUS VELOCITY 

We note that when t* = 1 and A l = 0.5 the right side of (5) yields the 
60 — 32 — 16(0.5) = 20 resulting in (2). 

Any question concerning average velocity of the ball (1) can be answered 
from the general formula (5). 

Example. The average velocity of the ball (1) from t = 1 to t = 1.0001 is found 
easily by setting t* = 1, At = 0.0001, in (5); the result is 60 — 32 — 0.0016 — 
27.9984 ft./sec. 

The average velocity of the ball (1) from t = 2 to t = 2.5 is obtained by setting 
l* = 2, A t= 0.5, in (5); the result is 60 - 64 - 8 = -12 ft./sec. The negative sign 
indicates that the ball is on its downward flight. 

Since the path of the motion is a straight line directed upward, velocity 
will be sometimes positive, sometimes negative—the latter meaning 
(as time changes positively) negative change in h and a falling ball. 
Velocity is thus a signed function: its sign pertains to direction of motion, 
its numerical value}, which we shall call velocity-magnitude, is rate of 
progress along the line. 

Colloquially, and in physical usage, this velocity-magnitude is called “speed”; 
the reader should note carefully that we avoid this term. The reason is as follows: 
The straight-line path of motion is a special case of motion along a curved path. In 
this latter situation speed is not defined as magnitude of velocity (§§12.9-12). 
It is, then, not reasonable so to use it in the special case. Since, however, the distinct 
concepts of speed and velocity in the general case both specialize into the same 
function for linear motion, we might use speed interchangeably with velocity in the 
present situation. Then velocity-magnitude or speed-magnitude is the unsigned 
rate of motion. 

1.5 Instantaneous Velocity of the Vertically Thrown Ball 

The question posed in §1.4 was, “At what velocity is the ball (described 
by the position-function 

(1) h(t) = 96 + 60/ - 16f*, t £ 0) 

moving at a given instant t = /*? The preposition is “at,” not “during” 
as in the case of average velocity. This means that there is no duration 
of time interval following the given instant; hence A t = 0, and substitution 
in the formula (1.4.5) for average velocity is forbidden. Indeed, the 
displacement formula (1.4.4) is A/i = 0 for A t = 0, and to attain (1.4.5) 
from this asks that we divide 0 by 0. Unique result for such a process is 
not defined algebraically.} In sober fact, the very notion of finding 
average velocity over a time interval of zero duration is nonsensical. 

Yet, in asking the question we are instinctively recognizing the existence 

tThe numerical (or absolute) value of the real number x, denoted by | x |, is the 
symbol for x with the sign deleted. Thus, | +2 | = | -2 | =2. Moreover, I x - 2 I = 
x - 2 if x > 2, but | x - 2 | = 2 - x if x < 2. 

tDivision of a by 6, indicated by a/6, asks for x such that 6x = a. If a ^ 0 and 6 = 0, 
solution for x in O x = a * 0 is impossible since O x = 0 for anv finite x. If a = 0 and 
6 = 0, any number for x will satisfy O x = 0 and the quotient x is not unique. Hence a/0 
fails of unique definition for all a and division by zero is an undefined process. 
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of another kind of velocity: velocity at an instant, or instantaneous velocity, 
as distinct from velocity averaged over an interval of time. Physical 
intuition dictates that the ball’s rate of covering distance varies from 
instant to instant. The ball is not progressing steadily (at an average 
rate) for a while and then switching to another steady rate for another 
period. In fact, the concept of average velocity reveals itself as a fiction: 
it is the rate at which the ball would move if it moved without hastening, 
without retarding, from time t — t* to time / = t* + At. A ball thrown 
into the air does not move in that way. 

In spite of its uselessness for direct computation of an instantaneous 
velocity, formula (1.4.5) for average velocity, namely 

(2) avg. vel. = + At) ~ ,l( — = 60 - 32<* - 16 At, A t * 0, 

(durino At from (•) A t 

should, for small enough At, furnish a good approximation to any definition 
of instantaneous velocity we might arrange. The example at the close 
of §1.4 resulted in the average velocity 27.9984 ft./sec. during the time 
interval At - 0.0001 from t = 1 to / = 1.0001; intuitively we consider 
this a reasonably good approximation to the number we wish to assign for 
the instantaneous velocity at t* = 1. In the accompanying Table I we 
Table 1 



record such average velocities computed from (2) for time intervals each 
beginning with t * = 1 and extending through At = 0.01, At = 0.001, 
At = 0.0001, • • • , that is, through At = 10 k = 1, 2, 3, • • • , in 
succession. Each of the entries (after the first) in the sequence of average 
velocities should approximate better than its predecessor the instantaneous 
velocity we seek; this last, however, is not (and cannot be) in the table. 
The tabular succession of average velocities is, indeed, approximating 
many numbers, 28.1, for example, more and more closely. Of all such 
numbers, however, the number 28 possesses a unique distinguishing property: 
k can be increased (hence At shortened) to such extent that all average 
velocities tabulated thereafter lie arbitrarily close to 28. This contention 
is clarified in the third row of the table showing the difference between 
28 and each average velocity: this difference can be made as close to zero 
as anyone may desire t by sufficient shortening of At toward (but never to) 
zero. Such statements cannot be made concerning any other number 

fThe key words in the discussion are those in italics: arbitrarily dose and the synony¬ 
mous as dose as anyone may desire. Understanding of the argument here and elsewhere 
depends upon clear conception of the word “arbitrary.” 
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other than 28 in the present setting. It is at least WuiWyptaiWe 
(on the evidence so far) that 28 is the best, indeed the only, Candida 

for the instantaneous velocity we wish. 

Table II is arranged in parallel with Table I with At 


= -10 


- <* + !> 


now 


Table II 


Time Interval 
At from t - I 

-10~* - -0 01 

-I0~ J - -0 001 


* 

_ 10 -U+I> _ _o o ••• oi 

• • • 

Avg. Vel. 
during At 

28.16 

28.016 

• • • 

4-1 

28 0 •** 016 

• • • 

Difference 

28-Avg. Vel. 

-0 16 

-0 016 

n 

*-l 

-0.0-** 016 



a time interval prior to ** - 1. The evidence is the same as before that 
28 is the only number to which the eventual average velocity entries all 
approximate arbitrarily closely. Moreover, simultaneous use of the two 
tablesf squeezes 28 between the two successions of approximations, one 
set coming arbitrarily close from below, the other from above, as the ^ 
time interval is sufficiently shortened on either side of ** =* 1. This 
double evidence strengthens interest in 28 as the instantaneous velocity 
sought. 

But evidence based on the special choices of time interval used in the 
two tables is not enough. To handle all choices of time intervals tending 
toward zero duration we interpret At as a continuous real variable. For 
** => 1 formula (2) is 

(3) avg. vel. (during At from t* = 1) = 28 — 16 At, At 0, 
and the numerical difference between this and 28 is 

(4) | (28 - 16 AO - 28 | = 16 | At |, At * 0. 

On the right side of (4) the variable At can be shortened continuously 
toward (but never to) zero at will; this viewpoint covers all possible special 
successions of time interval (like At = ±10 , '* n ) which we might use. 
Since At can be shortened to such an extent that for all shorter At the 
difference on the left side of (4) is arbitrarily small, we have produced 
general evidence that 28 is the only plausible number for the instantaneous 
velocity at ** = 1. 

For the instantaneous velocity at * = ** we argue from the approxi¬ 
mations 

(2) avg. vel. ( during At from t = **) = (60 - 32**) - 16 At, At ^ 0, 
as we did with (3). Here the number (60 — 32**) is constant for specified 
**, and the numerical difference between this constant and the average 

fThe noticeable fact that 28 is the average of corresponding entries in the two tables 
is due to the quadratic form of h(t). Since this effect is not general for other functions we 
disregard its appearance in the present discussion and attend only to evidence which can 
be generalized. 
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velocity (2) is 

(5) | ((60 - 32**) - 16 A*] - (60 - 32**) | = 16 | A* | 

as in (4). As before, we consider A* to tend toward zero as a continuous 
real variable. The difference (5) thereby eventually becomes and thereafter 
remains arbitrarily small ; hence the number (60 — 32**) is approximated 
arbitrarily closely by the average velocity (2) for all A* sufficiently small. 
We then define 

(6) Instantaneous velocity (at *=**) = 60 — 32**. 

This supplies the previous special 28 under the substitution ** = 1. 

Finally, since ** is any * pertinent to the problem, we abandon the * 
used to fix *, and have the function 

(7) Instantaneous velocity = 60 — 32* 

as the definition of the instantaneous velocity at any time *. For example, 
when * = 1 the velocity (7) is 28 ft./sec.; when * = 2, the velocity is 
— 4 ft./sec.; when * = 3.1 the velocity is —39.2 ft./sec.; when * = 0 the 
velocity is 60 ft./sec. (the initial velocity). 

In summary: We solve the problem of instantaneous velocity of the 
ball (1) at any instant * = ** in two important steps: (a) We write the 
average velocity 

(2) g _ ~ _ (60 _ 32,.) _ 16 At , A< * o, 

during any time interval A* ^ 0 from **. This is not a new idea although 
the notational formulation may seem new. (b) From the algebraic form 
of these average velocities we pick the number (60 - 32**), itself not an 
average velocity, as the one and only number which is approximated 
arbitrarily closely by all the average velocities (2) after At has been made 
sufficiently small in size. This number we define in (6) to be the instan¬ 
taneous velocity at * = **. 

The process of argument! used in (b) is known as the limit process. 
When in the course of a discussion a variable v moves on its range R in such 
a way that all values assumed after a certain one lie arbitrarily close to a 
constant l (not necessarily on R), then l is said to be the limit of the variable 
v. In the discussion of this section, the limit of the variable A* is 0 whether 
At travels the discrete sequence ±10' , ** n or the continuum near zero. 
The number 28 is the limit of the variable average velocities listed in 
Tables I and II and in equation (3), as At tends toward zero as a limit. 
The number 60 — 32** is the limit of the variable average velocities (2) 

t Again it is emphasized that the 60 — 32<• of (6) is not obtained from the 60 — 32** — 
16A*. A* 0, of (2), by the algebraic process of substituting 0 for A* in (2), even though 
the correct answer results in this case. As we have carefully pointed out, (2) has no 
meaning when A* = 0. Content lies in the work only if A* ^ 0; and then only the limit 
concept permits the argument in extenso to (6). At a later stage, the concept of continuity 
of a function will allow us to ascertain the limit of continuous functions by a substitution 
process (which explains why we obtain the correct result in the present case by a method 
which is presently incorrect). But this must wait until we define and explain the im¬ 
portant concept of continuity. 


1.7] UMIT OF A VARIABLE 

as At tends toward zero. In this language the instantaneous velocity 
of the ball at t = t* is to be calculated by the machinery 

( 8 ) lim £7 = lim - ( — + A<) = 60 - 32 f, M * 0, 

where “lim A i-o” is read “the limit [of ...) as At tends toward zero.” 

Since the limit process has emerged from this problem as the basic tool 
concept in the calculus of instantaneous speed, we plan to discuss it more 
thoroughly in §1.7. 


1.6 Exercises 

1. The height A ft. of a stone t sec. after being thrown vertically from ground level 
is given by h(t) = 120/ — 16/ a . In connection with this function, 

(a) Write a formula analogous to (1.4.5) for the average velocity of the stone 
from t = /• to time t = /• + At. What is the average velocity from t = 2 
to t = 2.25? 

(b) From the general result in (a) argue, as in the succession of formulas (1.5.2), 
(1.5.5), (1.5.6), to a formula for instantaneous velocity of the stone at any 
time t = t *. What is the velocity at t = 2? at t = 4? 

(c) Show how the work of (a) and (b) is covered by evaluation of the left side 
of (1.5.8). [Ant. (a) 120 - 32 P - 16 At-, (b) 120 - 32/*.] 

2. A ball rolls up an inclined plane so that its distance D ft. from its starting point 
after t seconds is D — 60/ — 51*. Repeat the requirements of Exercise 1. 
[Ans. (b) 60 - 10/*.1 

(d) When is the ball 100 ft. up the incline? When does it return to the starting 
point? 

(e) When does the ball stop? (,4ns. t = 6 sec.| 

(f) IIow far up the incline does it go? 

3. Start with formula (1.5.7): i>(/) = 60 — 32/, where v(t) represents velocity 
v ft./sec. of the ball (1.5.1) at any instant. Find the rate of change of v(t) 
[acceleration of the balll with respect to / at any time / = /• by following the 
plan of Exercise 1 or of (1.5.8). Is the result what you would anticipate? Show 
that the result also checks with the fact that the rate of change of a linear func¬ 
tion is the slope of the line graph. 

4. What is the acceleration of the ball of Exercise 2 at any time t? 

1.7 Limit of a Variable 


definition: If a variable v moves on its range R so that all values 
assumed by v after a certain one lie arbitrarily close to a constant l (not 
necessarily on R), then l is the limit of v: l = lim v. 

The converse statement is necessarily true. In general, v is kept distinct 
from the number l; we shall always intend it so unless the contrary is 
expressly stated.f In the circumstances of the definition it said that 


fWhether v moves over 

R: 2, i, $, h • • • or R': 2, 1 , §, 1 , 1, 1 , ... 

hm t» = 1 in either case, because (according to the definition) all values assumed by v 
eventually lie arbitrarily close to 1. The presence of the limit 1 itself in R' is of no sig¬ 
nificance m the satisfaction of the definition. That is, "attainment" of the limit is not 
demanded; only eventual arbitrary nearness to it is stipulated. 
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“v approaches ! as a limit.” written v —► Z. We also say that “v tends 
toward Z as limit.” We note that the verbs approach and lend toward 
mean here come and stay arbitrarily close to, a much stronger meaning 
than is customary English usage. 

Example 1. Let v assume the successive values of the range 

(1) R: 1, i, i, i, • • • , 1/A, • • • , k a positive integer. 

As k increases the values 1/A- decrease, and we judge that v —* 0. Indeed, all the 
values in (1) after the hundredth, e.g., -j-J-,-, T ^ 2 , • • • , are within measure 0.01 of 
zero; all values after the first million are within measure 0.000001 of zero; and we 
realize that for any positive measure which might he set, no matter how small, we 
can discover a value sufficiently far along R beyond which all values are within the 
prescribed measure of zero. According to the definition we accept zero as the limit 
of v on the R of (1). We note especially that here the limit 0 is not a value on R. 

Example 2. In similar fashion the reader can verify the limits indicated for each 
variable: 

(2) v on R: 0.1, 0.01, 0.001, • • • , 10‘‘, • • • ; lim v - 0. 

(3) t>onR: J, J, h ft, • • • , (2* - l)/2*, • • • ; lim v - 1. 

(4) i> on R: }, i, J, f, i, I. • • • , (2* - l)/2*, (2* + l)/2*, • • • ; limo = 1. 

(5) v on R: 28.016, 28.0016, • • • , (28 + 0.16-10'*), • • • ; » -* 28. 

On the other hand, 

(6) v on R: 1, 2, 3, 4, • • • , A, • • • , approaches no limit ; 

(7) v on R: 0.1, 0.9, 0.01, 0.99, 0.001, 0.999, • • • , approaches no limit ; 

( 8 ) vonR: 1 , — 1 , 1 , — 1 , • • • , approaches no limit. 

In (7). only 0 or 1 seems a likely possibility for limit v, but although v eventually 
comes arbitrarily close to both 0 and 1 , yet the very next value thereafter departs 
from any reasonably small measure of closeness. The definitionf is not satisfied; no 
limit exists for v in (7). 

To demonstrate that Z = lim v it does not suffice to use one specific 
measure of closeness, say 0 . 01 , or even several; the argument must hold 
for arbitrary measure, no matter how small, as in the informal discussion 
of (1). As standard symbol for the measure of closeness the letter c 
(epsilon) > 0 is used. In terms of this symbol for all possible choices of 
measure we can formally argue with respect to v in ( 1 ): if, first, the require¬ 
ment 

1/k < e, k a positive integer , 

of the definition is satisfied, then 1 < Ae, 1/e < k, or the positive integer 

k > l/*; 

conversely, for all positive integers k > 1 /e we obtain range values 
1/A < e, as required in the definition. When for instance, e = 0.01, 
the condition is satisfied for all A > 1/e = 100, as before. 

We interpret this procedure geometrically (Fig. 1.7.1): (i) we mark 
the l on the axis of real numbers; (ii) we lay off the distance e > 0 from l 
in each direction, marking the points Z + e and Z — e; (iii) we then mark 


fit is implicit in the definition that any existing lim v is unique. 
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on the line the values of the range R. Then l will be established as lim v 
if all values v after a certain one lie within the 2 «-interval centered at , 
no matter the choice of e; for in such event they would be within the specified 


ultimate values 
of v from here 




1-6 1 l+€ 


-R- 

Fig. 1.7.1 


t-measure of l (on one side or the other). In Figure 1.7.2, geometrizing 
the range 

(4) R: UlUlftH, 

we have taken l = 1, « = J; all members beginning with v = 15/16 lie 
inside the 2 e-interval centered at / =* 1 . 


O 





rit! i _____ 

V.- i V.- i 
Fig. 1.7.2 


Thus, l = lim v if and only if the variable v has its ultimate values all 
on the range 

( 9 ) / - « < v < l + «, v l, 

where e > 0 is arbitrary, and conversely. Inequality (9) is equivalent to 

(10) 0 < \v - / | < €. 

In Figure 1.7.1 if v is between / and l + « then 0 < u - l < t, but if v 
is between l - « and l then 0 < l - v < «; both of these, which cover (9), 
are included in (10). The definition of limit is most succinctly written in 
terms of ( 10 ); if c > 0 is arbitrarily set, 

(11) 1 = lim v if and only if all ultimate v satisfy 0 < | v — 1 | < «. 

Hie ranges R in specimens (1)—(8) are examples of sequences. A sequence is an 
ordered set of numbers 


( 12 ) I a *I : > a* » a* » , a* , , 

continuing indefinitely, together with a law whereby we are enabled to write the 
element following any specified element after the first. The counting subscripts 
k n 1 ’ ’ in ind icate the order of the elements in the sequence: A* is 

called the index of a k . The Ath element a k is a function of A- called the generating 
element of the sequence since the individual elements can be obtained from it bv 
setting k - 12, 3, • • • . It is usual to include the generating element in the precise 
statement of the sequence.f If / is the limit of the c taking on the sequential values. 

* s ca 1,ed the hmit of the sequence, definition of which is, then, included in 
the defini tion of limit of a variable. If v has no limit, neither has the sequence. 

3, . 5 » 7 ' be 8 in either the sequence of odd integers >1 or the se¬ 

quence of primes >2. In the latter case there is no known formula for the Ath prime. 
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1.8 Limiting Value of f(x) 

In the examples of §1.7 the variable v traversed a range of discrete 
(separated) values. In the coming study the independent variable x is 
more usefully considered to move continuously over its range rather than 
to jump from one value to another, avoiding intermediate prohibited 
values. In §1.5 we treated the independent variable At of (1.5.3) and 
(1.5.2) as a continuous variable approaching zero. By this device all 
possible discrete approaches of At toward zero are covered at one stroke. 
The statement that At —* 0 as a continuous variable means that we shall 
in the discussion consider all values At ^ 0 which are as close to zero 
[0 < | At | < e, where t > 0 is arbitrary) as we may choose to make them. 
“As we may choose” echoes the independent character of At. In similar 
manner the notation 

x —* a means that 0 < | x — a | < «, 
where t > 0 is arbitrary, for all x used eventually in the discussion. 

The variable v of the definition of limit might, however, be a dependent 
variable, a set of functional values of another, independent, variable. 
The formula (1.5.3) specifies the function 

(1) F(At) = 28-16 At, At ^ 0, 

and the subsequent argument asks for “the limit of functional values 
F(At) as At —* 0 .” We are to study the values F(At) corresponding func¬ 
tionally to all values of At as At —* 0 . A plausible choice for lim F(Al) 
is 28. To fit this selection into the pattern of the definition and notation 
of §1.7 we appropriate an arbitrary « > 0 and inquire for what values 
At the variable v = F(Al) satisfies 

(2) 0 < | F(Al) - 28 | < c. 

Since 

| F(At) - 28 | = | (28 - 16 At) - 28 | = 16 | At |, 
inequality ( 2 ) will be satisfied whenever 

(3) 0 < 16 | At | < « or 0 < | At \ < 

But the independent process At —» 0 implies that we can restrict At to 
satisfy (3) no matter how small the €; such restriction then implies (2) 
and satisfaction of the definition of limit of a variable. 

In extension of this special case, consider the function y = f(x), single¬ 
valued for x on the range R(x). Let the functional values y = /(x) cor¬ 
responding to the independent variable x lie on a range R '(y). Let L 
denote a number to be tested as the limit of /(x) as x —* a. Let e > 0 
represent an arbitrary measure of closeness. It is the values of y = /(x) 
which need to lie within c of L: 

(4) 


0 < | fix) — L | < « 
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in order for L to be lim /(x) according to the definition of §1.7. But in 
the requirement (4) we are to consider only the functional values f{x) 
for x —► a. The limit process x — » a for the independent variable x means 
that we can bring x to lie eventually as close to a as we may choose. If 
8 > 0 is a measure selected by us such that for all x on the interval 

(5) 0 < | x — a | < 8, that is, a — 6<x<a + 6, x a, 
we find corresponding functional values /(x) satisfying (4), then we agree 
that 

(6) lim,_. a f{x) = L. 

If no 6 can be found, no matter how small a one is tried, such that (4) is 
satisfied for all x on (5), then L is not the limit sought for /(x). 

We summarize this discussion in the 


definition. If {and only if) for arbitrary measure e > 0 a corre¬ 
sponding dependent measure 6 > 0 can be exhibited such that for all x on 
the interval 

(5) 0 < | x — a | < 5 

the functional values f(x) satisfy 

(**) 0 < | f(x) - L | < «, 

then the number L is the limit (-value) of f (x) as x —► a. 

In connection with the function (l), inequality (2) corresponds to (4) 
and inequality (3) to (5); in the latter correspondence 5 = «/IG, a specific 
exhibition of the dependence of 6 on t. 

The geometrical version of this definition is shown in Figure 1.8.1. 
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The values x = a, ij = L, fix the point P:(a,L). The lines y = L =fc e, 
x — a ± 8, form a 2«-2 8 rectangle N with center at P. With the hor¬ 
izontal bases fixed for arbitrary «, the vertical lines x = a d= 8 are moved 
m toward x = a; if they can finally be adjusted to a position such that 
the graph of y = /(x) for 0 < \ x - a \ < 8 lies completely inside .V, 
then L — li m /(x) as x —* a. The arbitrary smallness of e and the depen¬ 
dence of 8 upon this effectively squeeze /(x) in on the value L for x close 
to a. The reader will himself animate Figure 1.8.1 to realize this effect. 

It is especially to be noted that L is not necessarily /(a). Whether it 
is or not is a matter of indifference in the definition of limit. We shall 
encounter examples of both types. Indeed, in many situations L exists 
though /(a) does not. 


(4.2) 


Example 1. Consider y = /( x ) = as x —> 4. The limit of y/~ x is 2, for it is of 

utmost plausibility that x may be limited to so small a range near 4 that all 

corresponding Vx differ from 2 by an arbi¬ 
trarily small amount. For jnstance after 
observing that 2.00 1 = y/T .004001 and 
1.999 = v 3.996001, we intuitively expect 
l 2 +€ / *. that Vx is within 0.001 of 2 whenever x is 

within 0.003 of 4. The graph (y = Vx is 
the upper half of the parabola y 2 * 4 = x in 
Fig. 1 . 8 . 2 J supports this argument.f 
Example 2 . No number can be found 
to serve as limit for y = f( x ) _ \/ x 
as x —> 0. The closer x > 0 is brought 
| toward zero the larger the value of \/x, 

Fig. 1 . 8.2 without bound. As x < 0 moves toward 

... .. * 2 ?' ® ! 1 /x I becomes larger 

without bound, tor example, if L = 1000 , « = 0 . 01 , are set, L + « = iooo 01 is 
exceeded by 1/x for all x on the range 0 < x < 1/1000.01. Figure 1.8.3 illustrates- 
notice how/(x) leaves the 2e-26 rectangle .Y about L for any attempted L. 
Example 3. The function 

+ 40 when x < 0 

+ 120 when x ^ 0 


_ 


2 -€ /-- 

( 4 -8 

— i 

1 —* 

U-J 

1 

1 

1 

1 

14 


( 6 ) 


/(*) 


t 


fAlthough we shall usually be satisfied with such an intuitive argument, especially in 
the early stages of our work, formal establishment of 2 as lim y/x as x — 4 requires 
work with inequalities (4) and (5) of the definition. Thus we shall have 

(d') | y/x — 2 I < € or —€ < y/x — 2 < € 

whenever 

2 — « < Vx <2 + c, 

that is, whenever 

(5') 4 - 4< + e 2 < x < 4 + 4e + e 2 . 

Writing 5 = 4* - «* so that the left side of (5') is 4 -6, we replace the right side by 

4 + 6 = 4+4« — «* < 4 + 4« + A Then any x restricted to 

(5") 4-6<x<4+6, that is, | x - 4 | <5, 8 = 4e - 

clearly satisfies (5') and, from this, satisfies (4'). This establishes the required limit. 
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SOME THEOREMS ON LIMITS 


represents the quantity of heat which must be supplied to a gram of ice at 40 C. 
to raise its te.n|>erature to x° C. The graph is shown in Figure 1.8.4 the jump> o 
80 in y at x = 0 being due to the "latent heat of fusion. As x-> 0 no limit exist, 
for /(x) because some/(x) for x near zero depart from an arbitrarily small xe-xo 
rectangle about any alleged L. [As x — 0 through x > 0,/(x) -♦ as* ' 
through x < 0, /(x) — 40; these are to be termed "right- and left- ™ 

spectively. Only if such right- and left-limits are equal can the function lia\e a nmn 
as defined, namely their common value.) 




1.9 Some Theorems on Limits 

The notion, as defined in §§1.7, 1.8, of limit of a variable is fundamental 
in calculus, and must be thoroughly understood for mastery of the subject. 
But appeal to the definition itself is not always easy. Therefore we 
obtain theorems (themselves based on the definition, to be sure) which 
will be useful in computing limits more directly. 

The three parts of the following theorem are basic. 

theorem 1.9.1. The limit as x —* a, of (i) an algebraic sum of a finite 
number of functions, (ii) the product of a finite number of functions , 
(iii) the quotient of two functions, is equal to (i) the corresponding 
algebraic sum, (ii) the product , (iii) the quotient, of the individual limits 
of the functions as x —* a, provided these individual limits all exist, and in 
(iii) the limit of the divisor is not zero. 

We shall not prove these results; there is little difficulty in recognizing 
their plausibility. We shall, rather, illustrate first the plausibility just 
mentioned, then the utility of the theorems. 

Example 1. Let /,(x) = x, ffx) = v^r. and consider 

lim,_, (/,(x) + /*(x)] = lim,_ 4 (x + \/x). 
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According to Theorem 1.9.1 (i) the required limit should be 6 since lim/,(x) = 4 
and lim/ 2 (x) = 2 (Example 1.8.1). To establish this limit G we should need to show 
that x + y/x »s within arbitrary t > 0 of 0 when x is sufficiently close to 4. By 
definition of limit x can be forced within of 4 and, separately, y/ x can be forced 
within of 2, by confining x to small enough ranges about x = 4. We write these 
statements: 

4 — }« < x < 4 4- when x is near enough 4 

2 — $« < y/x <2 4- when x is near enough 4. 

Addition of these two inequalities produces 

6 — « < x 4- Vx < 64- t when x is near enough 4 for both of the 

original inequalities to hold simultaneously. 
The last result finishes the demonstration; as a matter of fact, we have actually 
produced the usual general proof of Theorem 1.9.1 (i), but in terms of two special 
functions. 

Example 2. That 

lim,... cx = ca, c a constant, 

follows from Theorem 1.9.1 (ii) if / t = c, f 7 = x, since/, —* c through values con¬ 
stantly equal to c. On the other hand, | cx — ca | = | c • | x — a | < « follows when 
| x — a | < t/\ c | in the limit process i —* a. 

Example 3. With /, = x,/* = x, Theorem 1.9.1 (ii) has 

lim,-.* x 2 = lim,^ a x-x = (lim,^. x)-(lim,-. x) = a-a = a 7 . 

This is surely the expected; for example, by squaring 

2 - 0.01 < x < 2 4- 0.01 

we have 

4 - 0.04 4- 0.0001 < x* < 4 4- 0.04 4- 0 . 0001 , 
which shows x within t — 0.05 of 4 whenever x is within 6 = 0.01 of 2. 


Examples 2 and 3, as well as Example 1.8.1, are special cases of 


THEOREM 1.9.2. For any fixed real exponent n, 

( 1 ) 1 im,_. cx" = ca n , c a constant, 

provided x, a, n are such that the symbols x", a n have meaning f. 


We shall not argue the general theorem. If n is a positive integer, however, 
the theorem is a special case of Theorem 1.9.1 (ii); if n is a negative integer 
we call upon Theorem 1.9.1 (iii) as well. 


Example 4. Consider finding 


( 2 ) 


lim 

r—0 


X 3 - X 4- 11 
x 2 4- 3x - 4* 


Since this is a quotient of two functions, we naturally attempt to apply Theorem 
1.9.1 (iii); in this application we should work first with the limit of the divisor 
function, to see that it is not zero. So we start with inquiry for 


lim (x 2 4- 3x — 4) = lim x 2 4- lim 3x — lim 4 = 04-0 — 4= —4. 

z _0 x—O z—O x—O 


fThus, if n < 0 we may not have a = 0 ; again, if a < 0 we may not have n = J. 
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This limit being non-zero, we proceed with the now permissible use of Theorem 
1 . 9.1 (iii). The numerator of (2) has the limit 11. 

lim x _o (x 3 - x + ID = lim,_o * + “ “ 11 ' 

Then from these separate limits, we have —11/4 as the limit o ( )- 

Very often an attempt to find a limit by immediate application of 
Theorem 1.9.1 (iii) leads to a zero limit in both numerator and denominator 
in such event we seek to change the form of the function before trying 
the theorems on limits. (Of course, if the limit of a denominator is zero 
but that of the numerator is not, the function cannot have a limit.; 

Example 6. Consider finding 

x 3 — 5x — 6 
* 3 +*' J ' 


lim 


x ^ 0 , — 1 . 


The limit of both the numerator and denominator is 0 by application of the perti¬ 
nent theorems, and 0/0 is not uniquely defined. But the reduction 

x a - 5x - 6 _ (x - 6 )(x + 1) _ x -_6 , I ^ o 

x 3 + x 3 x*(x V 1 ) x J 

is valid as long as x j* — 1 , and this value of x is not involved during the required 
limiting process. Thus 

x’ - 5x - 6 = L^6 _ _ 7 _ 


lim 


xT? 


. . X—. X 

Example 6. Both numerator and denominator of 


(3) lim » x fixed, 

fli-0 AX 

approach zero. But the numerator is 2x(Ax) + (Ax) a and so long as Ax ^ 0 the 
function is 

(x + Ax ) 3 - x a = 2x(Ax) + (Ax ) 3 


Ax - Ax 2l+AX - 

The limit, 2x, of this last as Ax —> 0 is the limit wished in (3). 


Ax ^ 0. 


1.10 Exercises 

1. Find the limit of each variable, and argue the validity of your selection for at 
least one specific choice of «: 

(a) v on the range: 1, 0, 1/3, 0, 1/9, 0, 1/27, 0, • • • ; 

(b) v on the range: (a) with the zeros deleted; 

(c) v on the range: 2, 3/2, 4/3, 5/4, • • • , (k + 1 )/k, • • • : 

(d) v on the range: —4.16, —4.016, —4.0016. • • • ; • 

(e) v on the range: 100, 50, 25, 12.5, 6.25, • • • . 

2. Show that if < = 0.001 all the values of v in (1.7.5) from k = 3 on lie within 
e of 28. What value of k will you choose in (1.7.5) so that all ensuing values 
lie within t = 10 a of 2S? 

3. By reference to the definition, explain why the following variables do not have 
limits: 

(a) v on the range: 1, — 1, 1, — 1, 1, — 1 , • • • ; 

(b) v on the range: 1, 2, 3, 4, 5, • • • ; 

(c) v on the range: 1, 0, 0.9, 0, 0.99, 0. 0.91)9, 0, • • • ; 

(d) * on the range: 1, 3/2, 1/2, 5/3, 1/3, 7/4, 1/4, • • • . 
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4. For each variable following, supply a geometric diagram illustrating how the 
variable approaches zero as limit; take < = 0.1. 

(a) i> on R: 1, 1/2, 1/3, 1/4, 1/5, • • • , 1 /*, 

(b) v on R: 0.1, 0.01, 0.001, • • • ; 

(c) v on R: 1, 1/4, 1/9, 1/16, • • • , 1 /k\ 

5. Show that values of R: 1/2, 3/2, 3/4, 5/4, 7/8, 9/8, 15/16, 17/16, • • • , with 
odd index approach 1 as limit. The same for members with even index. Do 
these two results imply that a variable on R approaches 1 as limit? 

6. Find lim,_, (x + 2)(x — 3) by Theorem 1.9.1 (ii) and check by using Theorem 
1.9.1 (i) on the expansion. 

7. Find lim*_^ V2 + h = y/2\ [Set 2 + h = X, so that as h —> 0, X—* 2; apply 
Theorem 1.9.2 to Iim v - 2 VX-\ 

(b) Find lim.^ y/b~+ Ax; (c) Find lim A ^ Vx* +~Ax, x* fixed. 

8. Find each limit: 


(a) lim_ 4 (x* - x* + 11 ) (b) lim,_ 4 (x 2 + y/x i + 1) 

(c) lim,_ loo (x* + X’ 1 + 0.99) (d) lim,„ 10 x“'(x 2 + 1) 

9. (a) Explain why lim,.* x“* docs not exist; 

(b) Explain why lim,__, x* does not exist; 

(c) Does lim,_ x* exist? (d) Does liin,_o xtyx* exist? 


1 0. Evaluate each of the following limits: 


(a) 

lim 

X-0 

** + 8 

2 x + 8 

(b) 

lim 

x—O 

(c) 

lim 

x -0 

(x + 3)(x - 2) 

i + 7(7+1) 

(d) 

lim 

X —1 

(e) 

lim 

(!+*)’- 1 = 2 

(0 

lim 


A-0 

h 


A-0 

(g) 

lim 

A-0 

1 r 1 n 1 

h Lx + h xj x 2 

(h) 

lim 

A-O 


x 3 4- 2x 
+ 3x 


< — 1 * ±2 

x 2 - 4x + 3 

(5 + h) A - 5* 

h 

ir_!_ 

h L(x + hy 


1 1. Concerning sequences [cf. remarks centered on (1.7.12)): 
(a) Write the first few terms of each sequence: 



(i) 11/A: 2 ) (ii) {100/A: 3 ) (iii) |* 2 | (iv) [10"*) 

and discuss existence of a limit for each. 

(b) Explain in your own words the meaning of ‘'limit of a sequence.” 

(c) What is your opinion of the following definition of limit of a sequence: 
The sequence {a*} is said to approach the limit l if all but a finite number of 
memlters lie arbitrarily close to l ? 

(d) Argue that if a sequence has a limit neither the fact nor the value is 
altered by the introduction of a finite number of random members at its 
beginning. 


1.11 To Calculate Instantaneous Rate of Change: The Deriva¬ 
tive of a Function 

To obtain the instantaneous rate of change of the function 
(1) h(t) = 96 + 00/ - 16/ 2 , / ^ 0, 

with respect to the independent variable t, at the value Z = Z*, we devised 
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in §1.5 the calculating machinery 

, .. Ml* + M) - h(l’) _ A/t. 

(2) i™-S I™ A< 

The result of the operation (2) on h(l) was the value 60 - 32<*. Re¬ 
moving the fixture of <* we obtain the new function of t: 

(3) 60 - 32 1, t 6 0, 

the function giving the rate of change of h(l) in terms of t. Because h 
was distance and t time the rate of change was velocity. 

We generalize this procedure. Let 

(4) V = /(*) 

he a single-valued function on a range including the value x*. Suppose 
that the limit 

(5) lim /(*• + -£*!> = lim £f, x» fixed, 

Ax—O ^X AX 

exists (compare (2)]. Because of the structure of the calculating device in 
(5), the result should mean rate of change of /(x) with respect to x at the value 
x = x*. We name the result of the process (5) the derivative of /(.c) with 
respect to x at x = x*, and symbolize it with /'(x*): 

e> *'<»*) = i- f(x ‘ + ^ t m 

Ax—0 -A* 

provided the required limit exists.f In case f'(x*) exists for each x* on a 
range, we are furnished through (6) with a new function allied to and calcu¬ 
lated from /(x) by the machinery (6). This function is named the derivative 
(-function) of /(x) with respect to x and is symbolized by /'(x ): 

Af 


.• Af 
lim —, 

A ,_ 0 Ax 


(7) 


f'(x) = lim f(x + Ax) ~ f(,) = lim A , 

Ax ax-o Ax 


Ax-O 


if the limit exists. The derivative of h(t) in (1) is the function (3): 

For h(t) = 96 + 00 1 - 16/*, the derivative h'(t) = 60 - 32/. 

Other symbols for the derivative of /(x) with respect to x arej 

/'(*) - DJ, D.y, f,,y t . 

Numerator and denominator of the fraction on the right of (7) are both 
differences: Ax is the difference between the values x + Ax and x of the 
independent variable x, and Af = /(x + Ax) — /(x) is the difference be¬ 
tween the corresponding functional values. The fraction A//Ax itself is 
called the difference-quotient. We can choose to consider this difference- 
quotient as average rate of change of /(x) with respect to x during the x- 
change Ax. Then the limit of this fraction in (7) would furnish instantaneous 
rate of change of /(x) with respect to x at the value x of the independent 
variable. 

tWe discuss later the situations in which the required limit does not exist. 

{We shall avoid the “Leibniz form,” dy/dx, until the separate differentials du, dx, are 
defined (Chapter 6). 
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There are other interpretations of (7); we shall discover a geometric 
one shortly. Moreover, we shall find that certain important aspects of 
the behavior of a function fix) can be predicted from study of its derivative 
f'(x). The derivative-process summarized in (7) is a formal mathematical 
one which can be applied to a function whenever we stand thereby to 
obtain information concerning the function!- 

In evaluating the derivative formula (7) we make use of the theorems 
of §1.9. The following examples will illustrate the technique. 

Example 1. We calculate the derivative of 

( 8 ) y = fix) = kx* t k a constant , 
by filling in the formula (7) with 

fix + Ax) = A(x + Ax) 3 , fix) = Ax 3 . 

The resulting difference-quotient is 

fix -f Ax) - f(x) = kjx + Ax ) 3 - kx\ 

Ax Ax 

Since we cannot apply Theorem 1.9.1 (iii) to this as it stands with Ax —► 0, we 
simplify the numerator: 

fix -f Ax) - fix) = k[Zx 7 Ax + 3x(Ax) a + (Ax) 3 ! 

Ax Ax 

Dividing by Ax y* 0, we have 

(9) !i x + ~ M. _ *( 3 x' + 3x Ax + (Ax)’), Ax * 0. 

We agree to keep Ax ^ 0 in the limit process Ax—* 0. By Theorem 1.9.1 the right 
side of (9) has limit 3Ax a as Ax —* 0; hence the limit on the left side exists and has 
this value: the derivative of/(x) = Ax 3 is 

( 10 ) fix) - 3A*x*. 

This derivative, like /(x) itself, exists for all real x. 

We interpret this formal procedure. If we transliterate, putting V for y, r for x, 
and k = gir, the function ( 8 ) is the formula V = J-wr 3 for the volume V of a sphere 
of radius r. Then the derivative (10) is 

(10') V’(r) = im\ 

This represents the rate of change of volume with respect to change in radius. If, 
for example, a spherical balloon is being inflated, the rate at which the volume is 
increasing at the instant that r = 8 ft. is found by setting r = 8 in ( 10 '): 

V'(S) = 4*(8 ) 2 = 250ir (cu. ft. per ft.). 

Example 2. To calculate the derivative of 

( 11 ) y — fix) = k/x, x j* 0, k a constant, 
we write and simplify the difference-quotient 

fix + Ax) - fix) = k/jx + Ax) - k/x = -A:Ax/|x(x + Ax)1 
Ax Ax Ax 

_ = x‘ xAx’ 1 * °- A* * °- 

fMathematics has, indeed, been likened to a juice extractor in the sense that it 
(among other things) devises methods for squeezing desired information out of a given 
functional expression. The derivative is one "attachment” of the extractor. 
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EXERCISES C ’ 7 

As Ax — 0 the limit of the function on the right is -k/x\ this, then, is the limit 
sought on the left, and the derivative of ( 11 ) is 

(12) /'(*)-*/*’, x * 0. 

If y is v (volume) and x is p (pressure) of a gas held in a container *t constant 
temperature, then (11) is v = k/p, Boyle’s Law. The constant k depend.- on the gas 
and the fixed temperature. The derivative (12): 

v'(p) = —k/p 3 , p > 0, 

is the rate at which volume changes instantaneously with pressure. If for a certain 
gas at a certain temperature v = 10 cu. ft. when p — 3 lb./sq. ft., then at t a 
instant k = pv = 30 and v is changing at the rate 

t/(3) = —30/3 2 = -30/9 = —3j cu. ft./lb. persq. ft. 

Example 3. For 

(13) /(*) = Vx, x £ 0, 

we have _ 

A£ _ /( x + Ax) - f(x) _ Vx + Ax - Vx Ax ^ 0 
Ax Ax Ax 

To shape this fraction into one for which a limit as Ax—► 0 can he found, we ration¬ 
alize the numerator: 

Af \/x + Ax — Vx Vx 4- Ax -f- Vx _ (x -f Ax) — x 

Ax" Ax y/x + Al+ Vx Ax(Vx~+ Ax + Vx) 

(14) 


Ax 


1 


Ax( Vx + Ax + Vx) Vx + Ax + Vx 
As Ax —» 0 the variable x -+■ Ax—*x,x fixed, and by Theorem 1.9.2, Vx + Ax—* 
\/x, where x ^ 0 (cf. Exercises 1.10.7]. Hence the limit of the right side of (14) is 
1/(2 y/x), and the derivative of (13) is 

(15) /'(*) = j^=, x > 0. 


1.12 Exercises 

Compute the derivative function of each of the following functions, stating the 
range of x for which the derivative is defined: 

!• /(x) = kx 2 [.4ns. /'(x) = 2A:x.] 

2. fix) = x* — 4x [4ns. /'(x) = 4x 3 — 4.) 

3 * f(x) = k/x 3 , x 7* 0 [.4ns. /'(x) = —2 kx~ 3 , x 0.] 

4. f{x) = l/(x + l) 2 , x ^ -1 [Arts. f\x) = -2(x + 1)~ 3 , x ^ -1.] 

5. f{x) = x/(x - 1), x ^ 1 [.4ns. /'(x) = -(x - l)" 2 , x * 1.) 

6 - Kx) = x+_l/x,x^0 (.4ns. /'(x) = 1 - 1/x 2 , x ^ 0.] 

7. fix) = 2Vx, x ^ 0 [4ns. /'(x) = x~*, x > 0.] 

8 . fix) = x* = VP [.4ns. /'(x) = §x* f x ^ 0.] 

9. /(x) = VSx + 1 

[An*. 3 (2v / S+T) l x > -1/3; cf. Example 1.11.3.) 
10 . fix) = Vx* - 9 [.4ns. x Vx 3 - !>, | x i > 3.| 
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11. A metal sphere is heated, and therefore expands, (a) Find the rate of expansion 
of volume with respect to the radius when the radius is 10 inches, (b) Find the 
rate of change of surface area .S' = -hr r with respect to the radius when the 
radius is 5 inches. (Can you use Exercise 1?( 

1 2. A vertically thrown ball has the position-function s = /(Z ) = GO + 72/ — 16Z 2 
(i.c., the distance * ft. from ground level is given by /((), Z in seconds). Find 
/'(/). and interpret your answer. What is the velocity of the ball when Z = 2? 
When is the velocity 24 ft./sec.? When is the velocity zero? 

1 3. Make use of Exercise 3 in each problem: 

(a) The repulsion R (dynes) of two electrical charges d (cm.) apart is 
R = 80/d 2 . Find the rate of change of R with respect to d when d = 4. 
[Ans. — 2\ dynes/cm.) 

(b) The intensity I (candle power) of illumination on a screen varies inversely 
with the square of the distance d (cm.) of screen from source, and for a 
particular source / = 125 when d = 10. At what rate is / changing with 
respect to d at any instant? When d = 10? 

1 4. The function D = } %/£ represents the distance (D miles) of the horizon at 
sea in terms of the elevation (E ft.) of an observer above sea level. At what 
rate is the horizon receding at the instant the observer is 225 ft. high? 1 mile 
high? (Use the result of Example 1.11.3.1 

1 5. A metal cylinder with height equal to base diameter is heated, and therefore 
expands. What is the (instantaneous) rate of change of its total surface with 
respect to diameter, at the instant when the diameter is exactly 3 in.? (Show 
that total surface area = ^ttO 2 , and use Exercise 1.) 

1 6. If the height of a right circular cone is constant at 10 in., (a) find the rate at 
which volume [V = Jw-r 2 /»J is changing with respect to base radius at the 
instant that the radius is 5. [A /*■<■ 50r 3 cu. in./in.j (b) Find the rate at which 
the lateral surface [S = rr Vh* + r*l is changing with respect to base radius 
at the instant that the radius is 2Vll. [Ans. S'(r) = jr(2 r 2 -f 100)/ 
vV + 100-1 

17. Find the derivative of /(x) = x*. (4/m. jx"*. An expression o* — 6* can be 
rationalized by multiplication by a 1 -f- -f- Z>*.| 

1.13 Graphical Interpretation of the Calculus of Instantaneous 
Rate 

A graphical version of what is happening at each step of the derivative 
machinery leads to a valuable geometric interpretation of the derivative. 
To this end, we construct in the usual way the graph of 
(1) h = 9G + 60/ - 16/ 2 ; 

the resulting curve of Figure 1.2.1, of which Figure 1.13.1 is an extract 
represents for each value of Z the corresponding h of the ball (not the 
path of the ball). 

For the values Z, = Z* {R x of Fig. 1.13.1) and Z* = t* + AZ ( R 2 , with 
RJtj = AZ) the corresponding heights are 

//(Z*) = , MZ* + At) = R 2 Ql. 

Since A(/*) = R x P t = R t H t we have 

/i(Z* + AZ) - /*(/*) = K& - WJT X = H&. 


1.131 GRAPHICAL INTERPRETATION 

Thus the average velocity of the ball during the interval At following 
the time t = t* is given by __ 

W* + *') ~ W? = M = MM. [cf. (1.4.4)] 

K) _ U /?,/?, PxHi _ 

But the ratio H x Qi/P % H % is the slope of the secant f S X P,Q t Si joining the 
initial point P x with the final point Q x on the curve. It appears that 
average rate of change is represented graphically by the slope of the secant 


joining the points of the graph corre¬ 
sponding to the initial and final 
points of the time-interval. 

To visualize the next event, the 
process At —* 0 in action on (2), we 
imagine R 2 approaching Ii x (or 
H x —* P x along the horizontal) but 
remaining always distinct from R x . 
As this happens, Q x approaches P x 
through positions along the curve 
(for example, Q a ); and for each such 
position Q k , the ratio Ah/At is the 
slope of the secant joining Q t with P , 
(for example, the secant (S 3 P x Q t S' a ). 
Thus the limit process At —♦ 0 on (2) 
is visualized by a corresponding limit 
procession of secants pivoting about 
Pi but with the second cutting points 
Q k approaching the fixed point P x . 
What is the limiting position of these 
secants? Intuitively! it is the tangent 
at P x . Moreover, as the secants 
through P x approach the tangent 
at P,, their slopes approach the slope 
of the tangent to the graph at P x . 



Fig. 1.13.1 


This, then, is to be the geometric analogue of the instantaneous velocity 
at t x = t*. 


Hence, the right-hand side of (1.5.6): 

(3) 60 - 32 1, 

is to be taken as the tangent-slope of the graph of (1), Figure 1.13.1, for 
any choice of t. If, for example, t = 1, the slope of the tangent fP~ x f 7 
at P x : (1,140) on the curve is 60 - 32(1) = 28; and the tangent can be 
construc ted from this knowledge of the slope and the point of tangency. 


tA secant of a curve is a line which “cuts” it. 

intuitively, because we need a definition of tangent to a curve if the curve is not a 

d ' SC T th v* S matt , Cr lutcr ,cf ‘ §3 , J: the definition will actually be suggested 
here. At present we have only an instinctive “feeling” for the tangent at>, . 
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If we accept the definition that the tangent to a curve at a point P 
on it is the limiting position of secants through P as the nearby points of 
cutting of curve and secants approach P as limit, it appears that tangent- 
slope of a graph can be computed with the same derivative-calculator by which 
we have computed instantaneous velocity ($1.11). We have both a geometric 
and a physical interpretation of the same mathematical process. These 
complement each other. Yet a familiar experimental fact persuades us 
that it is not too bizarre that the same algebraic algorithm—the scheme 
of computation summarized in the formal definition of the derivative— 
should have as dual interpretations both physical rate of change of a 
quantity and geometric tangent-slope of the graph. If a particle is con¬ 
strained by some force to move on a circular arc (for example, a ball 
whirled on the end of a string) and if the force is suddenly removed, the 
particle, continuing at the same instantaneous rate of motion it possessed 
at the moment of release, flies off tangentially to its original circular path. 
This experimental knowledge confirms the practicality of the dual inter¬ 
pretations of the derivative. 

We can corroborate further the connection between the two inter¬ 
pretations. Physically speaking, the ball rises with diminishing velocity 
until it stops instantaneously at its zenith; here its velocity is zero , that is, 

(4) 60 - 32 1 = 0, 
occurring when 

(5) t = 60/32 = 1J sec.; 

and at this instant the corresponding maximum height of the ball is 

(6) = 96 + 60( 11) - 10(1J>* - 1521 ft. 

On the other hand, graphically speaking, the maximum height of the ball 
on the picture in Figure 1.13.1 occurs at the point on the curve where 
the tangent is horizontal and therefore has slope zero. Because of the 
choice of (3) as tangent-slope at any point, the graphical argument leads 
to the same algebra, (4)-(6), hence the same result, as the physical argu¬ 
ment. 

It is noteworthy that the discussion and solution of the problem of 
instantaneous velocity of the ball has led to a by-product solution of the 
problem of the maximum height of the ball [cf. §1.4). 

The discussion just given for the special function (1), its derivative 
(3), and its graph, is indicative of the general effect. If the derivative 
/'(*) of the function y = /(x) exists for the value x* then the tangent to 
the graph of y = f(x) at [x*, /(x*)] has slope f'(x*). This interpretation 
will be further developed in great detail. 

1.14 Exercises 

1. Plot a careful graph of h = 120f — I6t 2 (cf. Exercise 1.6.1) using as large a 
horizontal scale for t as possible. 

(a) Draw several secants through the point P, : (1,104) on the graph, including 
those for which At = 2, 1, 4, respectively. Label Ah and At for each. 
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(b) Using your result of Exercise 1.6.1, compute tangent-slope for tlie point 
P, : (1,104) and draw carefully to scale the corresponding tangent on your 

(c) At* what time does the stone reach its maximum height, and what is this 
height? [Ans. When t = 3j sec., h = 225 ft.] Give both a physical and 
graphical argument. 

2. Show that the slope of the tangent to the curve y = x 2 at any point (*,//) on 
the curve is 2x. Draw the Ungents at x = — 2, — 1, — f, 0, #, 1, 2, 6, ana see 
how they shape up the curve. 

3. (a) The accompanying Uble shows the disUnce (y ft.) rolled up an incline by 

a ball, starting from rest, in terms of the time (x sec.). Present tins infor¬ 
mation graphically. 


X 

0 

1 

3 

4 

6 

7 

10 

12 

JL- 

0 

65 

165 

200 

240 

245 

200 

120 


Draw the secant joining (4,200) with (7,245), and compute its slope; 
what rate do you have? Repeat for the secant (4,200) with (6,240). Draw 
“with feeling” a reasonably satisfactory tangent at (4,200), and measure 
its slope graphically; what rate do you have, approximately? Explain. 

(b) Use the formula y = 70x — 5x 2 (from which the table in Exercise 3a was 
computed) to find exactly the insUntancous velocity of the ball at x = 4, 
and check your previous graphical approximation against this result. 


1.15 Summary and Miscellaneous Exercises 

In this chapter the important concept of the derivative/'(x) of a function/(x) 
has been introduced (§1.11), the climax of a study of the rate of change problem 
for a certain ball projected vertically into the air (§§1.4, 1.5). In this discussion the 
notion of limit of a function is the principal new tool, and is developed further in 
§§1.7, 1.8, 1.9. Because of the nature of its structure the derivative, formally 
defined in (1.11.7), permits interpreUtion as rate of change of the function from 
which it is derived. The comparable geometric interpretation of f'(x) as slope of 
the tangent to the graph of y = /(x) at the point (x,y) is pointed out in §1.13. 

These two interpreUtions of the derivative invite solution of many types of 
applications, those of applied mathematics involving rate of change, those in 
geometry and analytic geometry involving tangents to curves. Some problems in 
algebra will be solved by appeal to the derivative after exploratory graphical 
analysis. The derivative will, finally, be found useful in the study of the nature of 
functions. Such aspects of this generally important concept will be developed as we 
proceed. 


Miscellaneous Exercises 

1. The volume V of a cube in terms of its edge, x in., is given by V = x 3 . 

(a) Find the change in volume due to a change in x from 2 in. to 2.1 in.; from 
x* in. to (x* -f Ax) in. 

(b) Find the average rate of change of volume with respect to edge in each of 
the cases under (a). 

(c) Find the instantaneous rate of change of volume with respect to edge at 
the instant the edge is x* in.; at the instant the edge is 2 in.; for any value 
of the edge. 

(d) What is the slope of the tangent to the graph of the curve y = x 3 at any 
point (x,y) on the curve? At the j>oint (2,S)? 
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2. The height above ground (h ft.) of a vertically fired bullet is li = 9G0f — 16 1 2 , 
in which t is time in seconds. 

(a) Find when it struck the ground. 

(b) Find its velocity at any time. 

(c) Find its velocity when it struck ground; when it was fired. 

(d) Find when its velocity was zero. 

(e) Find its maximum height above ground. 

(f) Find its height when its velocity had decreased to half its initial value. 

(g) Show that its acceleration is constant. 

3. A particle moves along a straight line so that its distance (y in.) from a fixed 
point P 0 on the line is y = x 3 — 9x 2 + lox 4" 10 at any time (x sec.). 

(a) Find its velocity at any instant. (/Ins. 3(x — l)(x — 5) in./sec.| 

(b) How far from P 0 did it start, and with what velocity? 

(c) When was its velocity zero? Where was the particle then? 

(d) Show that the velocity is negative in the period 1 < x < 5; what does this 
result say about the motion of the particle during this time interval? 

4. If/(x) = log x, show that f(yz) = f(y) + f(z), and that/(x n ) = »•/(*). 

5. If /(x) = sin x and g(x) = cos x, show that 

(a) /(x 4- y) = f(x)g(y) 4* f(y)g(x ); (b) g(x 4- !/) = g(x)g(y) — f(x)f(y). 

6 . A man in a boat Is 5 miles from the nearest point P„ on a straight shore. He 
can row 3 mph and can walk 5 rnph. He wishes to reach P x on the shore, 13 
miles from the boat. He lands at a point P a which is x miles from P 0 toward P x 
and walks the rest of the way to P, . E xpress the time required for the trip as a 
function of x. (An*. T = Jv/x 2 4- 25 4- J (12 — x).J 

7. Recall Example 1.2.3, where the function F(x) = (100 4- 10x)(l — O.OSx) 
gives the value of a crop of potatoes in terms of time. Of what use would the 
derivative T'(x) be in answering the question: When should the crop be dug 
to ensure greatest returns? Explain the motivation (possibly graphical) of your 
answer. Can you complete the problem? (An*, lj weeks.] 

8 . Evaluate each of the following limits 

(a) lim,^o (Vx 4- 4 4- VT’^TTfi) = 6 


<(2)> The Derivative and 
Rate of Change 


2.1 Derivative of f(x) = kx n 

Although it is the definition (1.11.7) which is the true computing form for the 
derivative of a function, work with the definition alone relies on special algebraic 
devices to too great an extent. The computations could be cumbersome, almost 
impossible. Ability to write derivatives will become efficient only if wc proceed to 
obtain from the definition theorems concerning derivatives of general classes of 
functions. 

We begin with the function 

fix) = Arx", k y* 0 a constant, 

assuming that n is a fixed positive integer ; fix) = kx n is defined on the 
whole real continuum. We set up the difference-quotient 

f(x + Ax) ~ f(x) = kjx + Ax)" - Ax" 

Ax Ax 

= h {[*" + ’“‘"(A*) + " (? 2 7 1? *"'(**)' + • • • + (Ax)"] - x"}, 

the last form being the result of applying the binomial theorem to (x -f- Ax)". 
Continuation of reduction yields 

fix + Ax) - /(x) 

Ax 

= *[«r • + n(n ~ l) *—(Ax) + • • • + (Ax)—], Ax * 0, 

in which all terms after the first have Ax at least once as a factor. If in 

(1) we regard x as fixed and let Ax 0, we have immediately from Theorem 
1.9.1 that knx n 1 is the limit of the right side of (1); hence, 

(2) /'(x) = lim . g£ +Ax)-/(x ) = . 

Ax—O AX 

According to ( 2 ) the derivative of x 3 is 3x 2 (cf. Example 1.11.1): toe 
turn the exponent 3 into a coefficient and supply x uhth a new diminished- 
by-unity exponent, 3 - 1 = 2. Similarly, for /(x) = 3x 17 ,/'(x) = 3-17-x 10 . 
For /(x) = kx the above derivation has /'(x) = lim it(Ax)/Ax = k for all x; 

33 
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this results formally from (2): /'(x) = /:•! *x° = k if we agree that here 
x° = 1 for x = 0 as well as for x ^ 0. 

We record the result (2) as 

theorem 2.1.1. If n is a positive integer exponent and fc ^ 0 is a 
constant , then f(x) = kx n has the derivative 

f'(x) = knx"'. 

We next consider 

f(x) = k, k a constant. 

Then /(x + Ax) = /(x) = k for any x and Ax, and 



corollary 2.1.1. The derivative of /(x) = k, k a constant , is 

f'(x) = 0. 

It is, of course, intuitively clear that for a constant function any change, 
hence rate of change, should be zero. 

It is to be noticed that application of the rule contained in Theorem 
2 .1.1 to f(x) = k = kx° produces formally /'(x) = 0 k x‘ l = 0 (x ^ 0), 
the result of Corollary 2.1.1. But, of course, the theorem as stated and 
proved does not apply, since n = 0 is not a positive integer exponent. 
Vet the event is significant. We pursue the question of formal application 
of the rule of Theorem 2.1.1 to /(x) « x", n an exponent other than a 
positive integer: 

(i) If f(x) = \/x 2 = x~ 7 the definition of derivative yielded f'(x) = —2x" 3 
(cf. Exercise 1.12.3); this result is likewise produced by the rule. Here x ^ 0 
in both /(x) and f'(x). 

(ii) If /(x) = Vx = x 1 (x ^ 0) the definition yielded/'(x) = jx"* (x > 0) 
[cf. Example 1.11.3], which is likewise produced by the rule. 

(iii) Definition and rule both lead to the same result in the cases /(x) = 
1/x = X~\ X ^ 0 (Example 1.11.2), /(x) = Vx 5 = x* (Exercise 1.12.8), 
and/(x) = x 1 (Exercise 1.12.17). 

These observations lead us to surmise that Theorem 2.1.1 applies to a 
broader class of functions than its existing hypotheses permit. As a matter 
of fact we record 

theorem 2.1.2. For any real exponent n, the derivative of f(x) = kx", 
k 0 a constant, is f'(x) = knx" -1 , provided the range of x is restricted 
so that x" and x n ~ 1 have meaning for given n. 

We shall use Theorem 2.1.2 even though we shall not, at this time, offer 
proof of it. Proof will come later when it can be neater. We make this 
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agreement in order to broaden the scope 
shall soon make. 


EBRAIC SUM 

of the applications which we 


Examples 

1. For /(*) = x», fix) = J* - ', x*0 (Exercise 1.12.17); 

2. For /Or) = af‘, /'(x) = -ix' 1 , x > 0; 

3. For /(*) = 5./x‘ = 5x'*, /'(x) = -20x s , x ^ 0; 

4. For /Or) = lOx 1 ’ 4 , /'(x) = 14x* *; 

5. For f(x) = x Vx = x 1 , /'(x) = §x', x S 0. 

Note carefully that we write the given/(x) in terms of fractional and negative expo¬ 
nents in order to be able to make use of the theorem, which concerns a power oj x. 


2.2 Derivative of an Algebraic Sum 

The important type of function called a polynomial is an algebraic 
sum of terms of the type kx\ n an integer £ 0. for each of which the 
derivative is given by Theorem 2.1.2. Moreover, we note that the derivative 
of the polynomial 

fix) = — 16x* + GOx + 96 

is [cf. (1.11.3)] 

/'(x) - -32x + 60 + 0. 

suggesting that f'(x) is apparently to be obtained by applying Theorem 

2 .1.2 to each term of /(x) individually and combining the results as the 
terms of /(x) were combined. The reader can collect other examples from 
Chapter 1. 

Such an event is no accident. We can easily establish the following 
general theorem concerning the derivative of an algebraic sum of func¬ 
tions of any type ; from it will stem the special case, noted above, covering 
the derivative of a polynomial. 

theorem 2.2.1. If each of the functions f,(x), / 2 (x), has a derivative 
valid on the same range R of x, then the function 

F(x) = /,(x) ± /,(x) 
also has a derivative on R, and 

F(x) = ff(x) =fc fj(x). 

We form the required difference-quotient 

Fix + Ax) - F(x) = [/,(x + Ax) f 2 (x + Ax)] - |/,(x) ± /,(* )] 

Ax Ax 

= /»(* + Ax) — /,(x) ± f 3 (x -f Ax) — f 2 (x) 

Ax Ax 

for any value x on the range R. But as Ax —> 0 each lifference-quotient 
on the right approaches a limit, namely, the derivative f'(x) of the appro- 
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priate function f t (x), j = 1,2, since these are, in the statement of the 
hypotheses, assumed to exist. Therefore, a limit exists for the right side 
of (2), from which we conclude that the fraction on the left must approach 
this same limit as Ax —► 0; this must be F'(x ) from the form of the fraction; 
(1) follows at once. 

Both content and proof of Theorem 2.2.1 extend to the sum of a finite 
number of functions. From this extension we immediately derive, as a 
special case, 


corollary 2.2.1. // p(x) is the polynomial 

p(x) = a 0 x * + diX n 1 4- — + a„_,x 4- a„ , 
in which n ^ 0 is an integer and the a's are any real numbers, then 
P\x) = naox- 1 4- (n - Da,*— 4- • • • 4- a,_. , 
valid on the whole real continuum. 

In other words, we write the derivative of a polynomial by adding the 
derivatives of the individual terms, including the algebraic sign modifying 
them. 

Example 1. (a) For p(x) = x 4 - 4x, p'(x) = 4x 3 - 4 (cf. Exercise 1.12.2); 

(b) For p(x) - x - 9x + 15x-f 10, p'(x) = 3x 2 - 18x4- 15 (cf. Exercise 1.15.3); 

(c) For p(x) = ax + bx + c, a, b, c, constants, p'(x) = 2ox 4- 5; 

(d) For p(x) = irx 5 - V2x 3 + \^l7x, V ' (*) - 5irx 4 - 3 V2 x 4- -V J7. 
Example 2. By Theorem 2.2.1, the derivative of /(x) = z + 1/x ■ x 4- x“‘ 

is/'(x) = 1 — x 2 = 1 — 1/x 2 , x 0; (cf. Exercise 1.12.6). 

Example 3. The derivative of /(x) = sVx — 6>/x « 8x* — 6x* is 
/'(x) - 4x"» - 2x"», x > 0. 

Example 4. The derivative of /(x) = x Vx 4- 3/Vx 5 = x« 4- 3x’» is 
J\x) - Jx* - 2x“ 6/s , x > 0. 


2.3 Exercises 

1. Supply the derivative of each function, together with its range of existence: 

(a) /(x) = x* (b) /(x) = x-* (c) r($) = 29 V2 

(d) s(l) =21 Vi (e) f(x) = V? (f) p(v) = 

2. Supply the derivative of each function, together with its range of existence: 

(a) f{x) = 2x 3 - 3x 2 4- llx - 17 

(b) fix) = x 4 - 3x 3 - 2x 2 4- x 4- 1 

(c) sit) = l 3 - 9 1 2 4-15/4-7 

(d) fix) = Vx — 1 4- 1/x, x > 0 

(e) fix) = (x 2 - 3) 2 [Arts. 4x(x 2 - 3).] 

(0 /(X) = (x* - x'*)’, x > 0 [.4ns. 1 - x-'.] 

(g) /(x) = ax 3 + bx 3 + cx + d, a, b, e, d, constants 

(h) /(x) = 1.4x ! - 3.2x + t/x, x ^ 0 

(i) /(x) = Vs? 
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3. (a) If f(x) 
(b) If fit) 


TY OF A PARTICLE IN RECTI 

= x 3 - 3x 2 + x + 10, find /'(3); 

= t* - 10 1 2 - 20 V~t, t ^ 0, find /'(9) and /'(0); 

[Ans. f'i 9) = 


[37 


2732§.] 


(0 if g(0) = ± + 6^/1 - * * 0, find 

A metal cube is subjected to change of temperature and hence “Xresrict 
contracts). Find the instantaneous rate of change of : (a) volume with respe 
to e<lge; (b) surface area with respect to edge; (c) volume with respect to surface 
area (For (c), A = 6x* soi = (.4/6)* and V = z = (4/6)' = 6'MM 
If a right circular cylinder with height = base diameter is subjected to tem¬ 
perature change, find the instantaneous rate of change of (a) volume with 
respect to base-radius, and of (b) total surface area with respect to base-radius. 
The distance (s ft.) covered in t (sec.) by a certain vehicle in starting up is 
given by s(t) = 13.2/ 2 . How long will it take the vehicle to attain the velocity 
of 30 mph [44 ft./sec.J? 

7. Rework Exercises 1.12.14 and 1.12.15. 


4. 


5. 


6 . 


8. The velocity v (ft./sec.) of a point on the perimeter of a flywheel is i»(0 — 
30 f — l 3 , with t the time in seconds. Find the instantaneous rate of change of 
velocity with respect to time (acceleration) at the instant t = 5. When will 
the flywheel stop? 

9. The function y = 0.00001 (x 3 — 10x 2 ) represents the deflection iy ft.) of a 
certain beam (with specified load) at horizontal distance x ft. from one end. 
Find the rate of change of y with respect to x. 

10. The height (y ft.) of a vertically fired bullet above ground after x (sec.) is 
y = 9G0x — 16x 2 . Find (a) how fast it started up; (b) when it stopped in mid¬ 
air; (c) when it hit ground again; (d) how fast it was falling when it reached 
ground; (e) the maximum height attained. 

1 1. The volume (!' cu.ft.) of a certain ship’s hull up to a height x (ft.) above the 
keel is given by F(x) = lOOOx 2 — 100x 3 + 10x 4 — 0.02x 5 . Find how fast the 
volume of water displaced is increasing with the draught x when x = 10. 

1 2. The momentum of a certain locomotive x (min.) after starting was Mix) = 
2x 2 (x — 5) 2 . How fast was M changing with x when x = 10? 


2.4 Velocity of a Particle in Rectilinear Motion 

With the reader now equipped to write at sight the derivatives of 
functions belonging to a large class, we apply this ability to study the 
motion of an object along a straight line. (The vertically thrown ball of 
Chapter 1 is an example.) 

Suppose that a particle is moving along a straight line L on which an 
origin O and a unit point have been fixed and a positive direction indicated. 
Let the function 

(1) sit) = f 3 - 9t 2 + 15/ + 10 

give the position coordinate s (in feet) of the particle, relative to O, at 
any time t (in seconds); s represents displacement from O. This position 
coordinate may be positive, negative or zero, according to choice of t; 
if s is negative the particle is in the assigned negative direction from O. 
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The graph of (1), the heavy curve (“s-curve”) in Figure 2.4.1, shows 
how s changes with t for the range 0 ^ t ^ 6; if it were flattened against 
the vertical s-axis, to look like Figure 2.4.2, we would see the progress 
to-and-fro of the particle along L. (It is, of course, Fig. 2.4.2 which shows 
the path of the particle, not Fig. 2.4.1.) 



The instantaneous rate of change of s(l), namely, its derivative 

(2) s'(t) = 3 1 % - 18/ + 15 = 3(1 - 1)0 - 5), 

is the (instantaneous) velocity of the particle (re-read §1.4); it is a function 
of t, say 

v(t) = s'(t)- 

The dashed ‘Vcurve” of Figure 2.4.1 is the graph of t>(/). 

We agree, as is natural, to consider time / as increasing, i.e., changing 
in a positive sense. // velocity is positive then displacement must be instan¬ 
taneously changing in a positive sense ; the particle is in motion in the 
positive direction — up in Figure 2.4.2. On the other hand, if velocity is 
negative , displacement must be changing in a negative sense, and the 
particle is in motion in the negative direction— down in Figure 2.4.2. 
The conclusion is that the sign of v over a range of (positive) variation 
of / will predict the direction of motion of the particle, positive for positive 
velocity, negative for negative velocity. 

We study the signature of v from the factored form of the derivative (2): 

(3) v(t) = sV) = 3 (t - \)(t - 5). 
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Inspection of (3) shows that v = 0 and therefore a is unsigned when < = 1 
and ( = o—and we naturally agree that when v is zero the^ part cle is 
instantaneously at rest, in fact is at the instant of changing 
motion, from up to down at P,: (1, 17), from down to up at /V (•>, 

We mark the values l = 1, t = 5, on a line representing the (-scale (l ig- 
2.4.3), separating the scale into three ranges 

(i) t < 1, (ii) 1 < t < 5, (i»i) < > 5 I 

on each of these v must be signed since t = 1, 5, are the only instants at 
which v = 0. We study these three ranges separately. 

(i) For ( < 1, v(l) = »'(() = 3(( - 1)(( - 5) = 3(-)(-) > 0, and we 
mark v > 0 above the /-scale, / < 1, in 
Figure 2.4.3. This means that during 
the time interval / < 1 the particle is 
moving in the positive direction on L. 

[Indeed, in Fig. 2.4.1, for t < 1, v is 
positive, and s does increase, from 10 
at P 0 to 17 at P x ; and in Fig. 2.4.2, 
during this time interval motion from 

P 0 to Pi is in the positive direction, upward.) 

(ii) For 1 < t < 5, v(t) = «'(/) = 3(/ - 1 )(t - 5) = 3(+)(-) < 0; we 
mark v < 0 above this range on the /-scale. During the indicated time in¬ 
terval the particle is moving in the negative direction on L. [In Fig. 2.4.1, 
for 1 < t < 5, v is negative and s does decrease from 17 at P, to —15 at P 5 , 
while in Fig. 2.4.2, the motion from P, to P 4 is in the negative direction 
on L.) 

(iii) For / > 5, v(t) = s'(t ) = 3(/ - 1)(/ - 5) = 3(+)(+) > 0, and we 
mark v > 0 above the given range on the /-scale. For / > 5 the particle 
moves in the positive direction on L (consult the graphs). 

From this analytic work, summarized visually in Figure 2.4.3, we tell 
the story of the direction of motion of the particle (1). 

We use the term velocity-magnitude (re-read §1.4) to mean the rate of 
progress of the particle at an instant, regardless of its direction of motion. 
If v represents instantaneous velocity its numerical value , | v |, represents 
instantaneous velocity-magnitude. The velocity-magnitude of (1) at 
/ = 2 is | v(2) | = | —9 | = 9 ft./sec.; at / = J, velocity-magnitude is 
I Ki) I = I +27/4 | = 27/4 ft./sec. The velocity-magnitude of the particle 
is, of course, a function of /, given by 


(4) I KO I = 3 | (Z - 1)(/ - 5) |. 

The graph of this velocity-magnitude function is shown in Figure 2.4.1 
by the dash-dot curve (“| v |-curve”) obtained by retaining the parts 
of the v-curve above the /-axis and reflecting those parts of the v-curve 
below the /-axis through that axis to lie above it. 

When velocity v = 0, so that velocity-magnitude | v | = 0 also, the 
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particle is momentarily stationary as we have already remarked. The 
velocity-magnitude graph of Figure 2.4.1 is then to he read as follows: 
for 0 < t < 1 velocity-magnitude is decreasing, and the particle slows 
down to rest at t = 1; then it gathers velocity-magnitude, moving faster 
and faster (1 < t < 3) until at t * 3 its velocity-magnitude starts de¬ 
creasing again; at t = 5 the particle is again at rest, only to begin to increase 
its velocity-magnitude anew, never to have it reduced again. 

The discussion of this section, though based on intuition, can be author¬ 
ized by rigorous proof of a covering theorem. This theorem, of general 
use as well as special use in the present section, we have reserved for the 
next article, for it is now naturally suggested by the events just described. 

2.5 The Sign of the Derivative 

The conclusions made intuitively in §2.4 predicting the increasing or 
decreasing nature of the displacement-function s(t) from the signature of 
its derivative [a'(0 = v(t) — velocity] stem from the following general 
definition and theorem: 

definition. If a function is defined on a range R so that f(x') < f(x") 
for every pair of numbers x\ x”, x' < x", on R, then /(x) is called an 
increasing function on R. If /(x # ) > /(x") for every x' < x" on R, 
then /(x) is a decreasing function on R. 

THEOREM 2.5.1. Let the single-valued function f(x) possess a derivative 
/'(:r) for all x on R(x). As x increases on R: 

(i) if /'Or) > 0 on R, then /Or) is an increasing function on R; 

(ii) if /'Or) < 0 on R, then /(x) is a decreasing function on R. 

The naturally increasing t in §2.4 corresponds with the x of the theorem, 
assumed increasing; s(t) is /Or), and v(t) = $'(/) is /'Or). 

Then: “/'(x) > 0 implies /(x) increases on R” 

translates into: “i> > 0 implies s increases”; 

and *7'(x) < 0 implies /(x) decreases on R” 

means: “v < 0 implies s decreases.” 

This authorizes the discussion of §2.4. The theorem is the first of an ac¬ 
cumulation of theorems which establish properties of a function through 
study of properties of its derivative. 

To prove the first part of Theorem 2.5.1 we assume that x* is any value of x on R 
(except the right-hand end-point). Then we are given that 

'(x*) = lim 

Ax-0 

is finite and positive; the implication is that ultimately during the process Ax—* 0, 
for all x sufficiently near x = x*, the fraction 
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in order to have a positive limit. We have assumed that * to 

along the x-axis, so the change Ax > 0. Because of (1) we must therefore 

(2) /(X* + Ax) - /(x*) > 0 

and from this 

(3) /(x* + Ax) > /(x*). . , 

But (x* + Ax) is to the right of (x*) since Ax > 0 so that by (3) /(x) « ™ cre ' l * ln f 
for some interval extending from x* to its right. Since **/•««*« 
increasing to the right of any x (except the right end-point of R) hern e is increasing 
on all of R as x traverses R from left to right. Mlf _ - n „ 

The second part of Theorem 2.5.1 is proved in the same way, merely reversing 
the inequality signs in (1), (2), and (3). 

The meaning and use of Theorem 2.5.1 have already been illustrated 
in §2.4. Because the theorem is extensively employed later we offer another 
example so that the technique of finding the range of signature shall be 
made clear. 

Example. On what range of x is 

/(*) = §**-* 

increasing, and on what range is it decreasing? 

We have 

(4) /'(x) - x"‘ - 1 - x-'(l - x‘)-x'*(x‘ - 1). 

Thus, by inspection,/'(r) = 0 when x* = 1 or x = 1, and/'(x) is nonexistent when 
x = 0. We begin the diagram, Figure 2.5.1, by recording these values at which 


f'<0 


f'-oo 


f'>0 


f'”0 


f'<0 


-x <0 


-0< x<l — 
Fig. 2.5.1 


■ x > 1 


signature is lacking; for all other values of x, (4) is finite and signed. Considering 
separately the three sub-ranges into which the x-continuum is now divided, we 
have: 


(i) 

X > 1 

/'(x) = 

-(+)(+) 

(ii) 

0 < x < 1 

/'(x) = 

-(+)(-) 

(iii) 

x < 0 

/'(X) = 

-(-)(-) 


Hence, by Theorem 2.5.1,/(x) decreases when x < 0 and when x > 1, increases 
when 0 < x < 1. 

2.6 Acceleration of a Particle in Rectilinear Motion 

Velocity itself, being a function of the time, is generally changing 
and has an instantaneous rate of change. The instantaneous rate of change 
of velocity with respect to lime is called the acceleration of the particle (in 
rectilinear motion). The acceleration, a(t), of the particle (2.4.1) is there¬ 
fore given by the derivative of the velocity function v(t) = s'(t) in (2.4.2): 
(1) «(<) = v\t) = s'V) = Gt - 18 = C(/ - 3) 

in which the symbol s''(t) is naturally used to denote the derivative of the 
derivative s'(0 of s(t), the second derivative of s(Z) with respect to t. 
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From (1) it is clear that: 

a(t) < 0 when t < 3, a(3) = 0, a(t) > 0 when t > 3. 

The graph of the linear function (1): a = Of — 18, is the straight line 
(“a-curve”) lightly drawn in Figure 2.4.1. Acceleration is, like velocity, 
a signed quantity. Application of Theorem 2.5.1 is again in order: let 
v(t ) correspond to f(x) of the theorem so that a(t) = v'(t) corresponds to 
f'(x), with t increasing; then when t < 3, a(t) < 0, and v(t) is decreasing, 
and when t > 3, a(t) > 0, and v(l) is increasing. In Figure 2.4.1 these 
matters appear graphically; v is decreasing from v(Q) = + 15tou(3) = —12 
when a < 0 and is increasing from i>(3) = — 12 when a > 0. 

The reader is warned that the technical usage of the word “acceleration” 
is contrary to common usage. It is natural to think that if a > 0 the 
particle is accelerating; but (i) a > 0 from l — 3 to t — 5, yet the particle 
is slowing down during this time interval (see | v |-curvc, Fig. 2.4.1), con¬ 
trary to the usual idea of acceleration. Again, it is natural to think that 
if a < 0 the particle is decelerating; but (ii) a < 0 from t = 1 to t = 3, 
yet the particle is moving faster during this interval, contrary to the usual 
idea of deceleration. Explanation of these anomalies lies in the fact that 
ordinary usage applies acceleration and deceleration to change in what 
we are calling velocity-magnitude, an unsigned quantity, whereas we 
arc applying them to change in velocity, a signed quantity. Increase 
(a > 0) through negative values of v is a decrease through corresponding 
numerical (unsigned) values | v |, to explain statement (i); while decrease 
(a < 0) through negative values of v is increase through corresponding 
numerical values | v |, to explain statement (ii). 

Thus, although the sign of a determines increase or decrease of v, it 
alone is not enough to predict increase or decrease of velocity-magnitude 
| v |. This requires both increase or decrease of v (determined by the signa¬ 
ture of a) and the signature of v: we list the possibilities as 

1. v > 0, v decreasing (a < 0), imply | v | decreasing ; 

2. v > 0, v increasing (a > 0), imply | v \ increasing', 

3. v < 0, v decreasing (a < 0), imply \ v | increasing; 

4. v < 0, v increasing (a > 0), imply | v \ decreasing. 

The contentions are perhaps best understood by reference to a composite 
graph of v(l) and | v(t) |, say Figure 2.4.1, where the arcs mZ, MZ, illustrate 
statement 4. But argument can be given: For statement 3, negative but 
decreasing v must be assuming values of larger and larger numerical 
value, so that | v | is increasing. 

Example. A particle moves rectilinearly according to the position-function 
(2) s(t) = 2? - 27f* -F 84f. 

During what time interval is velocity increasing? During what time interval is 
velocity decreasing? During what time intervals is velocity-magnitude decreasing? 

To answer queries concerning the increase or decrease of velocity, we must place 
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the velocity-function v(t) in the position of /(x) in Theorem 2.° J.' re w-iiTanswer 

„'(*) = a(t) occupies the role of f'{x) in the theorem and its signature will answer 

the queries. From (2) we have in 

(3) KO = 6** — 54 1 + 84 
the function to be studied through its derivative 

(4) v'{t) = a(Z) - 124 - 54 - 12(Z - 4.5). 

From (4) we find 

(5) t> increases if t > 4.5, decreases if t < 4.5. 

To study velocity-magnitude we need, in addition to the information just ob¬ 
tained concerning increase or decrease of »>, the actual signature of i>. brom the 
factored form v(t) = 6(Z - 2)(/ - 7), we have 


(G) v > 0 if t < 2 and if t > 7, v < 0 if 2 < t < 7. 

Then in accordance with statement 1, | v | decreases for / < 2, since v > 0 and 
decreases there, by (5) and (6). By statement 4, | v | also decreases for 4.5 < t < 7, 
since v < 0 and increases on this range. The reader is urged to graph v(t) and | e(t) \ 
for visual corroboration of these conclusions. 


2.7 Exercises 

1. For the particle (2.4.1) find position, velocity, velocity-magnitude, and accel¬ 
eration when Z = 4.5; when / = 1.5. What does the sign of i»(4.5) tell you about 
s(t) near t - 4.5? Check your answer by consulting Figures 2.4.1 and 2.4.2. 

2. For a certain vertically thrown ball, height (* ft.) above ground after t seconds 
is s(t) = SO t — 1(W 2 . (a) What is the height when the velocity is zero? (I>) What 
is the acceleration when the velocity is zero? [An*, (b) —32 ft./sec./sec.| 

3. A particle travels to and fro on a vertical line (directed upward) according to 
the formula s(l ) = 4/ 3 + (U 2 — 24/ + 8. When is it moving upward, and when 
downward? (.4ns. downward if — 2 < / < l.J 

4. A particle moves rectilinearly according to the position-function s(l) = 31 ' — 
15 1* 4- 20/ 3 . Supply the ranges of / on which velocity is increasing, and those 
for which it is decreasing. 

5. Two particles start from the same point at the same time on the same recti¬ 
linear path, moving according to the position-functions «,(/) = l" — 11 / -+- 10, 
s*(Z) =74-5/ — 3 1 1 . (a) When will they have the same velocity? (b) What arc 
their velocities when they occupy the same position? 

6. For the ball described in Exercise 2 draw a composite graph of the velocity 
and the velocity-magnitude functions. Is the velocity-magnitude a “continu¬ 
ous” function of / for all /? Ascertain the time intervals of increase and de¬ 
crease of velocity-magnitude. 

7. A particle moves on a rectilinear path in such a way that its position coordinate 
is given by s(Z) = Z 3 — 12 1* 4- 36/ — 15, with reference to a fixed point O and a 
designated positive direction, (a) Write its velocity, velocity-magnitude, and 
acceleration functions, (b) When is the particle at ()? (c) When is the particle 
at rest? (d) When is its velocity unchanging? (e) When is its position coordinate 
increasing? (f) When is its velocity increasing? (g) When is its acceleration 
increasing? (h) Draw a composite graph of *(/), c(Z), | *>(/) |, n(Z). From the 
graph ascertain the time-intervals of increase and decrease of position coordi¬ 
nate, velocity, velocity-magnitude, and acceleration. Correlate these results 
with the preceding. 



[2.8 


44 ] THE DERIVATIVE AND RATE OF CHANGE 

8. The position function of a moving |>oint P on a line /, is s(t) = 28 + 24/ + 

3 f — t 3 . (a) During what time intervals is P reeding from 0? [A ns. — 2 < l 
< 4.| (b) During what time intervals is velocity increasing? decreasing? 
(.i/i*. t < 1; l > l.| (c) During what time intervals is velocity-magnitude 
increasing? decreasing? (d) Is the motion l>ccoming more rapid or less rapid 
when t = 3? when l = 5? |.l/i*. Less rapid, t = 3; more rapid, t = 5.) 

9. For the particle moving according to *(/) = t 4 — 12( 3 + 30f* + 24/ — 30, 
(a) is velocity increasing or decreasing when t = 3? (b) Is the motion then 
becoming more rapid or less rapid? 

10. If y — ax + bx + c, a ^ 0, is the |>osition coordinate of a point moving recti- 
linearly, show that the acceleration is constant, and that the point is stationary 
when x = —6/2n. 

1 1. Average velocity and average velocity-magnitude. For the particle 

s(t) = ? - 9I* + 15/ + 10 

find (a) the average velocity during the first 5 seconds of motion ; (b) the average 
velocity-magnitude during the same time interval. 

For (a) we use. of course, the difference-quotient in the definition of the 
derivative: average velocity = (change in position) + 5 = |*(5) — '(0)| -i- 
5 = (—15 — 10J/5 = —5 ft. sec. We note that average velocity is not, in 
general, the average of the velocities at the end points of the interval, which 
in this case would l>e }(15 + 0) = 7}. For (b) we use: average velocity- 
magnitude = (total distance covered during the 5-second interval) -s- 5. From 
Figure 2.4.2 we find the total distance = ' p f ,p, ' + | / > ,/ > , | + i P*P: 1 = 7 + 
17 + 15 = 39, so that the average velocity-magnitude is 39/5 = 7.S ft./scc. 

For example: I leave home on a driving trip ami at the end of 0 hours have 
covered 250 miles. I then find that I have left my best hat at a service station 
50 miles back, and decide to return for it. This return trip takes 1 hour. At the 
end of 7 hours, then. I am but 200 miles from home, although I have traveled 
300 miles all told. My average velocity for the 7 hours is 200/7, my average 
velocity-magnitude is 300/7, mph.) 

12. In Exercise S, find (a) the average velocity of the point over the time interval 
1 g £ ^ 7, (b) the average velocity-magnitude over the same interval. (.!//*. 
(a) —9 ft./scc.; (b) 27 ft./scc.) 

1 3. Write out a proof of the second part of Theorem 2.5.1. 

1 4. Use Theorem 2.5.1 to show that the graph of y = \/x is rising when x < 0 
and falling when x > 0. 

1 5. Show that the graph of y = x 3 + x - 10 is rising for all values of x. 

2.8 Higher Derivatives; Notations for Derivatives 

If s(l) is the position coordinate function for a particle in rectilinear 
motion, we have already noted that v(t) = s'(0 is the corresponding 
velocity-function, and that the second derivative of s(t), 

a(t) = *'(/) = «"(*), 

is the corresponding acceleration function. A function may possess de¬ 
rivatives of higher order even than the second—sometimes, indeed, of 
any order. Each furnishes the instantaneous rate of change of the immediate 
ancestor from which it was derived, although it is not always possible to 
name it as we have named *'(0 and s"(0 above with the physical terms 
velocity and acceleration. 
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The ordered set of derivatives of the function f(x) can be given the 
symbols (devised according to usage so far) 

(1) /'(*), /"(*), /"'(*), /"*(*), • * • . /‘"’W. 

with w > 0 an integer. 

Other notations are not only possible, but are often more useful than 
those indicated in (1). If we are considering y = /(x) from a geometrical 
point of view, a simple replacement for (1) is 

y', y", y'"> ••• » y 

The next notation 

D,y , D]y , D]y, • • • , D*y, • • • , 

with D,y to be read “derivative-with-respcct-to-x [D t ] of y,” offers the 
symbol D, as an operator applied to y a certain number of times: thus, 
D.*y means D, [D M {y)\. Finally, we shall often use 

5• » /mm , f.MM , 

or the equivalent 

v m , y„ , , • • • , 

especially if only first or second derivatives are involved (after these the 
notation is cumbersome). This last notation is capable of extension to 
functions of more than one variable, as we shall see later. 

The commonest symbol for/'(x), namely dy/dx, and its successors, we shall intro¬ 
duce and use only after the separate symbols dy and dx are suitably defined (Chap¬ 
ter C); until then it is unsuitable and dangerous, although after its careful introduc¬ 
tion it is very advantageous. 

Example. Let y f{x) = x*. x ^ 0. Then 

f'( x ) = y’ = I),y = DJ = y, = f, = Jx 1 , x £ 0; 

/"(*) = 2/" = Bly = K/ - v.* = /« - |*“ § . X > 0; 

/"'<*) = y''' = D*y - DM = y„. = /„. = -|x"*, * > 0; etc. 

2.9 Derivative of a Function of a Function 

Theorem 2.1.2 concerning the derivative of a power of x [D t (kx*)) 
cannot be used immediately to obtain the derivative of such a function as 

0) y = /(*) = Vl - x\ -l 3 x £ 1 . 

Without a further theorem dealing with the derivative of (1) and its 
kindred, we should be driven back to the algebraically awkward evaluation 
of the definition of derivative itself. Since functions analogous to (1) must 
frequently be considered it will be advantageous to aim for a shorter 
method. 

Now (1) can be dissected into a chain of functions; if we set 

u = u(x) = 1 - x 2 , 

then (1) under this substitution is equivalent to 
(2) y = where u = 1 — x 2 . 


The constituent pair of functions ( 2) is the “chain” from which ( 1 ) i 
created: y = = (1 - x s )‘ = Vl - x 2 . If x is restricted to the rang 


IS 

range 
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R: — 1 ^ x ^ 1, then u = 1 — x 2 ^ 0 and m* is well defined on R: u ^ 0, 
the w-range associated with the x-range R. We record the derivatives 


(3) 


Vu = 


-1 


u >0; u, = —2x; 


these we easily obtain from the two constituents of the chain. 
On the other hand, the definition of derivative (§1.11) yields 

. ' " " 7 . ' r — 2x 

V* 


lim 

ix-0 


Ax 


2\/l - 


- zvh?’ 1 -** - i' ( ~ 2x) - (iM ' ,) - ( - 2i)> 

with u = \/1 . 

This last formulation of y t is, from the derivatives (3), 

( 4 ) y , = y m 'U, . 

The result (4) suggests that for a chain of functions 

(5) y = y{u), it = it(x), so that y = y\u(x)], 

we can conveniently compute y, by merely multiplying together the deriva¬ 
tives y u and u, of the constituent functions, to replace the drudgery of 
using the definition of the derivative on y (u(x)). Thus: 


theorem 2.9.1. If y = y(u), and u = u(x), with x on a range R 
restricted so that first u and, in turn, y, are both well defined, then for any 
value of x for which u t and y u exist individually and simultaneously for 
the corresponding values x and u(x), the derivative y, also exists and 

(6) y, = y„ u, . 

Proof of this important theorem is presented at the end of the section. 
We proceed to examples and a useful special case. 

Example 1. Suppose that y = vV + 3, so that if ti — x 2 + 3, y = u*; 
the range of x is unrestricted. Then u M = 2x and y„ = JiT* = §(x 2 + 3)“*; hence, 
in accordance with Theorem 2.9.1, 

y. = y.u, = l(x* + 3)-'-(2x) = \x/ ^(x‘ + 3)’. 

Example 2. Let y = 1/(2 - 3x + x 2 ) = (2 - 3x + x 2 ) - ', x ^ 1,2. Then, 
if we set u = 2 — 3x + x 2 , we have y = u -1 . Since y. = —u 2 = — (2 — 3x + x 2 ) 2 , 
and u t = 2x — 3, Theorem 2.9.1 furnishes 

y M = = -(2 - 3x + x 7 y\ 2x - 3), x ^ 1, 2. 

Example 3. If y = (5x — 2) 2 , we set u = 5x — 2, so that y = u 2 . Then 
y u = 2 u = 2(5x — 2), and u M = 5; hence 

y, — = 2(5x — 2)-5 = 50x — 20. 

The result can be checked (in this particular example) by expanding y = 25x 2 — 
20x -f 4, whence y, = 50x — 20. (Although this example can be worked by a 
previous method, it is to be noted that unless the exponent of u is a small positive 
integer the method of Theorem 2.9.1 is to be preferred.l 

Knowledge of Theorem 2.9.1 broadens considerably the class of func¬ 
tions for which we can write derivatives with ease. It is, however, noticeable 
in the examples that we are at present using it only when y = y(u) is a 
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power of u. This (restricted but important) use of Theorem 2.9.1 is con¬ 
veniently stated as 

COROLLARY 2.9.1. Ify = yM is a power of a function u = *(*): 

• y = [*<*)]", then 

( 7 ) V* = n[u(x)r'-u, 

for any x on a range R so determined that corresponding values u and y 
are well defined, and provided that the right side of (7) has meaning. 
[The proof of Corollary 2.9.1 is an immediate consequence of Theorems 
2.9.1 and 2.1.2.) Previous examples illustrate the corollary. 

The reader should cultivate the ability to write (7) at sight, without 
the intermediate steps used in illustration of the theorem previously. In 
this writing he will find it useful to employ (7) in words (almost as a patter): 
The derivative of a power (n) of a function (n) is (the power, ii) times 

(the-funclion-to-a-reduced-by-one-power, u" ') times (the derivative of the 
function, u M ). Thus: 

Example 4 (repeat of Example 1). If y = (x 3 + 3)», formula (7) gives 


y, - n • W(x)r' • W. 

= i • [(*’ + 3))*" 1 • (2x) 

(pou-er) (funetiondo-redueed- (deriratirc 

• bv-onr-lH>*crr) • o//unction) 


which accumulates into the result 

2 h = ix(x 3 + 3)“*. 

In fact, a valuable application of (7) is to a situation in which we may 
not even know the precise functional representation of u(x). Suppose 
that y = y(x) is a single-valued function of x and that y, exists (at a 
specified point); we wish to find the derivative with respect to x of 

(8) y 2 = l2/0r))’, 
that is, to find (y 3 ), = D,(y 3 ). We write 

Y = \y(x)) 3 

and identify y with the u of Corollary 2.9.1, Y with the y of the corollary. 
We require Y, . The corollary gives 

Y. = 2 • \y(x)) 3 -' • y, 

(power) (funchon-to-rrdurrd. (tier ir.it ire 

• bp~one~iioircr) * of function) 

which is 

(9) (y 7 ). = 2 y y, . 

Note that the 2 y of (9) is the derivative of if with respect to y\ the corollary 
asserts that multiplication of the //-derivative by y t accomplishes the 
derivative of y 3 with respect to x. 

Further examples of this widely useful technique are: 

(V\ = 3y 2 • y, = D r (y) 

(y-'h = = D,(\/y) 

(y-\ = -2y’ 3 y, = D,(\/y*). 

These, and others, the reader should verify (Exercise 2.10.7). 
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W e begin the proof of 1 heorem 2.9.1 by assuming an increment Ax which induces, 
through (5), a corresponding increment 

00) Am = u(x + Ax) - m(x) 

in it; moreover, by hypothesis there exists 

01) u t = Am/A x. 

In this last, we must have An —* 0 as Ax —* 0, for in the contrary case a finite limit 
could not exist: 

(12) the process Ax —* 0 induces the process Am —» 0 

because the derivative u M exists. 

To establish (6) we need to work with 


03) 


l im g<iL+ 4n) - y(«) = Aj, 
Ax Ax’ 


Ax—O 


To make use of (11) and the hypothesis that 

04) y u = lim Atl _ 0 Ay/Au 

exists it is natural to write 


(15) 




For the limit on the right we have 

= fe, a") (1™ B) - *'■«• - 

where we have used Theorem 1.9.1, (12), (14), (11), in that order. Since the limit 
on the right of (15) exists, that on the left does also, and the limits are equal. This 
establishesf (6). 


2.10 Exercises 

1. In each exercise, find y , . 

(a) y = u\ u = 2x + 1 [/Ins. y. = 6(2x + 1)*.] 

(b) y - u*, u - x’ — 16, | x | £ 4 [.4ns. y, = x/Vx' - 16, x > 4.] 

(c) y = «-*, u = 1 + 3x, x > -1 (d) y = u = 5x’ + 2x + 7 

2. In each exercise, find y r in two ways: (i) by using Corollary 2.9.1, (ii) by ex¬ 
panding the expression for ij and using Theorem 2.1.2. Reconcile the results. 

(a) y = (x - 3) a (b) y = (4x 2 - l) 2 (c) y = (10 - ox + x 2 ) 2 

3. In each exercise, find y, in two ways: (i) by using Corollary' 2.9.1, (ii) by using 
the basic definition of derivative. Reconcile the results. 

(a) y = -3 g x g 3 (b) y = VlO - x 3 

(c) y = v'x - x‘ [.Ins. l(x - x^‘*(l - 2x), x ?! 0, 1. 

Cf. hint to Exercise 1.12.17.] 

^Critique. The general proof (especially (15)1 does not stand if u{x) is a formula such 
that Au = 0 ns At — Oin some particular way. In such case, Theorem 2.9.1 can be inde¬ 
pendently verified. In the first place, if An * 0, then by (11) u, = 0; on the other hand, 
if Au ■ 0, the numerator of (13) is zero, and y z = 6. Thus, still assuming that y u is 
well defined, we find that y x = y u u z is the trivial 0 = y u - 0. 
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4. In eacli exercise, find y g . 

(a) y = (x 1 - 3x)“', x ^ 0, 3 1.1ns. -(2x - 3)(x’ - 3x)"’.| 

(b) y = 10(2x + 1 Y\x* -i 

(c) y = (x 3 — 1)"', x ^ 1 [/Ins. —x’(x’ — 1) "*.] 

5. Obtain y g for each expression, stating the range of x for which it is defi ned , 

(a) y = y/x 2 + 4 - Vs * — 4 (b) y = ‘2\/5 — x + 3^5 - 

(c) y = x ! — x y/x + 2 y/x 2 — x 

6. If y = y(x) is a single-valued function of x, and y g exists, show by Corollary 
2.9.1 that 

0/)* = D*(y 3 ) = D.hfa)l* = 3y* ’ V* • 

When will the result have meaning? (Cf. (2.9.9).| 

7. if y = y( x ) is a single-valued function of x, find: 

(a) D.(y') = 4 y’ y. (b) D.(y') 

(c) D.(y ") = («•) + y) 1 = 2(x + i/)(l + y.) 

(e) D,(x - y)' = 3(x - y)’(l - y.) (f) D,(y") 

8. Show that Theorem 2.1.2 is a corollary of Corollary 2.9.1. 

9. A long piece of tin 25 in. wide is formed into a gutter by bending up obliquely 
an S-in. strip on each side. The cross-section of the gutter is a trapezoid of 
which the area A is a function of the height h (which changes as the strip is 
bent at different angles). Find the rate of change of A with respect t o It, (a) 
in general, and (b) when It = 4 y/ 3 . (Use A(h) = 9/i -f y/64h* — h 1 - A ns. 

(b) 1 sq. in./in.) 

1 0. Three points, A, H, C, are fixed in position as shown in Figure 2.10.1. A piece 
of extensible string A Eli has another piece EDC tied to it at its mid-point E, 
and this latter piece is pu lled dow nwar d so as to displace E to D, x in. belo w E. 
The length of string AD+BD + CD i s a functi on L(x) of the "sag," ~DE —x- 
Show that (a) L(x) = C - * + 2\/.r* + 16; (b) L{ 0) =14, L(3) = 13, 
/,((>) = 2\/52; (c) L’(x) = — 1 -f 2ir(x a jf- 10)“*. At what rate is L{x) chang¬ 
ing with x when x = 3? when x = 4 \/3/3? 



Fig. 2.10.1 Fig. 2.10.2 


1 1. A point P moves upward along the line x = 3. At what rate is its distance from 
the origin changing with respect to its ordinate y at the instant (a) that 
y = —4? (b) that y = +4? Are the signs of your results sensible? (.4ns. (a) 
— $ unit/unit-1 

12. A point moves along the line y = 3. At what rate is its distance from (1,0) 
changing with respect to its abscissa x when x = 0? x = 1? x = 5? 

13. A point P(x,y) moves around the circle x -f y — 4x + 3 = 0 (Fig. 2.10.2). 
At what rate is the distance d = OP changing, with respect to the abscissa 
x of P, when x = l; x = 2; x = 3? (.4ns. When x = 1, d x = 2, obtained from 
d = V4x — 3 (show this).] 
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2.11 Problems Concerning Time Rates of Change 

The theorem and corollary of §2.9 not only service us with the derivatives 
of an extended class of functions, they also enable us to solve at this point 
some elementary examples of an important type of problem concerning 
rates of change with respect to time. 

Example 1. The following problem is typical. If temperature is held con¬ 
stant, air expands according to Boyle's Law: pv = k, k a constant, in which p and v 
represent pressure (Ib./sq. in.) and volume (cu. in.). If at a specified instant v = 20 
and p = 80, and the pressure is increasing at the rate of 4 lb./sq. in. per second, find 
the corresponding rate at which the volume is changing with respect to time. 

We discuss this problem. Since v = 20 and p = 80 are corresponding values, 
the particular value of the constant k (which depends on the fixed temperature) 
must be k = pv = 80-20 = 1600. Hence we can write v as a function of p: 

(1) v(p) = lGOOp"'. 

We are given the rate at which p is changing with time, which we represent by the 
derivative p, = 4; we wish to know the rate at which v is changing with time, which 
we represent by v, . 

Now (1) presents v as a function of p, namely 1600 times the (- l)th power of p. 
Since we are told how p is changing with time, p, in turn, is a function of time t. 
(Of course, we do not know the form of functional dependence of p on t, but we 
shall not need it to obtain the result asked in the problem.) The stage is surely set 
for the use of Corollary 2.9.1; v is a function of p, where p is a function of t, and 
we want v, . From the corollary we write v, = «yp, » into which we insert v p = 

- 1600p~ a : 

(2) v, = — lG00p~*-p,. 

In (2) we have v, in general, dependent on the pressure (p ^ 0) and the way it is 
changing (p,); but the problem demands a particular v, , that at the instant that 
p = 80 and p, = 4. The required v, is obtained by making these substitutions in (2): 

M,-*o = —1600(80)~*-4 = -1, 

so that the volume is decreasing 1 cu.in./sec. at the instant specified. 

The importance of this type of application of the derivative of a function 
is easily recognized. In a second example we shall introduce the standard 
notation i, x, etc., for time-derivatives of x : 

v = v, , p = p, , x = i, = x,, , etc. 

Example 2. An airplane leaves a field at noon, 
flying east at a steady 100 mph. A second plane 
leaves the same field at 1 p.xi., flying north steadily 
at 150 mph. At what rate are the two planes sep¬ 
arating at 2 p.m.? 

If .4 and B (Fig. 2.11.1) represent random posi¬ 
tions of the two planes at the same instant of time, 
then d = ,\B is the distance between them at that 
time. Sup pose that the first plane has then covered 
x = FA miles eastward from the field F, and the 
second plane has covered y = FB miles northward 
from F. We have 

AH' = <f = X * + y* 


X = X, , 



100 mph 
Fig. 2.11.1 


(3) 
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by the Pythagorean theorem. From (3) we wish to find d = d, at the instant that 
x = 200 and y = 150 (the distances covered by 2 p.m.), knowing that x — 100 and 
y = 150 . 

Now the distances d, x, y, are all functions of the time, and therefore the d and 
the x -f y of (3) are functions of the time. In fact, since d 2 is equal to x + V f° r 
any specified value of t relevant to the problem, they must be identicalf functions; 
we indicate this by writing 


(4) «*•-** + y 2 {all o, 

where the triple set of lines s is construed “is identical with.” [It is as though the 
two sides of (4) are merely different versions of the same thing, like x and (y/x) »• 
or like the familiar examples in the accompanying footnote.) But then the rates of 
change of the two identical functions in (4) must likewise be identical: we shall 
write the time-derivative of the identity (4). By Corollary 2.9.1 the derivative of 
d 1 = \d(t)? is ((?) i = 2[d(t))d l = 2 dd, and similarly, (x) t = 2xx, (y 2 ), = 2 yy. 
Therefore we have 

2 dd = 2xx + 2 yy (all t) 

which we solve for the required d: 


(»> 

for all times t. In (5) we have the general time rate of change d in terms of the values 
x, i, y, y, chosen for the same time. 

From (5) we compute the rate d required in the problem by substituting i = 100, 
y = 150, x = 200, y = 150, the values pertaining to the time 2 p.m. We obtain 


d 


200-1 00 1_50-150 

\ZT200) 1 + (150) 5 
(4.25) -10* _ 425 _ 
10 J V^25 2.5 


2-10* + (1.5)*-10* 
-\/4-i0' + (1.5)*-10* 

170 mph. 


2.12 Exercises 

1. If the side of a square is lengthening at the uniform rate of 0.5 in./sec., at 
what rate is its area changing (a) in general? (b) when the side is 5 in. long? 
[.4ns. (a) 2x-x, with x = side of square; (b) 5 sq. in./sec.) 

2. If the edge of a cube is shortening at the rate of J in /see., find the rate of 
change of its volume, (a) in general, (b) at the instant that the edge is 5 in. 
long. Repeat the problem for the surface area of the cube. 

3. A spherical balloon is shrinking at the rate of 10 cu.ft./sec. Find the rate of 
change of its diameter at the instant that it is 20 ft. [Am. — .05/jt in./sec.] 

4. Pressure and volume of a gas are subject to the adiabatic law (no change 
in energy of the system) p = kv~ l 4 , k a constant. If at a certain instant 
P — 20 (lb./sq.in.) and v is then changing at the rate of 0.05 cu.in./sec., 
find the corresponding instantaneous rate of change of pressure. [Am. 
— 0.14 lb./sq.in./sec.j 

5. A boy 5 ft. tall walks on the level away from a lamp post 20 ft. high at the 
__uniform rate of 6 ft./sec. (a) At what rate is his shadow lengthening at any 

tThe reader has met identities before. Thus x* - y* ■ ( x - y )( x + ,,)• sin* x 4- 
cos* x - 1 ; sin 2x = 2 sin x cos x. The two sides of these formulas are productive of the 
same number for any values assigned to the letters. In contrast, the equations 3x -0=0 

fetters^ “ °» ** + y * * ** “ 3x + 2 = 0, are not satisfied for all choices of the 
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instant, and at the instant that he is 40 ft. from the post? (b) Using the result 
of part (a), find the rate at which the distance between lamp and shadow-tip 
is changing at the instant that the tip is 21 ft. from the base of the post. 
[/1 ms. (a) 2 ft./sec. uniformly, (b) 168/29 ft./sec.J 

6. A boat moves, at the rate of 10 mph, on a course parallel to a straight beach 
and 3 miles offshore. How fast is it approaching a light house on the shoreline 
at the instant that it is 5 miles away? [Am*. 8 inph.J 

7. The volume of a right circular cylinder is 64 cu.in. If the base-radius is in¬ 
creasing at $ in./sec., how fast is the height changing at the instant that the 
base-radius is 4? [Ans. — \/x in./sec.J 

8 . The volume of a right circular cone is 64 cu.in. If the height is increasing at 
the rate of 0.3 in./sec., how fast is the base-radius changing (a) at any instant? 
(b) when the height is 3 in.? [Ams. (a) r = -$(192/ir)*/r» A; (b) -0.4/ir.| 

9. Salt is poured, at the rate of 0.25 cu.in./sec., onto a flat surface in such a way 
that it forms a pile in the shape of a right circular cone of which the height is 
always 3 the base-radius. How fast is the height changing when the base-radius 
is \ in.? 

1 0. A filter in the shape of a cone is 6 in. across the top and 9 in. deep. Liquid is 
supplied at the rate of 4 cu.in./sec., and filters out at the rate of 0.5 cu.in./sec. 
How fast is the level of the liquid rising when the filter is filled 4 in. deep? 

11. A certain electric cell has electromotive force (E volts) of 2.5. If the resistance 
(R ohms) is 5 ohms at a certain instant and is increasing at a rate of 0.05 
ohms/sec., what is the corresponding rate of change of current (/ amperes)? 
[Ohm's Law is E- IR.\ 

1 2. Intensity of illumination (/ candlepower) at a point is inversely proportional 
to the square of its distance d from the source of light. If the point moves 
toward the source at a constant time rate, show that the time rate of change 
of I is inversely proportional to the cube of d. 

1 3. At noon plane A leaves an airport, eastbound at 100 mph. Plane B is then 
450 miles north of the port, approaching at 150 mph. Are the planes nearing 
or separating from each other at 2 P.M., and how fast? [Arut. nearing, at 10 
mph.) Are they nearing or separating at 2:30 p.m.? 

1 4. A 13-ft. ladder leans against a building, and its lower end is pulled horizontally 
away from the building at 3 ft./sec. At what rate is its upper end descending 
at the instant that the lower end is 5 ft. from the building? (A ms. 1.25 ft./sec.) 

1 5. A ship is moving through the water at a rate of 500 ft./min. A man in the 
stem, 20 ft. above water level pulls in, at 200 ft./min., a rope attached to a 
rowboat. When there are 52 ft. of this rope out, at what rate is the rowboat 
moving through the water? (Ams. 716j ft./min.) 



Fig. 2.12.1 


1 6. An airplane flying east at 150 ft./sec. at fixed height 3000 ft. is at a certain 
instant directly above an automobile traveling south at 50 ft./sec. How fast 
are they separating 40 seconds later? [Ams. 142$ ft./sec. Use the space Pythago¬ 
rean theorem: cf 2 = x + y + z\ see Fig. 2.12.1.) 
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17. A baseball diamond is a 90 ft. square. If a ball is batted along the third base 
line at 100 ft./sec., how fast is its distance from first base changing when it is 
halfway to third base? 

1 8. The velocity (t» ft./sec.) of a jet of liquid issuing from an orifice is given by 
v = 2 h, h (ft.) being the height of the liquid surface above the orifice. If A 
is decreasing 6 in./min., find the rate of change of velocity of flow from the 
orifice at the instant that h = 100 ft. [.4ns. -0.2 ft./sec. per min.] 

1 9. After a bullet has penetrated a block of a certain kind of wood to a depth of 
x ft., its velocity (v ft./sec.) is given by v = 200x f l — 2x■ At what rate does 
its velocity change? [.4 ns. 40,000 ft./sec. per sec.) 

20. A point moves along the parabola y 2 = Ax. At what point on the curve are its 
abscissa and ordinate increasing at the same rate? [Ans. (1,2).] 

2.13 Derivative of a Product of Functions 

Extended ability to write derivatives results from formulas for the 
derivative of a product or of a quotient of functions. For example, 
f(x) = x 2 /\ — x 2 is the product of u(x) = x 2 , v(x ) = y/ 1 — x 2 ; 

fix) = x(l — x)*(l + x)“* is the product of u(x) = x , 

v(x) - (1 - x)*, w{x) - (1 + x)-*. 

In each example we already know how to write the derivative of the 
constituent u(x), v(x), w(x ); we merely need to know how to put these 
subsidiary derivatives together to produce that of the original function. 
The key lies in the following general theorem: 

theorem 2.13.1. Let 

(1) /(x) = u(x) v(x) 

and suppose that the derivatives u, = u'(x) and v, = v'(x) are well defined, 
together with the functions u and v, for x on a certain range R. Then f 

(2) f'(x) - u,-v u v x 

for all x on R. 

It is particularly to be noted that the derivative of a product of functions 
is not the product of their individual derivatives, in spite of an expected 
analogy with “the derivative of a sum of functions is the sum of their 
individual derivatives” (Theorem 2.2.1). 

Before offering a formal proof of Theorem 2.13.1 we illustrate its use 
in a variety of situations. 

Example 1. Required the derivative /'(x) for fix) = xV 8 — x 2 , we set 

“W = x v(x) = (8 - X 2 )*, -2V2 ^ X ^ 2 V 2 , 

u * = 1 v * = -*(8 - x 2 )" 1 , -2V2 < x < 2\/2, 

the latter derivative computed by appeal to Corollary 2.9.1. Theorem 2.13.1 asserts 

tThe reader is advised to learn (2) in words: “The derivative of the product of two 
functions is [the derivative of the first, multiplied by the second] plus [the first multi¬ 
plied by the derivative of the second].” This version will enable him to write off the 
result in a single step. 



54] THE DERIVATIVE AND RATE OF CHANGE [2.13 

that on the range — 2 \/2 < x < 2 y /2 the derivative/'(x) exists and is given by (2): 
f'(x) = u M -v 4- u-v M 

(3) = l-(8 — x 2 )‘ + x-[-*(8 - xV‘]. 

This awkward (though correct) form can l>e simplified by appeal to purely ele¬ 
mentary algebra. The easiest technical device is that of factoring out the most 
troublesome quantity, (8 — x 2 ) - *; this is removed from the first term of (3) by 
subtraction of the exponents on (8 — x 2 ) since “factoring out” is “division by.” 
We shall use such reduction consistently. Thus, (3) continues as 

(4) /'(x) = (8 - xVM(8 - x’) - x’] = 2(8 - x*)-‘(4 - x 2 ). 

Since (4) is again a product, we can proceed to compute/''(x) by a second applica¬ 
tion of Theorem 2.13.1. Now we set 

m(s) = (8 - x 2 )-» v(x) = 4 - x 2 

u M = x(8 — x 2 )"* v, = — 2x. 

Thus (2) yields 

/"(*) = 2|x(8 - x 2 )-»-(4 - x 2 ) + (8 - x 2 )"*•( —2x)|. 

Removal of the factor x(8 — x 2 )~* reduces this /"(x) to 

(5) f"(x) = 2x(8 - x 2 )' , {(4 - x 2 ) - 2(8 - x a )| = 2x(8 - x 2 )-*(x 2 - 12). 

Note that this compact form (5) is easily used to produce xj= 0 as the only permis¬ 
sible value such that/"(x) = 0; the other zeros, x = d=\/i2, of (5) are rejected be¬ 
cause they do not occur on the range of definition. 

Example 2. For /(x) = (x — l)»(x 3 4- 1)"’ we set u(x) = (x — 1)*, 
v(x) = (x 3 4- 1) \ and compute 

u , = 5(* “ 1 r f » x j* 1, and v, = —3x 2 (x 3 4- l)“ a , x w* — 1. 

By Theorem 2.13.1 we know/'(x) exists for all real x ^ ±1 and is given by filling 
in (2): 

/'(x) = i(* - 1 4- I)” 4- (x - l)» (-3x 2 (x 3 4- I)" 1 ], x ^ ±1. 

i_i i-1 i_i i-1 

u* • r + M • f* 

Removal of the factor 3 _, (x — l)"*(x 3 4- l)’ 2 in tolo gives 

/'(x) = 3-(x - l)-'(x* + l)-’l(x* + 1) - 9x 2 (x - 1)1 

= 3“'(x - D'V + 1)‘ 2 (1 + 9x 2 - 8x 2 ), x^±l. 

Example 3. One ship (S,) sails due east toward a point P at 12 mph, and another 

(S 7 ) sails away from P on a course 30° west of 
south at 8 mph. At the instant that both ships are 
30 miles from P are they approaching or separating 
from each other, and at what rate? 

In Figure 2.13.1 let Q and R be positions of the 
ships at the same (random) instant, with QP = x 
miles, RP = y miles, QR = d miles, 2$. P in triangle 
PQR = 60°. The law of cosines (d 2 = x y 2 — 
2xy cos 60°) gives 

(6) d 2 = x 2 4- y 2 - xy 

since cos 60° = £. We wish to find d at the instant 
that x = y = 30, knowing that x = — 12 and y = 8. 
For this project we argue (recall Example 2.11.2) that x, y, d, are functions of 
the time t, that (6) is an identity in t, and that the derivative of this identity will 
again be an identity. The new feature here is the need for the derivative of the 
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product xy in (6). For ( xy ), we use the product formula (2) with u = x, u, = x, 
v = y, v, = y : 

(xy), = u,v + uv, 

= x y - x y. 

With this result, the complete derivative of (6) reads 
(7) 2 dd = 2xx + 2 yy — (xy 4- xy), 

which will supply the rate of change d for any momentary positions of the ships. 
At the instant specified in the question x = y — 30, and d — 30 by (f>), x — 
y = 8; substitution of these in (7) results in d = - 2, so the ships are instantaneously 
separating from each other at the rate of 2 mph. 


To prove Theorem 2.13.1 we assume/(i) = u(x) v(x), with u, v, u, , v, , 
existent on a common range R(x). For fixed x on R, assign the increment 
Ax, inducing the corresponding increments A u, Av, in u, v. Then f = UV 
receives the increment 

Af = (u 4- Am)• (v 4- Av ) — u-v = Au-(v 4- Aw) 4“ u-Av. 

The difference-quotient leading to f'(x) is 


( 8 ) 


A f Am , Av 

^ +a„) + 


As Ax —» 0, the hypothesis gives 

Au/Ax —* u M , Av/Ax —* v M . 

Moreover, the latter limit can exist only if Aw —♦ 0 as Ax —* 0 (if Av —* k 0, 
then lim Av/Ax is not finite), so that v 4- Av —* v. With these limiting 
values for its separate parts, the right side of (8) —► u, v + u v t as Ax —* 0; 
hence the left side of (8) approaches this limit to define /'(x). Theorem 
2.13.1 is proved. 


Theorem 2.13.1 extends to a product of more than two functions. If / = u-vw, 
we set vw = V so that/ = u- V, and apply Theorem 2.13.1: 

/, = *,• V + u • V a . 

From V = vw we have, again by the theorem, 

V, = v x w 4- v w, . 

Combination of these two results yields 

(9) = u, V 4- u(v, • w + v • w r ) = u,vw 4- uv.w 4- uvw, , 

valid for any x for which all the functions and derivatives are well defined. We 
describe the result in words: The derivative of the product of 3 functions is formed 
by multiplying the derivative of each function by the product of all the other functions 
and adding the resulting terms ; the result is well defined for any value of the independent 
variable for which all the functions and their derivatives are well defined. If we change 
the “3” in the preceding statement to ‘V\ we have the general theorem for the 
derivative of a product of functions. Formal proof of the generalization would be 
based on mathematical induction. 

Example 4. For/(x) = x(l - x)*(l -f x)~* we set u =x , v = (1 - *)*, 
w = (1 4- x) *; v is defined only if x ^ 1 , w only if x > -1, so/ is well defined only 
onR: -1 < z ^ 1. Since 

U, = 1, V, = -i(l - x)-*, (x < 1), 


w r = -§(1 4 - x)” 1 , (x > -I), 
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we fill in (9) as 

f x = u t 'V-w + u-v,’W + u-v-w a 

= 1(1 - x)‘-(l + x)'» + x-[-i(l - + *)•* 

+ x .(l - *)*•[-»(! +x)-'J 

= (1 - x)-‘(l + *)-'l(l - x)(l + x) - Jx(l + x) - \x(l - x)] 

= (1 - x)-‘(l + *)-'(l - x - X s ). 

This derivative exists for — 1 < x < 1. 

2.14 Exercises 

1. For each function following, find the derivative y a in two ways: (a) by using 
the product formula (2.13.2) ; (b) after expansion of the right side, thus obtain¬ 
ing a check. 

(a) V = (x + l)(x - 1) (b) y = (2x - 9)(4x + 3) 

(c) y = (x a - l)(x - x"') 

2. Find y a for each function: 

(a) y = xV9 - x 1 [4ns. y. = (9 - 2x’)(9 - x 1 )'*, -3 < x < 3.] 

(b) y = x 3 ^1 - x 1 (c) y = (x’ + 1) V2x - 5 

(d) y = (x + l)(x - 2)"' [Ans . y, = -3(x - 2)‘ , I x ^ 2.] 

3. Find \j a by using the product formula: 

(a) y = (2 x - 3)/(3x - 2) [Am. 5(3x - 2)~\ x * §.] 

(b )y = V(1 - x)/( l +Hj[Ans.-( 1 - x)-»(l -f x)~ l , -1 <x< 1.] 

(c) y = x/ V1 — x* [Ans. (1 — x 2 ) H , —1 < x < 1.] 

4. Use (2.13.9) to write the derivative y a of 

(a) y = x(x - l)(x + 1) (b) y = xVT=~x /(1 + x) 

5. Find the second derivative, y aa , in each of Exercises 2(a), (d) and 3(a), (o). 

6. (a) Obtain/'(0) for/(x) = (x + l)Vl6 - x*. 

(b) Obtain/'(3) for/(x) = V7+~l (16 - x 1 ). 

7. Show that D 2 M (uv) = (OJm)t+ 2D t u-D a v u(D\v). 

8. At a certain instant the sides of a rectangle are 10 in. and 12 in. If at this 
instant they are changing at the respective rates of 0.3 in./sec. and 0.5 
in./sec., how fast is the area of the rectangle then changing? (Ans. 8.6 
sq.in./sec.) 

9. At a certain instant the sides of a rectangular parallelepiped are 9, 12, and 
18 in. If at this instant they are increasing at the respective rates of 0.2, 0.5, 
0.1 in./sec., how fast is the volume increasing then? 

1 0. A right circular cone has fixed height 3 in.; its base-radius is increasi ng at the 
rate of \ in./sec. At what rate is its lateral surface [L.S. = irry/r 2 -j- A 2 ] 
changing when r = 4? [Ans. 4.It sq.in./in.l 
1 1. A highway crosses a railroad track at an angle of 60°. A locomotive, at 60 mph, 
and an automobile, at 45 mph, are approaching the intersection. At the instant 
that both are 500 ft. from the intersection how fast are they approaching each 
other? [Ans. 77 ft./sec.l 

1 2. A 39-ft. ladder leans against a sloping wall which inclines 60° to the horizontal. 
If the base of the ladder is pulled horizontally away from the foot of the wall 
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at § ft./sec., how fast is the upper end descending when the base is 10 V3 ft. 
out from the wall? [Ans. (12 + 5 V3)/72 ft./sec.J 
1 3. As it melts, an icicle always preserves the shape of an inverted right circular 
cone having vertical angle 4°. Its rate of melting at an instant is twice its 
lateral surface then. How fast is its length changing? [Using r — h tan l , show 
S = 1 tan 2° sec 2° and V = \xh 3 tan 2 2°. Ans. h = 2 cos 2 .] 

1 4. If /(x) = (x — a) 3 - F(x), and F(x) possesses a first and second derivative for 
x = x*, show that f'(x*), /"(x*), exist and have (x* — a) and (x* — a) as 
factors, respectively. Generalize. 

1 5. If f(x) = (x - x,)(x - xa) • • • (x - x„), with x, , x* , • • • , x n , constants, 
describe the appearance of/'(x). 

1 6. Let f\ (x) = (x - n)"(x - 6)",/a(x) = (x - a) m /(x - b)\ Prove that 

/«*> - (r?: + '« - • 

Apply to g(x) = (z - 3)’(z - 2)' and A(x) = (z - 5) J /(x - 7) ! . 

1 7. Find the slope of the tangent to the curve y = x\/9 — x 2 at (0,0). What is 
the tangent-slope at (3,0)? At what point on the graph is rate of change of 
tangent-slope zero? 

2.15 Derivative of a Quotient of Two Functions 

We can apply Theorem 2.13.1 to 

(1) /(X) = V(x) * 0, 

a quotient of two single-valued functions with existent derivatives, to 
find f, . We write (1) in abridged form as the product 

( 2 ) J-V-V-'. 

To apply Theorem 2.13.1 to (2) we set u = U, v =» V~\ so that 
m, = U M and v t - v y - V, = — V " 2 - V, 

(this last by appeal to Corollary 2.9.1); then 
S, = u t -v - f- u v, 

- U.-V-' + U-l-V-'-V.) - - C/7,]. 

Thus we have proved [we replace the capital letters by small ones in 
conformity with the notation of the product formula (2.13.2)] 

theorem 2.15.1. If f(x) is the quotient of two single-valued functions 
u(x), v(x), and x is a point on a range R(x) for which u, v, u ,, v s , are 
well defined and v(x) 0, then 



at the paint x. 


It should be noted that the terms of the numerator are identical with 
those of (2.13.2), the formula for the derivative of a product u-v, but 
the sign connecting them in the order written is — instead of +. The 
order, then, of terms in the numerator of (3) is important (reversal of 
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order changes sign of /,) although it is immaterial in (2.13.2). The formula 
(3) is a useful tool, though theoretically redundant since the quotient 
u/v can always he written as the product u-tT 1 . 

Example 1. To obtain /, when 

/(*) + J 

we set u(x) = (x — 1 ) 1 , v(x) = x* + 1 , and compute 

u, = |(x — 1)'* and v, = 3x*. 

Formula (3) becomes, for these substitutions, 

f _ Hx - i)~*-(i 3 + i) - (x - n«-3x» 

U (** + l)’ 

. I(x - l)~ l [z* + 1 - 9x’(x - 1 )1 
(x 2 + 1 )* 

= $(* - 1)"V + 1) _, (1 + 9x’ - 8x‘), x * ±1, 
in agreement with the result of Example 2.13.2. 

Example 2. If we wish /, for 

/(*) = ^(x‘ - l)/(x’ + 1 ) 

we have a choice of methods. We can consider (a): /(x) to be the quotient of 
u = ( x 2 — 1 )* and v = (x 2 + 1)*, and use (3). We con consider (b): /(x) to be the 
product of ii = (x 2 — 1)* and v = (x 2 + l) - * and use (2.13.2). Or, we can consider 
(c): / = v* with ti = (x 2 — l)/(x 2 + 1) and use Corollary 2.9.1 together with (3) 
for u t . No one of (a), (b), (c), is to be recommended above the others; the reader 
should, in fact, try them all and show how they all produce the result 


J. = Mx 2 - ir a/ v + 1) 


-4/3 


X 7* =fcl. 


2.16 Exercises 

1. Find the derivative y t of each function: 


(a) 

y = 

Vi - 

7/x* 

(e) 

y = 

x(x - a)/(x - 

b) 

(b) 

y - 

VTJTi 

- X) 

(0 

y = 

a/(bx + c) 2 


(c) 

y = 


?/** 

(g) 

y = 

x/(x 2 - 5x + 

4) 

/,1\ 

y = 

ax 

ab 

(h) 


* “ 1 , 

2 


b + x 

b + X 

y = 

l+x - 1 

1 + 


[/Ins. (b) Jx-‘<1 - x)-*; (d) ab(b + x)'*; (g) -(x l + 4)/(x* - 5x + 4)*.] 

2. (a) Show that if x 2 ' 2 + y 2n = a' 2 , then y„ = \a 2 n x~ tn y'' n . 

(b) If x 12 + y ,/2 + a' 2 , find y„ . 

3. If y 2 — xy — 9 = 0, find y, and y„ . 

4. If y = (x — ox 2 )/(x + «), with a constant, find those values of x for which 
V, = 0 . 

5. Findr(4) if/(x) = xVfiTl/VS^. 

6 . The mechanical efficiency of a screw is E = (t — pt 2 )/(n + 0» where t is the 
tangent of the pitch angle and the constant n is the coefficient of friction of4he 
screw’s material. Find the rate of change of E with respect to t at the instant 
that t = fi. [Ans. (1 — 3jp*)/4/i.] 
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SUMMARY AND MISCELLANEOUS EXERCISES 


. A path lies at right angles to a wall; a light is 100 ft. from the wall and 50 ft. 
from the path (Fig. 2.16.1). A man runs along the path toward the wall at a 


rate of 10 ft./sec. (a) Find the rate at which 
the man’s shadow is moving along the wall 
when the man is 50 ft. from the wall, (b) Same 
as (a) when the man is 25 ft. from the wall, 
(c) What is the shadow’s speed when the man 
is running from the wall at 10 ft./sec. at the 
instant he is 100 ft. from the wall. Explain 
your answer. 

8. Generalize Exercise 7: let the light L (Fig. 
2.16.1) be p ft. from the path and w ft. from 
the wall; find the speed of the shadow at any 
instant in terms of p, w, and the man’s speed 



9. 


and distance from the wall. (Am*, s 
Find y t in each case: 

(a) y 


pwi/iw — x) 2 .J 


(c) y = 


(e) y 


xVT^?/ (l + x) 

3x 1 

(x’ - 1)' 

~Z a — x + 



(b) y 
(d) y 

A ns. 


V(a — bx)(a + bx) 

1 



n a 


Va — x — Va + x 
(In (d), (e), rationalize the denominator first.) 

10. Use (2.15.3) to establish Theorem 2.1.2 in the case that y = fix) = kx 
positive integer, and k y* 0 a constant. To what extent is Theorem 2.1.2 now 
established for general exponent w? 

11. Show that it fix) is the quotient of two polynomials, the degree of the denomi¬ 
nator not exceeding that of the numerator, it is generally efficient to perform a 
long division before writing the derivative/'(x). Find /'(x) for 

(a) fix) = (x* - l)/(x a + 1) (b) f{x) - x*/(x 2 - 2) 

(c) f(x) = (x 1 + l)/x (d) Kx) - x’/(x* - X - C) 

(Cf. Exercise 1(d), (h).J 
1 2. Prove that 

(JLH) = M('Js . *>£ _ 

\w z/ t \w z/\u v w z /’ 
under suitable hypotheses (what ones would you set?). Does the formula look 
reasonably symmetric? Useful? Try it on fix) = (x 2 + 5)(2x — l)/x 3 (l — x). 


2.17 Summary and Miscellaneous Exercises 

Two main threads run through Chapter 2. A beginning has been made in devising 
theorems to ease the work of writing derivatives; the formal processes pertaining 
to derivatives of powers of functions (Theorem 2.1.2, Corollary 2.9.1) and to the 
derivative of a sum (Theorem 2.2.1), product (Theorem 2.13.1), and a quotient 
(Theorem 2.15.1), accomplish much saving of labor. On the other hand, considera¬ 
tion of applications of the derivative to problems involving rate of change of a 
function continues. Study of velocity and acceleration of a particle in rectilinear 
motion (S§2.4-2.7) follows naturally the introductory problem of Chapter 1. The 
° f application to problems concerning rates of change with respect to time 
(§§2.11 ff.) indicates how important a tool the derivative can be. 
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Finally, the use of readily ascertained facts about/'(x) can furnish more inacces¬ 
sible information about/(x) itself: Theorem 2.5.1, which will be very useful through¬ 
out the course, specifies ranges of increase or decrease of /(x) from determination of 
ranges of positive or negative /'(*)• 


Miscellaneous Exercises 

1. For y = ^7+1. show that y a = |x 3 (x 4 + l) - *; check from the definition 
of the derivative. 

2. Find the x-range for which the function y = /(x) = x 4 — 4x 3 + 11 is (a) in¬ 
creasing, (b) decreasing. On what x-range is the tangent-slope of the graph of 
this function (a') increasing, (b') decreasing? (.4 ns. (b') 0 < x < 2.] 

3. The position above ground of a vertically thrown ball is $(t) = 96+ 80 4 — 16 1 2 , 
s in feet, t in seconds. How far does it travel before striking the ground? 

4. Use Theorem 2.5.1 to show that the graph of y = y/ x + 1 — y/3x +1, 
x ^ — i, is falling for all x on R(x): x > —\.[Hinl: Express y, as a single 
fraction and rationalize its numerator.) 

5. A point moves around the ellipse 4x 2 + y = 8. At what rate is its distance 
from the origin changing, with respect to the abscissa of the moving point, at 
the instant the point is at (1,2)? 

6. Find y es for each function: 

(a) y = V\ - x [Arts. y ra = -1(1 - x) - *, x < 1 .) 

(b) y = ^27x + 1 (c) y = 2Vl -2x + 3^1 - 3x 

7. If y ■ (1 + x)" 1 show that 

y ' - (“DO + *)"* --1(1 +x)- a 

y" = ( —1)( —2)(1 + I)' 1 = +21(1 + I)'* 
y>» = (+ 2 )(— 3)(1 + x)- = - 8 - 2 - 1-(1 + x)-. 

Using the notation n! = n(n — l)(n — 2) • • • (2)(1), n > 0 an integer, (n! is 
read “n-factorial”) can you predict y <4> , j/ <5> , • • • , from the preceding calcu¬ 
lations? Check your predictions. What would you say of the validity of 

v im ' = (-IM1 +x)- < " 4,) ? 

8. Specific heat of a substance is defined as the rate of change, with respect to 
temperature T, of the quantity Q of heat required to raise 1 gm. of the sub¬ 
stance from 0° to T° C. If Q(T) = AT 3 + BT 2 + CT, what is the nature of the 
specific heat function and of its graph? 

9. If a sphere of radius r has surface 5 and volume V, prove that V = §r^. 

1 0. A parcel is dropped from an airplane, followed after T seconds by another. 
Show that the distance between the parcels increases at the rate of Tg ft./sec., 
g the acceleration of gravity. [Show that t sec. after the second parcel is 
dropped the first parcel has fallen $g(t + T) 2 ft., the second, \gt 2 ft.) 

1 1. A bowl in the form of a hemisphere of radius 6 in. contains V{h) = 6?r/t 2 — 
\irh 3 cu.in. of liquid when the depth of liquid in the bowl is h in. (a) At what 
rate is volume changing with respect to h at the instant that h = 3? (b) At 
what rate is h changing with respect to time when h = 3 if liquid is being 
added at the rate of 9 cu.in./sec.? [Ans. (a) 27x cu.in./in.; (b) 1/37r in./sec.J 

1 2. The period (T sec.) of a compl ete os cillation of a pendulum of length L in. is 
given by the formula T = 21TVL70, Q the acceleration of gravity. Show that 
V~gL f = t rL. 
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1 3. The side of an equilateral triangle is increasing at 10 in./mm., the area at 
10 sq.in./sec. How large is the triangle? [i4ns. side = 40 v 3 m -J 
Find a form for the nth derivative of 

(a) y = y/x 4- 1 /Vx (b) y = (ax + *>)", a, b m, constants 
[Ans. (b) D”,y = am(m - l)(m — 2) • • • (m — n + l)(o* + &) 5 what 13 

this result if m is a positive integer and n = m? if n > m?] 

(a) In economics, the demand curve is the graph of a demand function p(x ) 
which is expected to be positive and decreasing over the range R(x) con¬ 
sidered; p(x) is the price per unit at which x units of a commodity can be 
sold. Show that the function p(x) = 500(x - 10) - ' - 100 is a reasonable 
demand function forR(x): 10 < x < 15. 

(b) The function r(x ) = xp(x), these symbols as in (a), is called the total 
revenue function. The derivative r'(x) is called the marginal revenue. Show 
that marginal revenue = xp'(x) + p(x). Find the marginal revenue for the 
demand function in (a), [.Ans. r / (x) = — 5000(x — 10)” 2 — 100.) 


14 . 


15 . 


16. Study (as in Exercise 15) each function as a reasonable demand function: 

(a) p(x) = (2000 - 100x)* (b) p(x) = (1000 - 8000" 1 *) 8 

(c) p(x) = 40 - x/1600 

17. The total cost c(x ) for which x units per week of a commodity will be produced 

is in economics standardly a positive, increasing function of x on R(x). The 
derivative c'(x) is called the marginal cost, m(x). Find the marginal cost if 
c(x) = (x + lOOjf 1 )*. For what range of x is this c(x ) a reasonable cost func¬ 
tion? [Ans. c'(x) = - 100)(x a -f 100)“*; x > 10.) 

1 8. Average cost for producing x units per week is defined as c(x)/x, where c(x) is 
total cost. Show that (cf. Exercise 17): (a) rate of change of average cost is 
(xm(x) — c(x))/x a ; (b) average cost is a decreasing function if it exceeds 
marginal cost, but is increasing if exceeded by marginal cost. 

19. The function ;V/(x) = (x a + *V a )“*, where k > 0 is constant, represents 
intensity of a certain magnetic field at a point x. For what range of x is Af (x) 
increasing? decreasing? 



<( 3 )> The Derivative and 

Tangent-Slope 


3.1 The Derivative and Tangent-Slope 

Intuitive evidence has already (§1.13 and Fig. 1.13.1) been submitted 
that f'(z*) represents the slope of the tangent to the graph of y = f(x) at 
the point [x*, /(x*)). To formalize the intuition we begin by presenting a 
general definition of the tangent to a curve at a point thereon. 

It is the notion of limit which lies at the core of a general definition of 
tangency: Let P x be a fixed point on a curve K (Fig. 3.1.1); let Q x be a 
variable point on K distinct from P x , the line P X Q X being a variable secant 
of K. As Q x varies in position along K so as to approach P x as limit, the 
varying secants (P X Q 3 , P X Q '* , etc.) may approach a limiting position, 
P X T. In such event we make the 

definition. The tangent to a curve K at a point P x thereon is the 
limiting position (if one exists) of a secant P X Q X as Q x varies along K so 
as to approach the fixed point P, as limit. 




The reader should supply the cinematic effect of the definition for the intuitively 
appropriate tangents shown at the various points of Figure 3.1.2. It is noteworthy 
that two tangents occur at the comer E, according to the definition, one as the limit¬ 
ing position of secants through E cutting the arc DE, the other as the limiting 
position of secants cutting the arc EF. The reader can also check experimentally 
that use of the definition in the case of the circle and parabola (Figure 3.1.3) 
apparently leads to the proper and usual tangents. 

Suppose now that we consider the graph of y = /(x) in the neighborhood 
of the point P x : (x, , y x ) lying upon it (Fig. 3.1.4); suppose that derivative 
f'(x x ) of the function /(x) exists; and suppose that the unique tangent to 
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3.1] THE DERIVATIVE AND TANGENT-SLOPE 

the curve y = f(x) exists at the point P , : (z, , !/.)■ From the assumed 
existence of /'(*.) we know that the limiting process indicated in tne 
definition of derivative 


( 1 ) 


/(x. + Ax) - /M _ ((I ) 

A ,-0 ^ 


is productive of a unique result. 



The difference-quotient on the left side of (1) can be dissected and 
pictured (Fig. 3.1.4) as follows. We change the abscissa x, of P, : [x, , /(x,)] 
by Ax (a positive or negative number), and consider the new point Q x : 
(x, + Ax, /(x, + Ax)] on the curve. Then the difference in ordinates of 



Fig. 3.1.4 
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P x and Q x (RQ X in the figure) is /(x, + Ax) — /(x,), and the quotient 


( 2 ) 


/(x, + Ax) - /(x,) 
Ax 


is the slope of the secant P X Q X . 

Now consider the secant P X Q X to vary as Q x —> P x on the curve, that is, 
as Ax —> 0. The limiting position is by definition the tangent P X T to the 
curve at P, . But the slope of the variable secant, given in (2) for varying 
Ax, approaches the number f'(x x ) in (1). This last, then, the number 
/'(x,), is to be identified with the slope of the tangent P X T. Computation 
of derivative of y — f(x) is tantamount to computation of the slope of the 
tangent to the graph of y = /(x). 


That the definition of tangent is good can be judged if we show that its analytic 
counterpart, computation of derivative, leads to the proper tangent-slope of a 
tangent to a circle at a prescribed point; by “proper,” we mean the slope obtained 
from elementary analytic geometry. Thus if the point P, : (x, , y x ) is on the upper 
half-circle (Fig. 3.1.3) 

(3) y = Vl - i 2 , -1 < x < I, y > 0, 

centered at O: (0,0) the slope of the radius OP, is y x /x x , so that the slope of the 

tangent P X T is — x x /y x . On the other hand, the derivative of (3) is 

y. = 40 - x’r*(-2x) = -x/vT^P 
and at P, : (x, , y x ), where y x = Vl — *}, this is 




V\ 


for a tall y. (Simila r results would pertain if P, : (x, , y x ) were on the lower half-circle 
>J = “ Vl — X 4 - Here, 


y. = -4d - x*r»(— 2 x) = -x/- vT^P, 

and at P, : (x, , y x ), where now y x = —Vl — x?, this reduces to the previous value 
— * X /'J\ -1 


3.2 Exercises 

1. (a) Compute the slope of the tangent to the parabola y = x 2 at the point 

(x*, y*) on the curve; at the point (2,4). 

(b) Use the result of (a) to draw accurately the tangent at (2,4) to the graph 
of y = x. Is the “graphical check” satisfactory? 

2. Compute the slope of the tangent to the upper half-circle y = V25 — x 2 , 
— 5 < x < 5, y > 0, at the point (—3,4), (a) by analytic geometry; (b) by use 
of the definition of derivative; (c) by Corollary 2.9.1. Compare the results. 

3. In Exe rcise 2, su ppose x = ±5; what happens to the derivative function of 
y = V25 — x 2 , and has this an appropriate geometric interpretation? 

4. Repeat E xercise 2 for the tangent-slope at (-3,-4) on the lower half-circle 
y = — V 25 — x*. 

5. Compute the slope of the tangent at (£,2) to the curve y = 1/x. Check graph¬ 
ically by drawing both the curve and the accurate tangent at (£,2). 
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6. Find the slope of the tangent at (5,4) to the hyperbojajupper half) y - 

Graph. Do the same for the lower y = -Vz -9 « V 

7. Find the slope of the tangent at (3,-4) to the ellipse 16x + 9y - 144. [Which 
half-ellipse will you use?] 

8. Show that the slope of the tangent at (x, , yi) 
to the parabola y 2 = 2 px is p/y x , y x ^ 9, 
regardless of whether the point is on the upper 
or lower half of curve (consider the problem 
separately for the two halves). 

9. What is the derivative y, of the function 
y = mx + 6? What reasonable view of the 
“tangent to a straight line at a point on the 
line’' will reconcile your result with the dis¬ 
cussion of §3.1? What is the connection here 
with the interpretation of derivative as rate 
of change? 

10. Explain graphically why the hypothesis of 
single-valuedness of/(x) is made in the defini¬ 
tion of the derivative /'(x). (Consider the effect in Figure 3.2.1 of using 
P, : (r, , y x ) on the upper half and Q: (x, + Ax,yi + Ay) on the lower half of 
the circle and letting Ax —► 0.] 

3.3 Equation of Tangent and Normal 

Suppose that a plane curve C has the equation y = f(x) and suppose the 
derivative y, exists at the point P, : (x, , y,) on the curve and equals 
y,(x , , y,). Then the number y,(x x , y,) is the slope m T = y e (x , , y,) of the 
tangent to the curve at the point P, . The equation of the tangent at P, is, 
then, 

(1) y - y« = mr(x - X.) = (y,(x, , y,)|(x - x,) 

by the usual point-slope form of the equation of a straight line. 

We define the normal to a curve at a point P, on the curve to be that 
line through P, which is perpendicular to the tangent at P, . If the normal 
at P, is not vertical, its slope is 

m. v = — 1/ m T = -l/y,(x, , y,), 

and the equation of the normal at P, is 

(2 ) y - t, = - - x.) = [- ^ 7 y](x - x,). 

These slopes and equations of tangent and normal are basic in many of 
the most interesting problems in analytic geometry. 

Example 1. Write the equation of the tangent and normal to the curve 
y = x — 4x at the point P: (4,0). 

Here y x = 2x - 4, and y,(4,0) = (2-4) - 4 = 4, so m T = 4 and m s = -1/4. 
Then the required tangent has the equation 

y - 0 = 4(x - 4) or 4x - y - 16 = 0; 
and the normal has the equation 

V ~ 0 = -i(x - 4) or x + 4y - 4 = 0. 
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The curve (parabola) and the tangent and normal at P: (4,0) are shown in Figure 
3.3.1. 

^Example 2. At what point on the curve y = y/4 — x is the tangent parallel to 
tne line x ly — 7? [The configuration is shown in Figure 3.3.2, the curve being 
the upper half of the parabola y 1 = 4 — x.] 




Since parallel lines have equal slopes, and that of the given line is -} while that 
of the tangent to the curve at any point is y,(x,y), the problem can be restated as: 
find the coordinates of P, : (x, , y,) satisfying y, = V4 — x, and such that 

( 3 ) V*(x i t V\) = -}■ 

We assume that such a point P, exists; the figure suggests the validity of the as¬ 
sumption. From the derivative y , = i(4 - x)‘*(-l) = -}(4 - x )~\ we obtain 
the value 

( 4 ) vAx t , y,) = — 4(4 - x,)"* 

for tangent-slope at the particular point (x, , y,). With (4) we recast (3) into the 
requirement 

_ 1 1 

2V4 - x, 2 

for solution for x, . The solution progresses thr ough V 4 — x , = 1 to x x = 3 The 
corresponding ordinate is y x = V4 - x, = y/4 - 3 = 1. The conclusion is this: 
if there is a paint satisfying the requirements (as we assumed to begin with) then it 
can only be (3,1); since this does not assert that (3,1) satisfies the requirements (note 
the language carefully) we must, to finish the problem. cAecArthatit does. The work 
is easy: through (4) with x, = 3 we satisfy (3), to assert parallelism of tangent with 
the given line; and (3,1) clearly satisfies the equation of the curve, hence lies on it.f 

fThis pattern of logical thought, namely, 

1° assumption of solution implies necessary form of solution, 

2° necessary form of solution satisfies stated requirement, 
has appeared before in a number of places in the reader’s work with mathematics. We 
cite'one exam ple, to cl arify the important notion of logical completeness. Asked to solve 
(•) x - 5 = Vx - 3 for x, the algebra student squares both sides, rearranges the result 
into the quadratic x* - 1 lx + 28 = 0, solves for x = 7, x = 4. If he stops here, he is 
half wrong as to solutions (x = 7 does satisfy (•), but x = 4 does not) and almost com- 
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Example 3. Determine a, b, c, so that the parabola y = a* + bx + c shall be 
tangent to the line 3x - y - 4 = 0 at (2,2), and shall pass through ( 

We assume there is such a curve. Since the curve is to pass through { , ), 

coordinates must satisfy y = ax 2 + bx + c: 

(5) 2 = a - b + c. 

Similarly, (2,2) satisfy the equation of the curve: 

(6) 2 = 4a + 26 + c. 

Since the slope of the tangent at (2,2) is 3, this must be the value of y x - 2ax + b 
at (2,2): 

(7) 3 = 4a + b. 

We solve the three linear equations (5)-(7) for a, b, c: we subtract (5) from (6) to 
obtain 0 = a + 6; subtraction of this result from (7) yields a = 1; (7) then gives 
b = — 1; and (5) yields c = 0. The curve required, then, can only be 

(8) y = x 2 - x. 

A check of (8) against the requirements is satisfactory. The curve (8) is, then, the 
curve sought, and the only one. 

3.4 Exercises 

1. Find the equation of the tangent at (—3,4) to the circle x 2 + - 25, (a) by 

elementary analytic geometry; (b) by use of the derivative. 

2. Find the slope and equation of tangent and normal to each curve at the given 
point on the curve; sketch the curve near the point in question and construct 
both tangent and normal: 

(a) y = x 2 , (-2,4) (b) y = x\ (1,1) 

(c) y = l/x, (2,}) (d) y - — 12x + 16, (2,0) 

3. For the curve y = x 3 — 3z 2 , (a) find two points on the curve, at which the 
tangents are horizontal; (b) find two points on the curve, at which the tangent 
is parallel to Ox — y 4* 11 = 0. 

4. At what point of the curve y = x — 5x + 1 is the normal parallel to the line 
x + y = 0? Write the equation of both tangent and normal at this point. 

5. At what points of the curve xy — A are the tangents of slope —4? Show ana¬ 
lytically that there can be no horizontal tangents to this curve. 

6. Find equation of tangent and normal to each of the following curves at the 
point specified: 

(a) 4x 2 + 9y* = 36, (j \/3,l) (b) y’ = 4z, (4,4) 

(c) y = Vi - 1, (2,1) (d) y = 5/(x’ + 1), (2,1) 

(e) Vi + Vy = 5, (4,9) (0 x' + y' = 2 , ( 1 , 1 ) 

[In (f), usey= +(2 - x*)*.J 

pletely wrong as to logic. The logic is this: Since he does not know beforehand that there 
is any value of x at all which satisfies (•), he should assume that there is; this value then 
must satisfy in turn each of his chain of equations; thus, if there is a solution of (•) it must 
necessarily be 4 or 7, both, one, or neither. The analysis merely throws all numbers except 
4 and 7 out of the competition, but does not say that the two remaining candidates 
actually satisfy (•). Each of the numbers 4, 7, left in the running must be checked against 
( ) for satisfaction of that original requirement; it is in this verification process that 7 
wins out, but 4 fails. (The reader should study this passage in parallel with the discussion 
of Example 2, given above.) 
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7. Find all the points on the curve y = x 4 - 4x 3 - 2x 2 + 12x - 7 at which the 
tangent is horizontal. 

8. Find the angle of intersection of the curve y = x* - 4x (a) with the i-axis: 
(b) with the y-axis. 

9. [Angle of intersection of two curves is defined to be the angle between their 
tangents at the point of intersection, given by tan 0 = (m, — m 2 )/(l + m,m 2 ), 
with m, , m 2 , the tangent-slopes of the curves at the intersection point.) Find 
the^angle between the curves x 2 + tf = 20 and i / = x. [Ans. tan 0 = 9/2, 

? ~ 77 ' approx * at each P° int < 4 ’ 2 )> (4, -2), sym metrically placed, of 
intersection; compute derivatives from y = v/20 — x* and y = v/x ) 

1 0. Find the angle of intersection of (a) y = x s and y = x- (b) y = 2/x and 
V — 2x; (c) x + y =25 and xy = 12. 

1 1. Find the angle of intersection of the curves ,,Vx + 3 = 4 and v = r -v/7~ X i 
(.4ns. 0 = tan"' (13/5).) * t o- 

1 2. At what point is the line 2x - 3y - 13 = 0 tangent to the circle x* + / = 13? 

(2, 3); look for a method using the derivative which will serve even if 
the given curve is not a circle.) 

Answer the same question for each pairing of line and curve: 

(a) C: y = 8x, L: x + y -}- 2 = 0 [Ans. (2,-4).) 

(b) C: y n = x 3 -h 5x - 6, L: 8x - y - 8 = 0 [Ans. (1,0).) 

(c) C:i+9 y = 225, L: x + Ay = 25 [Ans. (9,4).) 

1 3. Determine the constants a, b, c, so that the parabola y = ax 9 + 6x + c passes 
through (-1,12) and is tangent tox-y+5=0at (1,6). (.4ns. y = 2x 2 - 
3x + 7.) 

3.5 Implicit Functions 

Many curves are presented through equations of the type 

0) y) = c, c constant. 

The familiar 

(2) (a) x 2 + y 2 = 1 (b) y 7 = 4 px (c) x 2 — y 2 = a 7 

are ready examples. Here the dependent variable y is given as function of 
independent x through an equation of type ( 1 ) rather than through the 
type 

(3) y = f(x) 

which has heretofore been used almost exclusively. Form (3) is said to 
display y as a function of x explicitly, the y “placed out” alone without 
entanglement with x. On the other hand, form (1) presents the functional 
relationship implicitly. For example, 

(2a) x 7 + y 7 = 1 gives y implicitly as a function of x, 

and the solutions, for —1 ^ x s 1, 

(2'a) y = Vl — x 2 , y = — \/l — x 3 , give y explicitly , 
representative of the upper and lower halves of the circle (2a). Again, 

(4) (x + y) 7 - 16(x - y) = 0 

is an implicit relation, but (upon solution by the quadratic formula) 

V ~ -X - 8 + 4V2z + 4, y = -x - 8 - 4V2x + 4, x a -2, 



IMPLICIT FUNCTIONS 


are the corresponding, single-valued, explicit expressions for y in terms of 
x; Figure 3.5.1 illustrates. . . .... 

Although we have in these two examples resolved the g| ve ^ im P 
relation into corresponding explicit formulation, the possibi lty o so 
doing in general is remote. The few examples 

x 8 - x'y + xy 3 - y e = 11, xsin y - ysin x = 1, 

(5) x 4 + y A - 8x 3 + 2xV + 7x a - 8 xy 2 - 9t/ 2 = 0, 

are persuasive on this pointf. Yet we have so far obtained derivatives 



y M for a dependent variable y only from an explicit y = /(x), although 
it is clear that a curve F(x,y) = c may possess a tangent, with finite 
tangent-slope y t , at many points; see Figure 3.5.2 for the graph of the 
difficult (5), obviously possessed of y t on the several single-valued arcs 
such as AC and OUB, exclusive of end-points. To find y t for points on 
these single-valued stretches without necessarily knowing a specific explicit 
formula for y itself is the reasonable problem we set. 

To accomplish this project we assume that for a certain range R(x) the 
equation (1): F(x,y) = c defines a function y = y(x) which is single-valued 
and possessive of a derivative y t for x on R (even if we cannot find a 
specific formula for it). To x* on R let y = y(x*) correspond through (1). 
Then the pair of numbers (x*, y(x*)) satisfy (1): 

(6)_ F[x*, y(x*)] =c, x* on R. 

fA quadratic polynomial in x and y can generally be resolved, as with (2a) and (4), by 
the quadratic formula. Special cubics and quartics [e.g., y* — xy* — xy -f x* s (y — *)• 
(y* — x) = 0, y* — 3 xy* + 2x* = 0| can be solved for y explicitly; general formulas for 
such solution are difficult to handle. And it has been proved that there do not exist 
general formulas (akin to the quadratic formula) for solving a polynomial equation of 
degree n > 4. 
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Butf such is the event for each and every x on R: each x and its correspondent 
y(x) together satisfy (1); thus, (0) is an identity in x for x on R: 

(O') F[x, y(x)) = c, x on R. 

This means that the function of x on the left side of (O')—obtained from 
(1) by reading “function of x” into the symbol y —is constant over the 
whole of R. [The identity (O') is trivially visible if y — y(x) can be formulated 
explicitly, for example, if (2'a) is put bach into its parent (2a) the result is 
the obvious identity 

(7) F(x, y) = F(x, y(x)l - x’ + (= x’ + 1 - x* - 1 
for all x on — 1 ^ x 1.) 

But if the function (O') is identically the constant c over R(x), its de¬ 
rivative F, must be zero identically on R. [Examine the derivative of the 
x* + 1 - * of (7).] 

With this conclusion, proper procedure with (l) is clear. We think of 
(1) as the identity (O') presenting two versions of the same function for 
x on R. The derivatives of the two versions, with respect to x, are identical 
in value for x on R. Hence 


(8) F,[x, t/(x)) ■ 0, x on R. 

The derivative (8) will always be of the form 

(9) G(x,y) + H(x,y)y, = 0 |(x,y) on (1)): 

for some terms in F x will not involve y g at all and are gathered into G(x,y); 
while in those that do involve y M it can enter only linearly and its co¬ 
efficient is collected intoj //(x,y). From (9) we find the derivative y t to be 

(10) y. = - gkj* , H(*,y) * 0, 

valid for all x,y satisfying (1) except those just prohibited. [ For F(x,y) 
= x 1 + y 2 — 1 we consider 

F[x, V(x) I = x 7 + ||/(x)|* - 1 [form ((»')) 

and equate the derivatives of the two sides of the identity : 

y(x) 1 = 2x -f 2[yix)\-y g - 0; [form (8)] 

from this 

2x + 2y y t = 0, [form (9)] 

where G{x,y) = 2x, Hix,y) = 2 y, we solve for 

y* = ”, y * 0; x, y, on ( 2 a). 


This result tallies with the usual tangent-slope of the unit circle (§3.1, Fig. 3.1.3) 
except at (=fc 1,0) where H — 2y = 0 and the tangents are vertical.] 

fThc type* of argument from here on has been encountered in a special case, Example 

2 . 11 . 2 . 

Jl^iter on, we shall term the function G of (9) the partial denmtive of F{x,y) with 
respect to i, and // the partial derivative of F with respect to y. 
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Example 1. To find tangent-slope y, for the parabola y = 4P*> * e ''Tjj* 
F(x,y) = y - 4 px = 0, thinking of y as the function y(x) wh,ch '' . g , si(lcs 

!>y solving the original equation. The derivatives 2 yy x — 4 p and 0 
are identical for all x,y, on the curve: 2 yy x — 4p = 0, whence 

(ii) y. = y* 0- 

The exceptional y = 0 has x = 0 corresponding on the curve, and occurs for .the 
vertical tangent at the vertex (0,0) of the parabola. ('Hie reader should jdiow 
this is the result he would obtain from each of the branches y = ±2 v px ] 

We can continue, from (11) in the form 

(11') y, - 2py~' = 0, 

to computation of y tx = (y r ) t = D x (y x ): 

y„ - 2p((— \)y~ 7 Vm\ ■ 0 

so that, through substitution of y t from (11'), 

y„ = -2 py~ 7 -y, = -2py~\2py~ l ) = -4 pV*» 2 /^ 0 . a 

Example 2. We require y, if x 3 y 3 = 1. The left side is the product of u — x , 
v = [y(x)| 3 , with y = y{x) a single-valued function possessing a derivative. Then 

u, = 2x, v, - v 9 -y. - (3y*)-y„ 

D,(x 7 y 3 ) = + u-i;, 

« 2x-y* + x*-(3y*y,) = xy\2y + 3xy,). 

For all (x,y) satisfying x 7 y 3 = 1 this derivative is equal to 0,(1) = 0: 

xy\2y + 3 xy t ) = 0 I(x, y) on x*y* =1). 

Since neither x nor y can be zero in the original equation, we have 


y. = —2y/3x, for (x, y) on x’y 3 
Example 3. Find y, if f = x(x — if. Here 

(12) F(x, y) = z(z - 1)’ - y 2 = x 1 - 2x’ + z - y 2 

(13) F.(x, y ) = (3x* - 4z + 1 ) - 2yy. = 0 

.. 3x 2 - 4x + 1 

(H) V. = 2y -- 

Now, from (13), 


1. 


0 


y * 0, x,y,on( 12). 


G(x , y) = 3x 2 — 4x + 1 = (3x - l)(x - 1) 

H(x, y) = -2y = ±2\/x(x - 1). 

For x = 0, we have y = 0, // = 0, G ^ 0, and (0,0) 
is a point of vertical tangency, 0 of Fig. 3.5.3. 

But for x = 1, we have y = 6 and (?=// = 0; 
then (13) is illusory and (14) unrevealing; the cor¬ 
responding point iV: (1,0) of Figure 3.5.3 is a node 
(knot) at which the underlying assumption of 
single-valued y and y, is not validated. (Complete 
discussion of events at a node calls for further limit 
processes; this is found in Chapter 5.] 

Examp le 4. Find y x if y = x p/9 , p and q positive integers without common factor.f 

fWe can assume p and q to be without comnwn factor, in full generality since we can 
surely agree to divide numerator and denominator of the given fractional exponent by 
any common facto r. This assumption is needed i n certai n cases to avoid confusion. Thus 
(-l)w* = V-l is not real, but (- 1 )*'« - </T-V? - v'l - 1, a real number, in 
violent disagreement with the former value. 



Fig. 3.5.3 
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From the equivalent if — x v = 0 we obtain 

q y 9 ~'-y, - px p ~ l = o. 

We multiply through by y , and replace if = x p in the first terra, y = tf 7 * in the 
second. Then 


(15) 




We have thus proved] Theorem 2.1.2 for all positive fractional exponents (a result 
previously assumed), using only the well-established Theorem 2.1.1 dealing with 
positive integral exponents. Joining the present result with that of Exercise 2.16.10 
proving Theorem 2.1.2 for negative integers, we can consider the theorem estab¬ 
lished for all rational numbers. 


3.6 Exercises 

1. Obtain y x for y = y(x ) defined by each of the following implicit functions: 
discuss the validity of your result. 

(a) * + V T 25 = 0 (b) y 2 - 16x = 0 

(c) x - 16 if = 144 (d) x 4 - f =- 0 

(e) x 3 + if - 3x 2 + 3y a = 0 [Ana. (e) y M = - (x 2 - 2 x)/(y 2 -f 2*/).) 

2. (a) At what point on y = x/(l - x 2 ) is the tangent vertical? 

(b) Is there a point on the curve with horizontal tangent? 

[Ans. (a) (0,0); (b) No.) 

3. Find y M if 

(a) *y ” 12 “ 0 -(/ + 2 xy)/(x a + 2 xy), x ^ -2 y.) 

(b) x y - xy - 1 = 0 (c) x 2 - 3 x 2 y + 3 xy 2 -if - 1 = 0 

(d) xy + if = 24 (e) x* + y* — x y = a*, a constant 

Uns. (e) (2xj/ - 3x )/(3y - x 2 ), v^.) 

4. (a) Show that tangent-slope for the ellipse 6 2 x 2 + a 2 / = a 2 6 2 at any point 

(not a major vertex) is — 6 2 x/ay. 

(b) Find tangent-slope for the hyperbola 6 2 x 2 — ay 2 = a l?. 

(c) Obtain the equation of tangent and normal to the ellipse 9x 2 + y = 169 
at the point (4,5). 

5. Obtain the equation of tangent and normal to the curve f = x 2 at (1,1). 

6. (a) If x + 2Vx + y- y = 0, fi nd y, = -(Vx -f y+ OAVx - ^- y- l). 

(The derivative of Vx -|- y is i(x -|- f/) _l (l -f y t )\ why?) 

(b) If (x - yf = (x -f y), find y t . 

7. Find and y„ if (1) x 3 if = a 3 , a constant. (From (2): 3x 2 -f 3 y 2 -y x = 0 we 
find (3) y x = —x 2 y~ 2 . From (3), by direct use of the product formula, we find 

y xx = -2 xy' 2 + 2 x 2 y~ 3 -y x = -2xy~ 2 -f- 2 x 2 y' 3 (-x 2 y~ 2 ) [use (3)) 

(4) = 2xy~ s (y 3 + z 3 ) = -2a 3 xy- 5 [use (1)). 

We can achieve the same result by writing the derivative of (2) implicitly with 
respect to x, considering both y and y x to be functions of x: from 

6 x + l( 62 /-y,)- 2 / x + 3 y 2 -y xx \ = 0 


fExcept when x = 0, y = 0. We can define (15) to be the result in this case, provided 
it has meaning. 
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we obtain 


--7 

This reduces through (3) and (1) to the same result as before.) 

8. Use the technique outlined in Exercise 7 above on each problem: 

(a) If xy = a, show that y gg = — 2yx~ 2 ; 

(b) If x 2 + y = a, show that y M , = -ay' 3 ’, 

(c) If xy 2 = a 2 , show that y gg = 2y 3 a' 2 ; 

(d) If x® - y® = a®, show that y, x = —5ax*y' 1 \ 

(e) If y 3 — x = 0, show that y xx = —$y *; 

(f) If y + y — x = 0, show that y xx = — 2(2y + 1) • 

9. (a) For the ellipse fcV + ay = a 2 b 2 show y gg = -6 4 /a y. 

(b) Find y tM for the hyperbola b 2 x — ay = «V. 

1 0. Determine the constants .4, H , C , so that the circle x + + Ax + % + <'= 0 

passes through (6,-6) and is tangent to the line 3x -f Ay — 19 = 0 at the 
point (5,1). I-4/w. x a + y 2 — 4x + 6y — 12 = 0.) 

1 1. Show that the hyperbola x 2 + xy - y = 12 has no horizontal tangent. [Try 
solving the equation of the curve with y g = 0.) 

1 2. Find the equations of the lines of slope 3/4 and tangent to xy + y + 1 = 0. 

[/Ins. 3x — 4y + 11 = 0, 3x — 4y — 5 = 0.) 

13. Show that computation of y g by the method of §3.5 is meaningless if 
(a) x 2 + y = 0; (b) x 2 + y 2 + 1 = 0; (c) x 2 + y 2 - 6x + 8y + 26 = 0. 

1 4. Find the rate at which the distance from the origin to points on the circle 

(x — 6) 2 -f (y - 8) 2 = 25 is changing, with 
respect to x, at the instant that the point is at Y 
(3,4). (Find d M from d 2 = x 2 + y 2 , and use y t t 

as computed from the equation of the circle. / 

Ans. 0.) / 

15. A point P moves around the ellipse x 2 + 9y 2 — / 

6x — 72y + 144 = 0. At what rate is its dis- I 

tance from the origin changing, with respect (o.a) 

to change in the abscissa x of P, at the instant ’ > Y 

that P is at (3,5)? O ^ ' - 

16. Find y, if (* + l)(x - 1)’ - y 1 - 0, and dis- (a ; 0) 

cuss the validity of your result at (—1,0) and FlG ‘ 3,6,1 k 

(1,0). 

17. Find y t if x* + y* = and discuss the validity of the result at (O.a) and (a,0) 
(cf. the parabola in Fig. 3.6.1; the given equation refers only to the portion 
between the two points). 

1 8. Obtain y x for the curve (3.5.4), and discuss it at the point D of Fig. 3.5.1. 

1 9. Find and discuss y g for y 2 = x 4 — x®. 


3.7 Tangential Properties of Curves 

Tangential properties are often most interesting intrinsic properties 
of curves; in their discovery and study the preceding material of this 
chapter is basic. e illustrate this contention in a series of carefully 
worked out examples. The reader will find further development in Exercises 

3.8 and, indeed, in many later portions of the book. 
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Example 1. Let the tangent to the curve y = ax 4 at an arbitrary point P, inter¬ 
sect the y -axis in T; let Q, be the projection of P, on the y-axis (Fig. 3.7.1). Show 
that the line-segment TQi is divided by the origin 0 in the ratio TO/OQi = 3/1. 

I^et the point P x have coordinates , y x ), these numbers being arbitrary to 
begin with, subject to 

( 1 ) Vx = ax\ 

so that they satisfy the equation of the curve and locate P, : (x, , y x ) upon it; hence¬ 
forward they are regarded as fixed. Then Q x has coordinates Q x : (0,//,). The required 
result should follow from knowledge of the ordinate of T, that is, the [/-intercept of 
the tangent P, T. To find this we need the equation of the tangent; and this equation 
we can write by the methods of §3.3. 

After this stratagem is devised, we start at the frontier to which we have pushed 
the problem. To write the equation of the tangent we obtain the derivative 

?*.= ° f * " “ • 30 tl,e sl °P e of tangent at P, is m r = y.(x> = 4ux?. 

W ith this, the tangent equation is 

( 2 ) y - yx = 4ax]{x - X x ) = 4ax]x - 4 axj . 




We can simplify (2) conveniently by the substitution (1): ax, = y x , in the last 
term; then 

(3) y — y x - 4ax 3 ,x - 4y x 

is the equation of the tangent. The [/-intercept y r of P,Tjs found by setting x = 0, 
// = y T ( 3 ), to obtain y T = — 3 y x = OT • Hence TO = + 3 y x , this is thrice 
OQi — Vi y an< * the result is proved. 

Example 2. For tangents to the hypocycloid x* + y* = a* (Fig. 3.7.2) the length 
of the segment included between the coordinate axes is constant, that is, inde¬ 
pendent of choice of tangent.f _ 

The general stratagem will be to find the intercepts O A, OB, of the tangent at the 
arbitrary point P x : (x, , y x ), and hence to compute 

(4) e = OA 3 + OB 2 . 


tWe can predict the required constant from a special case. As the contact point 
Pi : (*i , Vi) of the sample tangent AB (Fig. 3. 7.2) m oves from V to V' along the curve, 
the tangent is to be shown of constant length AB, A its x-i nterc ept , B i ts [/-intercept. 
When Pi is at V: (a, 0), B is at O and A is (trivially) at V ; then AB = 0 V = a. A similar 
event occurs when Pi is at V': (0 ,a). The required constant length of tangent should 
therefore always be a. Moreover, since these special cases are now completely discussed, 
we cun consider x, ^ 0, i/i ^ 0, in the general proof. 
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For the intercepts we need the equation y — y 1 = m r( x ~~ of t,ie tangenfc at 
(x, , y t ); and for this we need m r = y,(X| , y»)- j. 

We begin, after this analysis, by finding y, from x* + y - « • 

*"• + v-' y. = o, v. = -*-V. ** °_ n the 

At any but one of the exceptional points we have y,(x, , !/i) — x i X J\ * en 
equation of the tangent is 

(5) y — Vi = - *■)• 

To find the x-intercept, x A = OA, of this line we set x = x* , y = 0, in (5) and solve 
for x A : 

Xx k y\x A = x\y\ + 2/« 

(6) au = x|(x! + y!) = x\a\ 

the last step because x\ -f- y\ = a* /or (x, , y.) on the curve. To find the y-intercept, 
y B - OB, we set x = 0, y = y B in (5) and solve for y„ : 

(7) y* = x}y! + yx = y}(^! + y!) = yW- 
Then substitution of (6) and (7) into (4) gives 

(8) e = xl + yl = a*'\xr + y\ n ) = a a/s = a 2 , 

SO < = a, and a is constant. The result is completely established (see footnote 
attached to the original statement). 

We emphasize the repeated use of the simplifying x[ + y\ = n*, true because the 
point (x, , y x ) lies on the cune x* + y* = a*; cf. the reductions leading to ((»), (7), 
and in (8) itself. An analogous maneuver led to (3) in Example 1. If a point lies on a 
curve iIs coordinates satisfy the equation of the curve ; use of this fact is the key to 
success in many problems. 

Example 3. Prove that a necessary and sufficient conditionf that the hyperbola 


fA theorem is standardly involved with a main proposition P and a con/lition C: 
“C: if (for/(x) single-valued on R)/'(x) > 0, then P:/(x) is increasing on R as x increases.” 
Consider the proposition 

P: Two triangles are congruent 
in connection with the two separate conditions 
C, : Corresponding sides of two triangles are equal, 

C 2 : Corresponding angles of two triangles are equal. 

The truth of the main proposition P immediately implies, by very definition of con¬ 
gruence, each of the statements C, and C 2 . Since P cannot be true without implying 
C,, C 2 , these are called necessary conditions for P: if P implies C, then C is a necessary 
condition for P. On the other hand, assumption of C, is sufficient in itself (without involv¬ 
ing even one angle of the triangles) to guarantee the whole big proposition P, and C, is a 
sufficient condition for P: if C implies P, then C is a sufficient condition for P. But C 2 is 
not a sufficient condition for P, for two triangles with equal angles arc merely similar, 
the same shape but not generally the same size. Thus: 

C, is both necessary and sufficient for P. 

C 2 is necessary, but not sufficient, for P. 

That a condition may be sufficient but not necessary is illustrated in the case of 
P: Two triangles are similar ; 

C: The sides of the triangles are parallel. 

Illustrations are frequent in algebra; see footnote, p. 66. And the reader will encounter 
the terminology many times in this book and in further work in mathematics. The vari¬ 
ants “if and only if,” “when and only when,” are often used for “sufficient and neces¬ 
sary” (note the order of correspondence). 
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fcV - a y 2 = at) and the ellipse *V + A 2 y 2 = A 2 B 2 be orthogonal (intersect at 
right angles) is that they be confocal (have the same foci) (Fig. 3.7.3]. 

There are two propositions to be proved here: 
(i) Orthogonality of given ellipse and hyperbola 
implies their confocality; this is the necessity of the 
confocality condition, (ii) Confocality of given 
ellipse and hyperbola implies their orthogonality; 
this is the sufficiency of the confocality condition for 
the larger concept of orthogonality. 

2 For the hyperbola, the foci are (±c,0), with 
c - % + b 2 > for the ellipse the foci are (=fcC,0), 
with C — A — Zr. Hence, the condition c— C for 
confocality becomes 

(9) a 2 + b 2 = A 2 - B 2 . 

Intersection of the curves at right angles will 
occur if and only if the product of the tangent- 
slopes is — 1 , i.e., if and only if m„-m E = — 1 
with m„ and m g the slopes of the tangents of 
hyperbola and ellipse, respectively, at a point of 
intersection (x, , y x ). These are m„ = b 2 xja 2 y x 



Fig. 3.7.3 


2 - ••• — ™ ■'*''** v-i » vm- mese are = 0 x x /a ; 

m * - ** X '/ A y* • Hence orthogonality of the curves occurs if and only if 

( 10 ) 




B 7 b\A 2 - a 2 ) 
+ a'B* • 


To complete (10) we solve the equations of the two given curves for x? and v 2 
common to them both: Ul 

, _ A 2 a\b 2 + B 2 ) 
x1 ~ A 2 b 2 + a 2 B 3 * V* 

Substitution of these into (10) yields 

b'B' AW(b’ + B') A’b 1 + a’B’ 6’ + B’ 

(,1) “ ~A^rp = -1 

for the finally organized condition of orthogonality. It is out of (9) and (11) that we 

argue both the necessary and the sufficient conditions required. 

(i) Necessity. If the curves are orthogonal we start by assuming (11); this implies 

(12) b 2 + B 2 = A 2 — a 2 } 

which is promptly maneuvered into (9): a + b 2 = A 2 - B 2 ; since this deduces 
confocality from orthogonality, the condition is necessary. 

(ii) Sufficiency. The assumption now is the confocality condition (9). This is 
easily maneuvered into (12) and, in turn, (11). Hence confocality is sufficient to 
guarantee orthogonality. 

The theorem is completely established.f 

A simple special case is that in which a = 16, b 2 = 9, A 2 = 169, B 2 = 144, chosen 
to fit (9). The orthogonal curves 9x 2 — 16 y 2 = 16-9 and 144x 2 + 169y 2 = 169-144 
are shown in Figure 3.7.3. 

3.8 Exercises 

1. Find the contact points of those tangents to xy = 1 which have numerically 
equal intercepts on the coordinate axes. 


tThe proof is valid provided y x j* 0 [cf. (10)] and a* A* (cf. (11)]. These hold always 
in the problem since the curves cannot intersect at a vertex and be either orthogonal or 
confocal (see figure). 
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2. Find the area of the triangle bounded by the coordinate axes and the tangent 

to xy = 4 at (1,4). j , \ _ | 

3. Prove that the sum of the intercepts of any tangent to the curve x + y 
(a constant) is constant [cf. Fig. 3.6.1J. 

4. Most of the problems following in this list pertain to tangential properties o 
the conic sections. Before attempting these the reader should derive the tan¬ 
gent-slope and tangent-equation of the standard conics, as listed in the accom¬ 
panying table; the results may be used at will in the later problems. 


Conic 

Parabola y = 4 px 
Ellipse &V + ay = 

Circle x + y = a 
Hyperbola b 2 x — ay 9 = ab' 


i 9 b 9 


2,3 


Tangent-Slope 

at (x, , y t ) 

2p/yi 

— b 2 x l /o 2 y l 

—h/yi 
,2 ,2 
b X\/a y x 


Tangent at 
(x, ,!/.) 

y x y = 2p(x, + x) 
b 2 x x x + a y x y = a b 

X,x + yxy = a 2 3 

6*x,x — a 2 y,i/ = a 6 


5. Prove that an arbitrary tangent T to a parabola is perpendicular to the line 
joining the focus with the intersection of T and the tangent at the vertex. 

6. Find the points P of contact of tangents to Ax 2 + 9 y = 72 such that P bisects 
the segment of the tangent between the coordinate axes. 

7. (a) For a parabola the tangent at P, : (x, , y x ) makes equal angles with the line 

joining the point P x with the focus and the line through P, parallel to the 
axis of the parabola. Prove. 

(b) Prove that an arbitrary tangent to an ellipse makes equal angles with the 
focal radii to the contact point. 

(c) Prove the same proposition for a hyperbola. 

8. (a) Prove that the segment of an arbitrary tangent to a hyperbola between 

the contact point and a directrix subtends a right angle at the focus 
corresponding to the directrix. (If the hyperbola is 6 2 x — ay = a 9 b , 
with focus (c,0), c = a + b 2 , the corresponding directrix is x = a /c.) 

(b) Prove the same proposition for an ellipse. 

(c) Prove the same proposition for a parabola. 

9. Find the contact points of the tangents to the circle x* + y 9 = 1 from the 

point (2,0). [Ans. (£, V2) \ 

10. If the normal to an ellipse at an ar¬ 
bitrary point (not a vertex) passes 
through the center, the ellipse is a 
circle. 

1 1. Prove that if the normal to the 
hyperbola b 2 x 2 — a 2 y 9 = a 2 b 2 at an 
arbitrary point P, : (x, , y x ), not a 
vertex, passes through the point 
(2 j, ,0),thehyperbolaisequilateral. 

1 2. In Figure 3.8.1, P X T is tangent to 
the curve y = /(x) at P, : (x, , y x ), 

P X N is the associated normal: T and N are the i nterc epts of the lines on the 
x-axis. Let Q he the projectionof P, on the x-axis. P, T is called tangent-length, 
P, AT is called normal-length, TQ is called the subtangent, QN the subnormal. 
Prove that, if y x (x x , y x ) j* 0, 

_ TQ = y./Vx(x, , y x ); QN = y x -y x (x x , yOj_ 

P ' T = I y » I Vl 4- [y*(x, , y,)]~ 2 ; P X N = 1 y, | Vl + \y,(x x , y x )] 9 . 
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1 3. For each of the following curves, find, by use of the formulas of Exercise 12, 
the tangent-length, normal-length, and lengths of subtangent and subnormal: 

(a) y = - 2r at (3,3) (b) x‘ = / at (1,-1) 

1 4. For each of the following pairings of proposition P and condition C, state 
whether the condition is (i) necessary but not sufficient for P, (ii) sufficient but 
not necessary forP, (iii) both necessary and sufficient forP. Write each pairing 
as a theorem, both in “necessary-sufficient” language and in “if-only if” 
language. 

(a) P: Two lines, neither vertical, are parallel; C: Their slopes are equal. 

(b) P: The line Ax By -f- C = 0 intersects the circle (x — a) 2 + (y — bf = r 2 
at right angles; C: Aa + li b + C' — 0. 

(c) P: x satisfies 5 — x = Vx — 3; C: x = 7 or x = 4. 

(d) P:/(x) = x 2 ; C:/'(x) = 2x. 

(e) P: /'(x) < 0 on R(x); C: /(x) decreases over R. 

1 5. (a) The line L: x/a + y/b = 1 is tangent to the circle x 2 -f- y 2 = r 2 if and only 
if a -f b~ 2 = r~ 2 . Prove. 

(b) Find the condition necessary and sufficient that the line L of (a) be tangent 
to the ellipse B 2 x -p A 2 y 2 = A 2 if ; does your condition specialize to that 
of (a)? 

(c) Repeat (b) with the hyperbola ifx 2 - A 2 y 2 = A 2 B 2 replacing the ellipse. 

(d) Prove that the line L of (a) is tangent to the parabola y — 4 px when and 
only when b 2 + pa = 0. 

3.9 Summary and Miscellaneous Exercises 

The chapter just finished studies the geometrical interpretation of the derivative 
f (x) as slope of tangent to the graph of y = /(x). Thus, Chapters 2 and 3 afford 
immediate insight into the simplest applications of the derivative, considered first 
as rate of change, second as tangent-slope.f Of course, these two aspects are only 
two points of view toward the same fundamental thing, the one a graphical version 
of the other. In particular, the work with tangential properties of conic sections 
links analytic geometry with calculus; but the great generality of the new tool, the 
derivative, augurs well for more extended study of curves through its use. 

On the formal side, the technique of obtaining y, directly from f(x,y) = c without 
explicit formulation of y as a function of x affords an important advance; curves 
expressed &sf(x,y) = c can be studied as well as those in form y = /(x). 

Miscellaneous Exercises 

1. Find the points on y = x 3 — 3x 2 — 9x for which the tangent-slope is —9. 

2. Find the points of x 2 -f 2 y 2 — 4y = 0 where the tangents are parallel to 
x + y = 0. 

3. Show that the tangent to the equilateral hyperbola 2 xy = a at the point 
(*1 . Ui) lias the equation y,x 4- x,y = a. Hence prove that the triangular area 
bounded by a tangent and the axes constantly equals a. 

4. A point P moves on the linear 3x — 4 y = 24 with steady speed 5 in./sec. At 
what rate is the distance OP changing when P crosses the x-axis? 

5. (a) Find y r and y„ if y 3 + y — x = 0. [Arut. y tt = 6y(3y + l)" 3 .] 

(b) I* ind the slope of x y — 9(x + y) = 0 at the points of intersection with 
__ y = x. 

tHistorically speaking, the attempts of Fermat (1601-1665) to set up a machinery 
like the derivative were motivated by the tangent problem; Newton (1642-1727), how¬ 
ever, was interested in the physical problem of rate of change. 
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6. If y = (s + f 2 )*, where s* = k, k a constant, show that D.y = (* — t )/sy. 
What is D,y? 

7. The tangent at P, : (x, , y x ) to the curve y= ax', a a constant, cuts the y- axis 
in the point 7*. If Q is the projection of point P, on the //-axis, show that the 
origin divides the line-segment TQ in the ratio (1 — n) to 1. (Cf. Example 
3.7.1. The result is valid for non-integral as well as integral n. If n > 1 < t, ‘ e 
ratio OT/OQ is negative and O lies between T and Q\ if n < 1, the ratio is 
positive and 0 lies outside TQ] if n = 1 , T = O, the ratio is 0, and 0 is an 
end-point. The reader should supply illustrative cases, say those for n = 2, 
3, {, — ji drawing figures for study.) 

8. The tangent to y = x at an arbitrary point P, (not 0) meets the curve again 
at Q. Show that the tangent-slope at Q is four times that at Pi . (In finding the 
abscissa of Q you will have to find the third root of a cubic of which Xj is 
already a double root.) 

9. Prove that the segment of a tangent to a hyperbola cut out by the asymptotes 
is bisected by the point of contact of the tangent. 

10. Prove that the tangent to a hyperbola at an arbitrary point forms with the 
asymptotes a triangle of constant area. (The area of the triangle with vertices 
P, •’ (** .!/<)> 1 = 1* 2, 3, is given by the determinant 


Xi y x 

1 

2 

*3 2/3 


1 

1 

1 


The constant area is ab, as can be seen from a special case.) 

1 1. Tangents to a parabola at the end-points of a focal chord intersect at right 
angles on the directrix. [Let the equation of the focal chord of y = 4 px be 
y = m(x — p), m 5 * 0 arbitrary.) 

12. Supply geometrical illustrations substantiating the important Theorem 2.5.1, 
using slope of tangent to curve as a replacement for the/'(x) used in the state¬ 
ment of the theorem. 


1 3. Show that the equation of the tangent at P, : (x, , y x ) to the general conic 
Ax + 2 Bxy + Cy + 2 Dx + 2 Ey -f- F = 0 is Ax x x + B(y x x + x x y) + Cy x y + 
D(x x + x) + E{y x -f y) 4- P = 0. 

1 4. Obtain the equation of the tangent to each conic at the specified point; use the 
result of Exercise 13 if you wish. 

(a) x 2 + y 2 - 2x - 2y = 0, (0,0) ( Ans . x + y = 0.) 

(b) 4x 2 + 9 y + 24x + 36 y = 0, (0,0) (-4ns. 2x + 3y = 0.) 

(c) x 2 + 2xy + y 2 + 8x - 6y = 0, (0,0) (-4ns. 4x - 3 y= 0.) 

(d) x 2 -f- 3 xy — 4y + 5 = 0, (1,6) (.4ns. 20x — y — 14 = 0.) 

1 5. Find equation of tangent and normal to each curve at the point specified. 

(a) 4x 2 -f y + hy = 0, (1,—4) (-4ns. normal: 8x 4- 3 y = —29.) 

(b) x 3 - y - 3x 4- 4y = 0, (0,0) (-4ns. tangent: 3x - 4 y= 0.) 

1 6. For the parabola y = 4px show that the subtangent (Exercise 3.8.12) is double 
the abscissa of the contact point, and the subnormal is constantly 2 p. 

17. Find the points on the ellipse 6 2 x 2 4- ay = a 2 b 2 such that subtangent and 
subnormal are equal. (-4ns. (±a 2 *, =b6 2 A), where k = (a 2 4- 6 2 )" 1 .) 

1 8. Show that the line L: 4x — 2y 4- 5 = 0 is not tangent to the curve C: y =■ 12.r. 
(If L were tangent to C, then its slope m L = 2 would have to equal m T = y x = 
6 / 2 /, for some P: ( x,y ) on both C and L. Obtain a contradiction.) 
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1 9. Find/, for/(x,y) = (a) y/x\ (b) (x - y)/xy ; (c) y/x % where y is a function of x. 

[Ans. (b) ( y 2 - x B y,)/x y .) 

20. A point P traces the conic x 2 — 2 xy — 3 y = 5. At the instant that P moves 
through the point (2,— 1) at what rates are y, the tangent-slope at P, and the 
distance OP, changing? 

21. Show that y = xy x if (x + y) m * n = x m y n . 

22. A chord AD of the parabola y = x* moves toward the vertex at $ unit/sec., 
always assuming positions perpendicular to the axis of the parabola. The tri¬ 
angle ABC formed by AB and the tangents to the parabola at A and B changes 
in area beca use o f the motion of AB) at what rate is this area changing at the 
instant that AB is 9 units above the vertex? (Ans. 3 sq. units/sec.; find first 
that area ABC = 2y\, if y x is a random height of AB above the vertex.] 

23. A filter is in the form of an inverted right circular cone with vertical angle 60°. 
Liquid drips from it at the rate of 0.03 cu.in./sec., leaving a deposit on the 
inner surface of the filter. At what rate is the area of deposit increasing at the 
instant that the liquid is 6 in. deep? [Write V and S as functions of h only, 
find V and S in terms of h and h, and eliminate A. An alternate method is to 
express S as a function of V. Contrast the details of the two methods. [Ans, 
0.02 sq.in./sec.] 

2 4. If (x — y) 2 + 2a(x + y) + / = 0, show that y' = 1 + 2a/(x — y — a), where 

y = Vn • Hence obtain successive higher derivatives: 

v" = 1 • (2<*) a /(x “ y - a)\ y'" - 1 - 3- (2a) 3 /(* - y - a)\ .... 

From your work would you judge 

= 11 • 3• 5• 7.(2n — 3)) -(2a)7(i -y - a)*-‘, n > 1, 

a valid formula? How would you prove it? 

25. To find y', y" t y"\ for x + y 3 — xy = 1 at (1,1), write the implicit formulation 
of y', thence that of y" t thence that of y'"\ insert the values x — 1 , y = 1, in 
the three equations and solve simultaneously. L4rw. y' = —l,u"= —7 
y" 1 - -147/2.] 



<( 4 )> The Derivative and the 

Continuity of a Function 


4.1 Further Examples of Functions 

Before further progress can be made in either the technical formalities 
of computing derivatives or in study of applications of the derivative, 
more insight into details of functional structure must be gained. This 
necessity is in keeping with the keystone position of calculus in the theory 
of functional analysis. We begin with some examples of functions perhaps 
new to the reader. 


Example 1. First-class postage costs 3 cents for the first ounce or fraction thereof, 
and 3 cents additional for each additional ounce or fraction thereof. That the cost 
of mailing a first-class letter is a function of its weight is obvious. A formula for the 
function is, however, of a different sort from those previously studied. If y repre¬ 
sents cost in cents and x is number of ounces, we can write 

when 0 < x £ 1 

when l < x g 2 

when 2 < x ^ 3 

• etc. • • • . 

The form of y = /(x) changes when x shifts from one part of the x-range to another; 
the functional structure is thus a disjointed affair, not a single analytic expression, 
and the various segments of the positive x-axis which correspond to the various 


( 1 ) 


fix) 



Fig. 4.1.1 


values o fy must be carefully announced. The graph of the function is a step-graph 
j-i 1J aDd the . t,on ,s therefore to be called a step-function. The graph is 
readdy termed “discontinuous” at the points for which x is an integer, in the sense 
that its horizontal steps are not fastened together for these values of x; almost all 
the graphs of functions heretofore considered are instinctively felt to be “continu- 
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5. (a) Draw the graph of y = fix) = x + I * I, finding a corner at the ongin ’ 

(cf. Fig. 4.2.1). 

(b) Draw the graph of y = fix) = x — \x\. 

6. Draw the graph of y = fix) = x — n on n — 1 ^ x < n, n = 1, 2 , • • 

[Dissect the range x ^ 0 into sub-intervals of unit length and indicate 

on each one separately.) 

7. Draw the graph of y = fix) if fix) = (x), in which the bracket symbol design 
nates the greatest integer not greater than x. 

8. State what you can of the geometrical appearance of y = fix) if 


/(*) = 


when x is rational but not integral 

when x is an integer 

when x is irrational. 


9. Find from your graphs in the exer¬ 
cises in this list whether or not x is 
a single-valued function of y. 

10. Draw the graph of 


x 2 - 1 
x - V 


X 9* 1 


11 X - 1. 

What peculiarity do you note at 
the point (1,1)? 

4.3 Limit of f(x) as x-»a 



-1 '- 

(-y 2 .-‘/<>l (VirZ*) 

Fig. 4.2.1 


A 8 x —* a the values/(x) generally * IG - 

behave in one of the following ways: 

A. fix) may approach a limit L* in accordance with the definition of 
§§1.7, 1.8: we recall that in these circumstances we have found that 

(1) I fix) — L* | < < whenever | x — a | < 5, 

where e > 0 is arbitrarily assigned and a suitable 6 dependent thereon is 

available. For example, lim,.., Vx = 2 [Example 1.8.1). 

B. fix) may increase without bound. We symbolize this in parallel with 

(1) by writing 

(2) fix) > M whenever | x — a | < 8, 



where M > 0 is arbitrarily assigned and 8 
depends on it. Here the Af is commonly very 
large, whereas the c > 0 of (1) is very small. 
For example, as x -♦ 0 the values 1/x* be¬ 
come larger without bound: 1/x 2 can be 
made to exceed any positive number Af, 
no matter how large, by limiting x to numbers 
sufficiently close to zero. Clearly, no limit can 
exist (Fig. 4.3.1). 
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Similarly, f(x) may decrease without bound: 

(3) fix) < — M whenever | x — a | < 6, 
where M > 0 is arbitrarily large. Example : fix) = — x~ 2 . 

It is standard (and, it will be found, convenient) shorthand to write 

(4) lim f(x) = ® or f{x) —» <*> 

to mean 11 fix) increases without bound” and 

lim fix) = — co or fix) —♦ — co 

to mean 11 fix) decreases without bound.” Such symbolism is dangerous 
in that it seems to imply that is a (mysterious) number which is 
being “approached.” Precisely the contrary idea is being symbolized, for 
fix) eventually gets completely out-of-bounds. We must agree to read 

(4) in the words suggested, even avoiding the instinctive translation “fix) 
approaches infinity (<*>)”—dangerous!— in favor of the better “fix) 
becomes infinite ” or “becomes indefinitely large .” 

C. fix) may oscillate indefinitely. Such behavior is illustrated in the 
discussion of 

(5) lim sin ~s, x j* 0, 

We use the previous result that 1/x 2 —► » as x —> 0. Then w/2x 2 = (£*■)• 
(1/x ) —also. As the angle increases indefinitely, its sine oscillates 

again and again through the sine- 
cycle of the numbers between 1 and 
— 1, assuming these end-values al¬ 
ternately when x 2 = 1, }, J, +, • • •, 
but never settling down to remain 
arbitrarily close to any specific num¬ 
ber of the cycle; consult the graph 
of the sine. The graph of (5) is 
shown in Figure 4.3.2, the com¬ 
pressed sine wave oscillating repeat¬ 
edly, without end, as x —► 0 on 
either side (the graph is symmetric 
in the //-axis). Clearly, no limit can 
exist, although the function remains 
always finite. 

For many functions one type of 
behavior may occur as x —* a from 
the right, another as x —> a from 
the left. This may be the case even if 
the same functional formula pertains on both sides of x = a [e.g., fix) = 
1/x —*co if x —* 0 through values x > 0 but 1/x —► — «> as x —* 0 through 
values x < 0]; but it is not necessarily the event even if fix) subscribes to 
different formulations on the two sides of x = a. It is often convenient to 



Fig. 4.3.2 
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consider separately the approach of x to a through values x > a, symbolized 
by 

(6) x —* a(-f), 

and the approach of x to a through values x < a, symbolized by 

(7) *-+*(-); 

these are geometrically termed approach from the right, i.e., «(+)» and 
from the left, i.e., a( —), according to the conventional association of the 
real numbers with the points of the x-axis directed from left to right. 1 he 
symbol (6) restricts x to a range a < x < a + 6, , while (7) restricts x to a 
range a — 8 2 < x < a. 

definition. The number L is said to be the right-hand limit of f{x) 
as x approaches a : 

L = lim,_ -( *, f{x) 

if, for arbitrary « > 0 and 6 > 0 dependent on t, 

(8) | f(x) — L | < < whenever a < x < a + 8. 

Similarly, the number l is said to be the left-hand limit of f(x) as x 
approaches a : 

l = lim,_ -( _, f(x) 

(9) if | f(x) - l | < € whenever a — 8 < x < a. 

In these terms it is reasonable that: if and only if both L and l exist and 
L = l docs f(x) have a limit as x —* a, and 

(10) lim,_./(*) - L - 



The geometry of the definitions is worth study. Figure 4.3.3 shows distinct L l. 
Having marked y — Lon the line x = a, we extend the measure « > 0 in both direc¬ 
tions from it, and draw the horizontal lines y = L ± e. Then L will be lim,^,. > f( x ) 
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if we can find some range a<x<«+5,,as shown, such that for all * thereon the 
corresponding fix) he within the 2e-strip centered at L. We can adjust the 5, to fit 
specific *, probably needing to make it smaller as t is imagined smaller. It is like a 
“double squeeze play": needing to squeeze the values/(x) into an arbitrarily nar¬ 
row horizontal 2 e-strip, we try to squeeze the independent x’s close enough to a to 
accomplish this aim. If we succeed (and only if we succeed) we have established L 
as the desired right-hand limit of /(x). 

We treat l similarly, attempting to squeeze x < a onto such a range a - S 2 < 
x < a that corresponding/(x) all lie in the 2<-strip centered at y = l. 

In the event that L = l we slide the part of Figure 4.3.3 to the left of x = a 
rigidly up into position such that / coincides with L on x = a to become the point 
V — L \ if we use the same e and the same 6 on both sides of x = a, choosing for 
this b the smaller of b x , 5, , then we are returned Figure 1.8.1 as the picture of 

L* = lim ,_./(*). 

Example 1. lim_, x = 1 since 

lim,_ 1(0 x 2 = l = L, x 2 = l = l, L = l = \ = L*. 

Example 2. Consider the function (Example, Figure, 4.1.1) 

3, 0 < x ^ 1 

(id /(i) =. 6 - 1 < 1 s 2 

9, 2 < x § 3 

etc. , 

representing first-class postage in terms of weight in ounces. It is immediate from 
both ( 11 ) and the graph that 

lim,^ 1( *> f(x) = 6 = L 

since/(x) = 6 constantly when x exceeds 1 slightly; it is similarly clear that 

lim*- l( - ) fix) =3 = 1. 

Since L ^ l, no limit exists for fix) as x —► 1. The same lack of limit occurs as x 
approaches any positive integral value (see Fig. 4.1.1), but as x approaches any 
positive non-integral value a limit for/(x) does exist, namely, the value of fix) on 
the range containing the x considered. 

Example 3. We discuss lim fix) as x—> 3, where 

(12) /(x) = x * 3. 

We note that/(3) does not exist since the substitution x = 3 in (12) leads to the 
undefined 0/0; but for every x^3a value exists for fix), found from either (12) or 
its algebraic equivalent 

(13) fix) = x + 3, x ^ 3. 

(This cannot supply/(3) since it was obtained algebraically only under the stipula¬ 
tion x 7^ 3.) We can use (13) in all considerations of the process lim,_ 3 /(x) since that 
process never involves x = 3. In this way we easily obtain L = l = 6, concluding 
that 

lim,_j (x 2 - 9)/(x - 3) = 6. 

We note that L* = 6 exists as x—> 3 even though there is no/(3) in existence. The 
graph of (12) is the straight line (13): y = x -f- 3, with the deletion of the single 
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pi (3,6) [see Figure 4.3 41- The reader: 

The work here is precisely analogous to the proce^ oi n b 
difference-quotient in the definition of derivative (I 11 *)- 
Example 4. We shall show that the function [Example 4.1.4J 

(14) /(*) = 1*1 IV . . , 9 , 

fails to have a derivative defined at x = 0, at which point it has a corner [ •• — 
Since the theorems of Chapters 2 and 3 concerning computation of «lern a % e ao n * 
apply to (14), we use the definition of derivative. At x = 0 the difference-quotient is 

no + Ax) - m = l^l—o = L^J. 

(1®/ at Ax Ax 


As Ax -> 0(+). | Ax | = Ax and (15) equals 1 con¬ 
stantly, so its limit is 1. If, however, Ax —» 0(-_), 
Ax is negative and | Ax | = —Ax, so that (15) 
equals —1 constantly, with limit —1. Since the 
right- and left-hand limits are unequal, the func¬ 
tion (15) does not possess a limit as Ax -♦ 0. so 
/'(0) fails to exist. The right- and left-hand limits 
of (15) are geometrically reasonable, being slopes 
of the constituent lines y = ±x coming into the 
corner. In fact, it could be said that (14) possesses 
a right- and a left-hand derivative at x = 0, but 
that since these are unequal a true derivative 
f'(0) fails to exist there. This would be in keeping 
with the notions of limit developed in this section. 



4.4 Exercises 

1. Give arguments to show that lim,_i \/x = 

2. Let/(x) be given by 

— 1 when 


1 . 


/(*) = 


0 when 


x > 0 
x = 0 


1 when x < 0. 

Show that lim,_^<*, /(x) = — 1. and lim / ^ 0( _, /(x) = 1. Supply a graph of the 
function, to illustrate these separate limits. 

3. Show that liin,^o/(x) does not exist if 

_ x + 40 when x < 0 

x + 120 when x ^ 0. 

4. Let f{x) = x. Discuss lim,_| 0 /(x). 

5. Discuss lim 1/x, x 0. as x—♦ 0. From vour answer what can you say as to the 
relationship between the curve y = 1/x and the y- axis, x = 0 (cf. Fig. 4.3.1)? 

6 . (a) Let /(x) = (x 2 — x)/(x — 1), x 5 ^ 1. Find lim,^, /(x) 

[cf. Example 4.3.3]. 

(b) Let f(x) = (x 3 + 2i 2 )/(i + 2 ),x - 2. Find /(*). 

(c) Let F(Ax) = ~ * 3 , AX ^ 0. Find lim Ax . 0 F( Ax). 

(d) Let F(Ax) = ~^)/ Ax, Ax s* 0, x 0. Find lim^ x « 0 / (Ax). 
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7. What is liin,-*,/(x) if /(x) = | x |? (Cf. Example, Figure, 4.1.2.) 

8. For the function (cf. Fig. 4.1.3) /(x) = | x - 1 |, what can you sav of 

(a) lim,.i /(x)? _(b) /'( 1) and /'(— 1)? * 7 

9. What is liny— Vx, if a > 0. Why is there a restriction that a he positive? 
Show that, if a = 0, only a right-hand limit exists. 

1 0. Find lim,-* \/x\ find lim,-. (is there any restriction on a here?). 

1 1. Show that lim,_*> x sin (ir/2x) = 0. (Study §4.3 (C) and Figure 4.3.2 for help; 
here the bounding lines y = ±x replace the bounding lines y = ±1 of that 
figure, and Figure 4.7.4 emerges. This example is an extremely important one 
in the later study of continuity (Example 4.7.4).) 

4.5 Limit of f(x) as x —► «> 

Values /(x) may approach a limit as the independent variable increases 
without bound. If y = /(x) is the function, we need to consider the f s 
computed for all arbitrarily large x. Then 

L* = lim,-. /(x) 

if and only if for all x > m, with m (usually large) a positive number, the 
associated /(x) all lie within arbitrary « > 0 of the number L*. Sym¬ 
bolically, the requirement is exhibition of an m such that 

(1) I f(*) — L - | < « whenever x > m, m > 0 arbitrarily large. 

A similar requirement can be set down for the existence of 

lim,—. /(x). 

Example 1. Let/(x) — x~', n > 0 an integer; show lim,-../(x) = 0. We have 
only to take | x | > 1/V < = m to force l/x n within < of zero. If n is odd the separate 
limits are 

lim,-. 1/x" = 0(+), lim,—. 1/x" = 0(—); 

but if n is even, the limits are both 0(+) (Fig. 4.3.1). The reader should convince 
himself of the validity of these remarks. 

Example 2. Let 

/(x) = 10'", x ^ 0. 

To discuss lim,-o/(x), we first consider the right-hand limit, 

lim,- 0 (*, \0' /a . 

We write A' = 1/x, so that X —*<» as x—» 0(-f). Thus the problem is reduced to 
consideration of 

lim.v— 10*. 

But 10* for powers X which increase boundlessly must likewise increase without 
bound (cf. Theorem 4.5.1 below). Thus, 

lim,- 0 <*, 10 '" = co. 

On the other hand, when we let x —> 0(—), the exponent 1/x is always negative, 
say —1/| x|. Thus, with x < 0, 10‘ ' = l/lO 171 ' 1 . Moreover, as x —* 0(—), 

I x | —► 0(+). If we now set 

Y = 10 ,/m 

we have Y —as | x | —> 0(+), by the result of the first part of this example. 
These steps can now be put together in 

(2) lim.-,., 10'" = lim,— ( .) (1/10'") = lim,.— 1/Y = 0, 
the last step following from Example 4.5.1. 

In s ummar y, then, the function 10 ,/z becomes infinite as x—* O(-f-), but, by (2), 
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has limit zero asx-> O(-); of course the function does not have a definite limit in 
the sense of the definition of §4.3 even though it does have a left-hand limit, its 
graph is sketched in Figure 4.5.1. 

Example 2 uses special cases of the useful 

theorem 4.5.1. If b > 1 , then 

(3) (i) lim,_. 6' = co (ii) lim,— b‘ = 0; 
if 0 < b < 1, then [reversing the results in (3)] 

(4) (i) lim,_ 6' = 0 (ii) lim,__„ b' = <*>. 

[The first part of Example 2 is a case of (3 i), the second a case of (3 ii).] 
We shall not prove this theorem here. The results are readily made plausible 
for certain choices of b: thus for 6 = §, the statement (4 i) asserts that 
(})' = 1/2' is arbitrarily near 0 for x sufficiently large, and this is reason¬ 
able [in view of (3 i) with b = 2). 

A second useful theorem is 

theorem 4.5.2. For any real exponent n, 



(i) 

0 

if 

n < 0 

• 

lim x _. x" = 

(ii) 

1 

if 

n = 0 


(iii) 

CO 

if 

n > 0. 


If x —> — «> and n is such that x m is real, (iii) may be — ® in certain 
cases (e.g., if n is an odd positive integer or the quotient of two such 
numbers). 

The theorem is easily made plau¬ 
sible. 

Example 3. Consider 

x 3 + x 2 + 4 

(5) a? - - x + 1 • 

Here separate finite limits for the num¬ 
erator and denominator individually do 
not exist. But it is legitimate to divide 
them both by x 3 since this division is 
valid for all x except x = 0. and this 
value of x is certainly not involved in 
unbounded increase of x. Then 



( 6 ) 


lim 


x 3 + x 2 + 4 


= lim 


1 + x- + 4x~ 
- 3 - x- 2 + x- 3 ‘ 


;r: 3x 3 - x + 1 

if the new limit exists. Now by Theorem 4.5.2 the limits as x -*«> 0 f the negative 
, of f. occ urring on the right of (6) are zero, so that by the pertinent theorems 
(§1.9) the limit as x-*® of the new form is 1/3; thus the required limit of (5) is 1/3. 

4.6 Exercises 

1. What is lim x ^» 1/x? Defend your answer if € = 0.0001. 

2. (a) W hat is lim,^ 1/x 3 ? Defend your answer if < = 0.001 

(b) W’hat is lim,^. 1/x 3 ? 

(c) Graph y = 1/x 3 , showing the axes as asymptotes. 
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3. What is lim*_^«, 10*? lim,.^ 10 '? Defend your answers. 

4. Show that lim,_^ 10 -,/ '* is zero. 

5. (a) Show that lim,_^ cos (1/x) = 1. 

(b) What is liin,_o cos (1/x)? 

(c) What is lim,^, sin (1/x)? 

(In these three questions, replace 1/x by X, as in Example 4.5.2; then argue 
from the graph of the function, or from the standard “unit^circle” discussion 
of the trigonometric functions.) 

6. What is: (a) lim,__ (0.5)*? (b) lim,_ 100 x° 5 ? (c) lim,_ 279'? 

7. Evaluate each of the following limits: 


(a) lim 

2x+l 2 
x + 2 ~ Z 

(b) 

lim 

2i* + 1 

x 3 

(c) lim 

i—•• 

2x 3 + 1 
x 3 

(d) 

lim 

ax 7 4- bx -f c , , , ^ 
dx‘ + ex + f {d * 0) 

8. Find each limit: 



(a) lim 

n—•<o 

1 + (0.75)" 

1 - (0.75)" 

(b) 

lim 

1 + 3" 

1 - 4" 

IJ m 

1 -f (1.5)" 



(0.9)" 

mu 

R—-« 

, 1 - (1.5)" 

(a) 

lim 

1 + (0.2)" 

9. Find each limit: 




(a) lim 

1000 + 10' j 

(b) 

lim 

1000 + 10' 


1000 - 10' 

--1000 - 10' 

(c) lim 

\0 H x - 0.01 

(d) 

lim 

10* - O.Olx 

*—0 

lO'-i - 0.02 

x—O 

10 ,n - 0.02i 


a 

d 


1 0. Find 

(a) lim,_ 0 (cos 2x)/(cos x) (b) lim,_ 0 x cos x |Ans. (a) 1; (b) 0.] 

4.7 Continuous and Discontinuous Functions 

It was repeatedly pointed out that in the consideration (§§1.8 and 4.3) 
of lim,_ a /(*) the existence or nonexistence of /(a) played no significant 
part, f 

On numerous occasions, nevertheless, it turned out that 
0) L* = lim,_. f{x) = /(a). . 

Indeed, this phenomenon is of such frequent occurrence in the elementary 
mathematical functions, and is so useful when it does occur, that it merits 
especially detailed consideration. 

t(a) A function could have a limit IS as x —* a even though f (a) was illusory; witness: 
lim,_^ (x* — 9)/(x — 3) = 6, although /(3) is nonexistent (Example 4.3.3]. 

(b) A function could fail to hare a limit as x —* a even though f(a) was defined ; witness: 
The first class postage function, Example 4.3.2, for which /(1) = 3 although 
lim,_, /(x) fails to exist. 

(c) A function could fail to have either functional value or limit ; witness: 
f(x) = 1/x*, with/(0) and lim,_ 0 /(x) both nonexistent (Fig. 4.3.1J. 

(d) A function could have both a functional value and a limit, with, however , the two 
values unequal; witness: 

{ lO* 1 /'* when x 

}, with lim r _ 0 /(x) = 0 ^ 1 = /(0). 

1 when x = OJ 
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The phenomenon described by (1) is called continuity of the function 
f(x) at the point [a, /(a)J. 

definition. The single-valued function y = f(x) is said to be con¬ 
tinuous at x = a if 

(1) ‘ lim_ f(x) = f(a). 

Satisfaction of this definition requires: 

(i) f(a) should exist; 

(ii) L = lim,_ a( *> f(x) should exist; 

(Hi) l = lim,_ a( _, f(x) should exist; 

(tv) L = l = f(a). 

[The items (ii) and (iii), with L = /, in this catalogue insure meaning for the 
left side of (1); the first insures meaning for the right side of (1); and the 
last insures the equality sign in (1).) 

Graphically put, the points (a, l) 
and (a, L) of Figure 4.3.3 merge into 
the single point [a, f(a)) of Figure 
4.7.1; compare with Figure 1.8.1 if 
L* - f(a). Continuity of f(x) occurs 
at x = a if all functional values f(x) 
can be found arbitrarily near f(a) 
when x is sufficiently close to a —the 
“double-squeeze” of f(x) into the 
2«-2 6 rectangle N centered at 
[a, f(a)| for any t and its associated 
6, no matter how small. Thus, the 
condition of continuity as expressed 
by (1) is often alternatively expressed by 

(1') | f(x) - f(a) | < € whenever | x - a | < 6 

with the usual meanings for c > 0 and S > 0. By setting x = a + Ax we 

obtain the variant condition 

0") I /( fl + Ax) — f(a) I < < whenever | Ax | <8 

for continuity at x = a. This (1") is often useful [Example 3 below] because 

the process Ax —► 0 is often easier to handle than the x —* a of (1'). 

A function that is continuous at every point of a range is continuous over 
the range.f Instinct surely would label continuous a function y = f(x) of 
which the graph over a range is drawn without lifting the pencil from 
paper. Clearly the definition of continuity supports instinct here; the 
graphica l version would almost seem a blueprint for the definition. It is 

fSometimes we may include as left end-point of a range of continuity a point at which 
we have only right-hand continuity (deleting (iii) from the definition); thus y = y/x 
has only right-hand continuity at the origin, being, in fact, undefined to its left.’ Similarly 
we may admit only left-hand continuity (deleting (ii) from the definition) at the right 
end-point of a range. The first-class postage function has left-hand continuity at each 
point with integral abscissa but not right-hand continuity (Fig. 4.1.1). /f a single-valued 
Junction has both right- arul left-hand continuity at a point it is continuous at the point and 
conversely. * ’ 
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surprising, however, that a function can be proved continuous at a point 
[Example 4, below] and yet its graph cannot be drawn in one piece through 
the point! There is more than the obvious in the definition. Whether we 
can or cannot draw the graph through a point x = a of continuity we can 
imagine (since L = l = f(a) in the definition) that the parts of the curve 
for x < a and x > a are fused together at x = a; in a sense, the graph 
“flows” through the point [a, /(a)]. 


Example 1 ( Continuity ). 

(a) f{x) = l/x is continuous for all x j* 0: by Theorem 4.5.2 we have lim,-. x~ l = 
a~ = f(a) provided 0. 

(b) /(*) = s/x is continuous for all x > 0, again by Theorem 4.5.2; we can say 
there is "right-handed continuity” at x = 0. 

(c) The function /(x) = | x | is everywhere continuous. This assertion can be de¬ 
fended graphically (Fig. 4.1.2), and is easily argued from the restatement of 
/(*) = j x | as 


/(*) 


when 


x^O 


—x 


when 


x ^ 0. 


The interesting “corner” at x = 0 is, indeed, a point of continuity: (i) /(0) is 
- well defined as 0; (ii) L = (x) = 0; (iii) / = lim,_o ( _> (— x) = 0; 

(iv) L = l = /(0) = 0. Thus, continuity at a point does not imply a steadily 
turning trace of the curve in passing through the point: at x = 0 the curve 
alters its direction radically, rather than with a smooth transition. 


If, however, it happens that /(a) does not exist, then we cannot even 
begin to conceive of such a figure as Figure 4.7.1; and if any of the last 




three requirements in the definition fails of satisfaction, then all points of 
the curve near x = a do not ultimately lie in the 2e- 26 rectangle (cf. 
Fig. 4.7.2). In either case we have failure of continuity at x = a. Failure 
of continuity at a point , whatever the source, is termed discontinuity at the 
point. It is immediately clear that a traced graph which is broken for x = a 
is “discontinuous” for that value—again both an intuitive description and 
one drawn from the definition. Thus, the first-class postage function 
(Example, Figure, 4.1.1) is discontinuous when x is any positive integer 
[L ^ /] although it is continuous for all non-integral positive values of x. 
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. Example 2 ( Discontinuity ). . 

(a) f(x ) = 1/x is discontinuous at x = 0; in fact, since L = «>, / = — <»»the func¬ 
tion is said to have an infinite jump at x = 0. 

(b) The function 


_ \x + 40 when x < 0 

|x + 120 when x ^ 0 

is discontinuous when x = 0 since L = 120 = /(0) but l = 40 9* /(0); there is a 
finite jump at x = 0. 

(c) The function [Example 4.3.3]/(x) = (x 2 — 9)/(x — 3), x 7* 3, is discontinuous 
when x = 3 since/(3) is undefined. Since L = l = 6, there is lacking from the 
straight line graph. Figure 4.3.4, only the point (3,6). 

Except at the isolated points noted these three functions are continuous. 

Example 3. We use the variant condition (1") to prove that /(x) = sin x is con¬ 
tinuous for all real x. Let x = a be any such value, and form the difference occurring 

Ml"): 


(2) | /(a + Ax) — /(a) | = | sin (a + Ax) — sin a | 

= 2 | cos (a + Jx) | | sin \x | 

by a familiar trigonometric identity (formula 4b, p. 605). Since | cos (a + }Ax) | ^ 1 
for any a and Ax, we have 

(3) I f(a + Ax) - f(a) | ^ 2 | sin }Ax |. 

But for | Ax | sufficientl y sm all, | sin jAx | is arbitrarily small (sin J Ax is measured 
by the half-chords like Q'P' in Fig. 4.7.3 and these —» 0 as Ax —* 0): 

(4) | sin §Ax | < whenever | Ax | < 6. 
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With (4) in (3) we obtain the requisite (1") for establishing continuity of sin x at 
any x = a. 

Example 4. The function [Exercise 4.4.11] 


(5) 


/(*) = - 


x sin —, x p* 0 


0, x = 0 

is continuous at x = 0. To show this, we note that | sin (w/2x) | ^ 1 for all xy* 0, 
so that | f(x) — /(0) | = | /(x) — 0 | becomes 


(6) 0 < | x sin (*■/2x) | ^ | x | f x^O. 

Since as x—♦ 0 the right side of (6) —* 0 the same must be true of the lesser middle. 
Hence, lim,_^/(x) = 0 = /(0), establishing the continuity alleged. 

The graph of (5) is shown in Figure 4.7.4. As x —► 0(+), *-/2x —»a>, sin (?r/2x) 
oscillates unceasingly between —1 and +1. Hence x sin (tt/2x) oscillates between 
— x and The function is continuous for all x ^ 0 (Theorem 4.8.11 as well as at 
1 — 0. Thus the graph, as x—* 0(4-), consists of an oscillating wave contained be¬ 
tween the lines y = =fcx which, coming together at 0, act with a funnel-like effect 
to squeeze the graph of (5) between them. The function behaves similarly as 
x—► 0(—). But because of the ever continued oscillation as x—♦ 0 we cannot connect 
the two pieces of the graph in an actual drawing, even though the function is continuous 
at 0. 


4.8 Continuity of Certain Types of Functions 

The following theorem is of general use in establishing continuity of 
various types of functions. Its parts stem readily from those of Theorem 
1.9.1 by specialization of these limit theorems to the particular case that 
the limits are the functional values required by continuity. 

TH BOR E m 4.8.1. .In algebraic sum, or the product, of a finite number of 
continuous functions is itself continuous at any point of continuity of its 
constituents. The quotient of two continuous functions is itself continuous 
at any point of continuity of both numerator and denominator, provided 
the latter is not zero at the point. 

For example: 

(a) The sum /(x) = \/j -+- x~ x is continuous for x > 0 since y/x and x _l are so. 

(b) The product /(x) = x sin x is continuous for all x since x and sin x are so. 

(c) The quotient/(x) = (sin x)/x is continuous for all x 0 since sin x and x are so. 


The theorem can be used to build up further general results. One of 
these stems from the continuity for all x of /(x) = kx n , n ^ 0 an integer, 
k a constant. Then: (a) any polynomial p{x) is continuous for all x since 
p(x) is a sum of terms of the above type; (b) any rational function (quotient 
of two polynomials) 


( 1 ) 


fix) = 


£(£) 

P(xY 


p(x), P(x), polynomials, 


is continuous for all x such that P(x) ^ 0. Since a polynomial is a rational 
function with P(x) = 1, both results are found in 


theorem 4.8.2. A rational function is continuous for all real x except 
roots of the denominator. 
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4.8] 

Thus, the functions 

i 3 - 3x 2 + lli + 17, (* 4 + 19x - 47)/(x 3 + 4), 

are continuous for all real x; the function 

(2) (*’ - 9)/(x - 3) 
is continuous for all x ^ 3. 

If, on the other hand, P(r) = 0, then /(r) in (1) is undefined and fix) 
is discontinuous at x = r. 

In the case of (2) it is possible to write an allied, but distinct, function 

(3) m = | /(I) = (I *" 9)/(I " 3)1 1 " 3 

l lun,-3 fix) = 6, x = 3 

which is continuous for all x. Fix) s fix), 3, but whereas/(3) is still undefined 
and/(x) therefore discontinuous at x = 3, the definition F( 3) = 6 = lim,- 3( _,/(x) == 
lim,- 3 (*) fix) effectively plugs the single point gap (Fig. 4.3.4) in/(x), and Fix) is 
continuous at x = 3. 

We can treat similarly any function fix) (not necessarily a quotient of two poly¬ 
nomials) for which lack of definition of /(a) leads to discontinuity of fix) at x = a, 
but for which 

lim^i fix) = f(x) = L*. 

We create the new function F(x) by writing 

F{x) = i /(l) > 1 * “ 

U*. x = a; 

Fix) is continuous at x = a. Thus with (Exercise 4.6.4 and Figure 4.8.1) 


fix) = 10 


-i/*' 


i^O, 


and 


Fix) 


10 


-»/*• 


0, 


x ^ 0 
x = 0 



and with (Example 4.7.4) 

fix) = x sin (r/2x), x * 0, and F(x) = i 1 sin ( ' /2l) ’ 1 * 0 

I 0, x = 0. 

It is of interest that the difference-quotient 

/(Ax) = ?(*• + Ax) - y(x*) 

Ax 


(4) 
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in the definition of derivative of g(x) at x = x* is a function of the type being con¬ 
sidered. Here. /(0) = 0/0 and (4) is not defined, hence is not continuous, for 
Ax = 0. But if the derivative g' (x*) exists, the limit of /(Ax) as Ax—► 0, we can form 


the new function 


(5) F(Ax) = J Ax ** 0 

llim A ,_^> /(Ax) = g'{x*) } Ax = 0; 
this F( Ax) is continuous for Ax = 0. It may be regarded as a general rate function, 
containing all average rates over intervals Ax ^ 0 with one end at x*. but also con¬ 
taining in its formulation the instantaneous rate at x*. 

4.9 Exercises 

1. Establish the following statements: 

(a) x is continuous for all real x. 

(b) (1 — x) is continuous for all x 1 , has an infinite jump at x = 1, and 
the graph of y » (1 — x) ' has x = 1 as a vertical asymptote. 

(c) y = x -f- x has x = 0 as its only discontinuity. 

2. For each function following, name points of discontinuity (if any) and state 
ranges of continuity; name any vertical asymptotes that occur. 


1, and 


(a) /(x) = ** + x - 2 


(b) /(*) - ** + i, * * 0 


(d) fix) 


(x - !)(* -2)’* * 1,2 


(c) «* = FTT » **> = (7 i - »)% - a> . 

What is the limit of each function as x —► 3? 

3. Discuss continuity and discontinuity of the following; draw graphs. 

,* J- ^ f*’ + * , 


(a) fix) 


■* + x 


,x*0 


(b) fix) 


. x 0 


l 1, x = 0j 

4. Prove that/(x) = cos x is continuous for all values of x. 

5. Prove that/(x) = tan x is continuous for all x on the range — jw < x, < x < 
x 2 < \ir (explain why the range is written in this way). (Hint: 

tan (a + h) — tan a = + *> - 53L2-•SL*-1 

cos (a + h) cos a cos (a + h) • cos a * J 

6. Discuss continuity and discontinuity for: 

(a) sin x -f cos x (b) sin 2x s= 2 sin x cos x (c) sin 2 x (d) ctn x 
(e) tan = (1 — cos x)/sin x 

7. Which two of the following are discontinuous at x = 0? Which two have only 
right-hand continuity there? 

/,(x) = x ,/2 /,(*) = x 3/3 /,(x) = x" I/3 

/<(*) = X 2/7 / s (x) = x- 3 Mx) = x 4/2 + x 3/2 + x ,/2 

8. Show that each of the following functions is everywhere continuous; draw a 
graph in each case. 

(a) f(x) = | x 2 - 1 | (cf. Fig. 4.1.3) (b) /(x) = | x 3 | 

9. If taxi fare is 35 cents for the first 1/2 mile and 5 cents additional for each 
additional 1/4 mile, represent fare as a function of distance. Graph. Discuss 
continuity and discontinuity of the function. 
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10. Discuss discontinuities of y = (xj, x > 0. where the symbol [x] means greatest 
integer not greater than x.” Graph first. 

11. Why is 

/,<Ax) = + ~ ( ^ , ^ pi 0, 

discontinuous when Ax = 0? Can you write a function coinciding with/, when 
Ax t* 0 and continuous when Ax = 0? 

12. Show that the function 

1 _i_ o l/ * 

is discontinuous for x = 0. 

4.10 Limit for a Continuous Function 

The defining condition 

lim,-. f(x) = /(a) 

is a necessary and sufficient condition that f(x) he continuous at x — a. 
We have been using it in sufficient form to establish continuity of a func¬ 
tion. Its necessary form is also important: if /(x) is known continuous at 
x = a, then the functional value f(a) itself is lim,-. f(x). We paraphrase this 
statement in two ways: 

(i) If /(x) is continuous at x = a, then the operations “lim,^.” and “/” are 
interchangeable, lim,^ /(x) = / [lim,-, x] = /(a); 

(ii) If f(x) is continuous at x = a, then lim,_« f(x ) can be obtained by 
substitution of a for x (usually prohibited in the limit process). 

Example 1. (a) We know that f(x) = y/x is continuous for all x > 0 (Example 
4.7.1). Hence, lim,_. 100 \/x = VlOO = 10. (b) We know that f(x) = sin x is con¬ 
tinuous for all x (Example 4.7.3). Hence, lim,_^ r sin x = sin \ir = 1; lim,-, sin x = 
sin ir = 0. (c) We know that/(x) = x sin (w/2x) is continuous for all x 7* 0. Hence, 
lim,_. 3 x sin (ir/2x) = 3 sin = §. 

An advantage of the fact stressed in this section arises in computations 
of the derivative of certain functions by means of the definition. If f(x) = 
x”, n > 0 an integer, the difference-quotient is a function of Ax: 

F(Ax) = = (*•-+ AX)- - (*«)• 

v Ax Ax 

= n(x*)— + 0 (x*)’-' Ax+ ... + (At)-', Ax ^ o, 

so that F(Ax) = a polynomial p(Ax) for fixed x*. We need the limit of this 
polynomial as Ax —► 0 to obtain the derivative of x". Investigating this 
limit as a new problem, separated from any previous work, we know that 
a polynomial is ever a continuous function of its variable [Theorem 4.8.2] 
so that 

lim 4 ,_.o p(Ax) = p(0) = F(0) = nfx*)"' 1 
by the substitution Ax = 0. This gives the derivative sought without the 
usual more delicate arguments about limits (already done in the orginal 
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proof of continuity of a polynomial). The example explains the phenomenon 
noted in Chapter 1, that the correct form of the derivative was obtained 
by the (then) incorrect tactic of setting Ax = 0 in the modified form of the 
difference-quotient [see especially the last footnote of §1.5]; it was the 
continuity of the function of Ax at work. 

4.11 Three Basic Theorems on Continuous Functions 

The following three theorems, important in later work, are graphically 
intuitive; but we cannot prove them here with the tools at hand (they 
are results of subtle arguments concerning the nature of a real number 
discussed in Appendix: Chapter 16). We shall be content to illustrate their 
plausibility in simple examples. 

theorem 4.11.1. Theorem of Weierstrass. If f(x) is continuous on 
the closed interval a g x ^ b then f(x) has both a maximum and a 
minimum value on the interval , assuming each at least once on the interval. 

Example. If/(x) = x, continuous on-l|i| 1. then max /(x) = /(1) = l, 
minf{x) — /(— 1) — — 1; think of the graph of the line y = x. Note that the interval 
must be assumed closed for the conclusion to follow: on the open interval — 1 < x < 
1, the function never stops growing as x—► 1 and so never achieves a greatest value; 
similarly as x—* — 1 the function never ceases to decrease, so never attains a least 
value. We note, too, that y = 1/x, infinitely discontinuous at 0, does not achieve a 
greatest or a least value on-1 ^ xg 1. 

theorem 4.11.2. If f(x) is continuous on the closed interval a ^ x ^ b, 
then f(x) takes on at least once on the interval each value between its 
maximum and minimum values for the interval. 

Example. Think again of the graph ofy=xon-l^x^ 1: every y between 
min/(x) = — 1 and moxf(x) = 1 (these are assured by Theorem 4.11.1) occurs for 
some x on the range specified. 

theorem 4.11.3. Theorem of Bolzano. If f(x) is continuous on the 
closed interval a ^ x ^ b and if f{a) and f(b) are opposite in sign , then 
f(x) = 0 for at least one value of x on the interval. 

Example, y = x and y = x 3 on — 1 ^ x ^ 1. 

4.12 The Derivative and Continuity 

The discussion of this section centers around the important 

theorem 4.12.1. If the function y = /(x), single-valued on a range R 
of x, has a derivative f'(x*) for a value x* of R, then f{x) is necessarily 
continuous for x = x*. 

Possession of the derivative /'(x*) means that there exists a unique 
finite limit for 

lun f(X * + ^ ~ W . 

4/-" Ax 


(1) 
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Since the limit of the denominator, Ax, is zero, the numerator must also 
necessarily have the limit zero: in the contrary event a finite imi cou 
not possibly be achieved from (1). Hence we must have 
(2) lim A ,_^ [fix* + Ax) - fix*)] = 0. 

But (2) is equivalent to the form (4.7.1") of the definition for continuity , 

and the theorem is proved. , 

On the other hand there are many examples of functions which, though 
continuous at x = x*, fail to have a derivative there. 

Example 1. The function fix) = x* is continuous at the origin. But the derivative 

/'(*) = \x' 

is non-finite when x = 0. Indeed, for x* = 0 the difference-quotient is 


(3) 


fjO + Ax) - fjO) = (Ax)? = 1 

Ax Ax (Ax)*’ 


Ax ^ 0, 


and as Ax approaches either O(-f-) or 0(—) the right side of (3) increases positively 
without bound. Thus, l and L in the definition of limit are non-finite and a true 
limit for the difference-quotient (3) does not exist. 

Geometrically, the non-finite derivative at O means 
non-finite tangent-slope there; although a tangent 
exists at 0, it is vertical (Fig. 4.12.1). 

Example 2. The function fix) = | x | is continuous 
atO (Example 4.7.1 and Figure 4.1.2). We showed 
in Example 4.3.4 that it fails to have a derivative at 
0 because of the corner there. The d ifference-quotien t 

(4) /<o + ^ - m , igJ. a**o, 

approaches 1 ns Ax —* 0(+), but approaches — 1 as 
Ax —► 0(—). Thus l L, and a true limit for the 
difference-quotient (4) fails to exist. Geometrically, 
the lack of derivative at O means lack of tangent- 

slope (even an infinite one) and of tangent at 0. At best we could say that right- and 
left-hand derivatives and tangents (the constituent lines of the graph) exist. 



These examples (one would be enough) prove 

theorem 4.12.2. That a function is continuous at a point is not suffi¬ 
cient to ensure its possession of a derivative there. 


Theorems 4.12.1 and 4.12.2 together assert that continuity of a function 
is a necessary but not a sufficient condition for its possesion of a derivative. 

Examples 1 and 2 illustrate two causes for lack of a derivative at a point 
of continuity: (i) l = L = ± <» in the limit of the difference-quotient 

(5) lim tv + ** - /(**> , 


Ax—O 


Ax^O, 


corresponding to non-finite slope-number and vertical tangent; (ii) l L , 
at a corner, corresponding to right- and left-hand tangents, but no uniquely 
defined tangent.t Lest the reader feel that the second type is freakish, 

fThere may also be oscillation of the difference-quotient (5) as Ax -* 0 as for 
f(x) = x sin (x/2x), x * 0,/(0) = 0. 
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he should recall the practical function | v(t) | of §2.4, velocity-magnitude 
which has two corners on its graph (Fig. 2.4.1). 

The discussion has pertained to failure of the derivative property at 
isolated points. There are examples of functions which are continuous on 
a range of the continuum yet have derivative at no one of the points of the 
range! Although analytically expressed examples are beyond the reader’s 
power at the moment, he is asked in Exercises 4.13.7 and 4.13.8 to follow 
through the construction of some interesting, though “pathological,” 
geometric specimens. 

4.13 Exercises 

1. Explain why each function fails to have a derivative at the value specified: 
(a) /(x) = x at x = 0 

I!‘ e velocity-magnitude function (2.4.4): | v(t) | - 3 | « - l )(t - 5 ) I 

(c) 1 he first-class postage function (4.1.1) for x > 0 an integer 

fx 3 , x < 0) 

( d) /(x)= \ atx =0 

(x 3 + l,x ^ oj 


eont.mnty and derivative for each function at the value specified: 
a /(x) = x* at x = 0 (b) f(x) = x * at x = 0 

(c) y - x - 1 atx - 1 (d) x 2 - ,f = 1 atx - ±1 

3. Discuss continuity ami derivative for each function at the point specified; 

argue graphically and also in terms of / and L for the difference-quotient at 
the value indicated: 1 

W ~ x + I, 1 1 at 0 (».) /(X) = 1 - I X I at (0,1) 

(c) /(x) = x + |x | at 0 (Figure 4.2.1) 

4. Construct a graph for 

x £ 0 

/(x) = i 

[ Vx, x £ 0. 

Is/(x) continuous at O ? What are l, L, for the difference-quotient at x = 0? 

5. Draw graphs of each of the following functions and hence state for what values 
of the variables a derivative fails to exist; explain. Is the function continuous 
for these values? 

(a) y = | x - 1 | (b) y = 1*’ - 1 | (c) y = | (1 - U(x - 2) | 

[*’. x a 0 

(d) /(X) = J 

(x>, iSO 


6. Compute the slope of the “right-hand” and “left-hand” tangents to the curves 
m Exercises 5(a) and (b) for x = 1. [Ans. (a) ±1; (b) ±2.) 

7. Study and earn- out several steps in the construction of the following curve 
which is continuous at oil points yet has a tangent at no point —lienee the function 
representing the curve would be continuous at all points, but with derivative 
at no point. To construct the curve, we start with an equilateral triangle of 
side AB = 3 units (Fig. 4.13.1). 

If 0 !? 6 ! un '* °f AB we construct an equilateral triangle 

’ exten(,in P outward, and then remove the segment .4,5, from the 
figure. Side AB is thus replaced by the broken line AA l C i B l B, with corners 
at .4, , C, , and 5, . The same construction is made on the other two sides of the 
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triangle. The new figure, totally considered, is bounded by 1- straight lines 
instead of the original 3. 

Stage 2. We work with .4,C, as specimen, repeating the construction on each 
of the other 11 sides. On the middle third, 

A 2 C 2 , of we construct an equilateral 
triangle A 2 D 2 C 2 , extending outward, and then 
remove A 2 C 2 from the configuration (this is 
analogous to the work of Stage 1). The segment 
A X C X is thus replaced by the broken line 
A x A 2 D 2 C 2 C x , with corners at A 2 , D 2 , and C 2 . 

The new figure then is bounded by 48 line seg¬ 
ments, of which A 7 D 2 is a specimen. 

We now proceed with the same sort of con¬ 
struction as in the two stages just detailed, a 
construction which can clearly be continued 
indefinitely. In the limit we conceive of a contin¬ 
uous curve (called “The Snowflake,” for obvious reasons) consisting completely 
of corners, hence having no unique tangent at any of its points. To complete the 
catalogue of its rather bizarre properties we must mention that this closed 
curve contains a finite area (it can, for instance, be drawn on a postage stamp) 
but is infinite in length.f 

8 . Construct carefully several successive stages leading to the “ Anti-Snowflake” 
curve, analogous to the Snowflake curve but with each equilateral triangle after 
the original pointing inward. Discuss the nature of the curve. 

9. Explain the meaning of the following statement: Possession of a derivative at 
a point is a “stronger’’ condition to place upon a function than that of con¬ 
tinuity at a point. 



4,14 Summary and Miscellaneous Exercises 

The concept of continuity of a function is the theoretical highlight of this chapter. 
A fundamental property of functions, its possession by a function implies other 
important properties (§§4.10, 11). It is, then, rather startling that the property of 
continuity in a function is not sufficient to imply possession of a derivative; the 
implication being the reverse, the derivative property looms even more important 
(§4.12). Some knowledge of these theoretical matters is necessary equipment in 
coming work; the words “continuity” and “derivative,” or their equivalents, stud 
the following pages. 

Miscellaneous Exercises 

1. Find each limit: 


(a) !™ 

(c) 5 ? 

(e) lim x _ 0 (1 - 10' l/x ) 

(g) !“ log z - 10 3 
(i) lim z _, (\/x + ^/x) 


(b) lim 


x 1 4- ax 
x 4 4- bx 

(d) lim tan - 
/-» x 

(0 lim (I - 1 0 —) 

Vx + h - y/x 

h 

(j) bnw 


(h) lim 

A-0 


(V* + 4 - Vx - 1) 


C Tv at thC l Xlh found m Va/hematics and the Imagination, bv 

Kasner and Newman (Simon and Shuster. 1940), Chapter IX, p. 350; discussion of its 

inThTZZ' h" P r ° pe ""? lx ' Eil,s 0,1 P- 3,4 Other -pathological" curves are mentioned 
m this same chapter, which aims to present the essence of calculus to the lay reader. 
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2. What is 

(a) lim,_ 2 lO'"*- 2 ’? (b) lim, 


10 ' 


(c) 10 


-l/(x-2> 


■? 


3. Show that/(x) — 1/(1 + 10 *), x 0, has different right- and left-hand 

limits as x ► 0. 

4. Show that lim_, (+) f(x) = 3, lim^ I( _, f(x) = 2, if 

fix) - 3 10 ’ * * la 

5. Suggest simple examples (graphical ones will suffice) to deny the theorems of 
§4.11 if the function considered is not continuous on the closed range. 

6. Discuss continuity and discontinuity, and vertical asymptotes, of 

/(x) = j(* 3 + **)/(** - x), x * 0, 1 
1 0, x = 0 


Draw a graph. 

7. Discuss discontinuities of the contrasting functions: 

(a) /(*) = 2-'"', z * 0 (b) f(x) 




J 


= (2" ,/ - , ( x ^ 0 
12, x = 0 


10 


l/M 


X 5* 


:} 


(c> /(x) = r * x * 

(0, X = 

8. Discuss discontinuity for 

fix) 

°\ X 

Can this function be refashioned into one which is everywhere continuous 
(cf. Fig. 4.5.1)? 

9. Discuss continuity, in general and at O : (0,0), for: 

(a) fix) = x • j x | (b)/(x) = x 2 - | x I (c) fix) = | x |/x 

1 0. Let V = fix) be single-valued over a range R(x), and let both f'(x) and J"(x) 
exist on R. Discuss each statement: 

(a) Both /(x) and f’{x) are continuous overR. 

(b) The tangent toy = /(x) is turning continuously as x traverses R continuously 
(from left to right). 

(c) The graph of y — /(x) can have no corners for x on R. 

Show that both the functions 


1 1 


/.(x) 


1 

x sin —. 


0, 


x ^ 0 


0 


/*(*) = - 


2 • 1 
X sin-, 


0, 


x ^ 0 


0 


are continuous at 0, but that/'(0) does not exist,/'(0) = 0. [Use the difference- 
quotient with x* = 0.] Defend these results graphically. 

1 2. Prove that if /(x) = P m (x)/Q n {x) t (in which P m (x) and Q n (x) represent poly¬ 
nomials in x of degrees rn and n respectively, and without common factor) and 
if m ^ n, then lim,_^/'(x) = 0. [Find the degrees of numerator and denomina¬ 
tor of/'(x).[ 

13. If /(x) = P(x)/Q(x), a quotient of polynomials, and Q(x) has the factor 
(x — c) but P(x) does not, show that lim^ /(x) = co t lim_, /'(x) = co, but 
lim,_, /(x)//'(x) = 0. [Write Q(x) = (x — c) n R(x), with R{x) a polynomial 
prime to x — c.J 
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14. Prove the theorem: If f(x), defined on a rangeR, is continuous at £ x » 

and if f(x*) > a, then there is an interval including x* over which j{x) '• 

Similarly if/(x*) < a. Discuss from a graph. 

1 5. If u(x) is a continuous function of x and f(u) is a continuous function of u, t len 
f[u(x )J is a continuous function of x. Prove this result. 



<(5)> Derivatives, Graphs, 

and Extreme Values 


5.1 Smooth Functions 

In this chapter we turn to a study of the large problem of curve tracing , 
the construction of a graph from its important features rather than from 
a laboriously compiled table of random points. The derivatives of a function 
are the principal tools. This project extends through the next several 
sections and is resumed at intervals throughout the course. From such 
study we not only are aided in drawing graphs; we also gain geometric 
insight into the extreme value problem and its important applications. 

The simplest type of graph is that of a “smooth” function. The single- 
valued function y = f{x) is called smooth over the range R*(.r) if f'(x) 
is defined and continuous over R*. A smooth function is necessarily con¬ 
tinuous over its range and has a unique, non-vertical, tangent at each 
point of its graph. 'I he graph of a smooth function is likewise termed 
smooth. Figure 5.1.1 is a representative smooth graph. The descriptive 



adjective “smooth” is a reflection of the geometric continuous turning of 
the tangent, implied by the continuity of /'(x) assumed in the definition. 

\\ e first consider the problem of graphing a smooth function, using 
the analytic information which we can extract from the function and its 
derivatives; this information is discussed in §5.2. Later, §5.5, we shall 
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see how the graph of a more complicated function can be put together 
from smooth pieces. A glance at Figure 5.5.1 (p. Ill) will illustrate this 
remark (note that Fig. 5.1.1 is a component part of the larger figure which 
is not smooth at several points). 

Examples. The polynomial function y = x 4 — 4x 3 + 5, having derivative 
y = 4x 3 — 12x 2 which is continuous for all x, is smooth over the entire range of real 
numbers. Indeed, any polynomial is smooth over the real range. 

The function y = 3x i,J — 20x is smooth for all real x because its derivative 
y' = 5x J — 20 is continuous for real x. 

The function y = 3x* — 4x has derivative y' = x~* — 4, with infinite discontinu¬ 
ity at x = 0. The tangent at O: (0,0) is vertical. The function is smooth on each of 
the separate ranges x < 0, x > 0. 

The function y = \x \ has a corner at O; it is smooth on the separate ranges 
x < 0, x > 0. 

5.2 Critical Points, Concavity, and Points of Inflection 

Let y = J(x) be a smooth function over the range R*(x). Three important 
features which indicate the trend of the graph are to be distinguished and 
discussed; we use Figure 5.1.1 for suggestions. 

I. Critical Points. A point ( x,y) such that the abscissa x satisfies /'(x) = 0 
is called a critical point. At a critical point on a curve the tangent is hori¬ 
zontal. The curve is rising [ f'(x) > 0) or falling (/'(x) < 0) except at its 
critical points, and these arc sometimes therefore called “stationary”. 
The points A, B, C , of Figure 5.1.1 are examples of critical points. Location 
of critical points and construction of the accompanying horizontal tangents 
provide guidance in tracing the graph. (We shall sometimes use the abbre¬ 
viation C.P. for critical point.) 

Example 1. The function y = x 4 - 4x 3 + 5, with derivative y ' = 4x 3 — 12x 2 , is 
smooth for all x. Abscissas of the C.P. are solutions of 

4x 3 - 12x 2 = 4x 2 (x - 3) = 0. 

These are x = 0, x = 3, and the C.P. are C: (0.5) and A: (3,-22). [Cf. Fig. 5.3.1, 
p. 109.) 

Example 2. The function y = 3x ’ 3 - 20x, with derivative y' = 5x 2/3 - 20 is 
smooth for all x. We solve y' = 0 through the chain 

5x* - 20 = 0, x l = 4, x* = ±2, x = ±8, 
finding the C.P. to be (8,-64), (-8,64) (Cf. Fig. 5.3.2, p. 109). 

II. Concavity. The smooth arc JBV 2 of Figure 5.1.1 is traced from left 
to right with a clockwise sense of turning; the accompanying tangents are 
turning continuously in a clockwise sense; the arc lies always below its 
tangents and opens downward. Such an arc is termed concave downward. 
In contrast, the concave upward arc IAJ is traced from left to right with a 
continuous counterclockwise sense of turning of its tangents, the arc lies 
above its tangents, and opens upward. The smooth graph from V i to V 
is a succession of arcs which are concave upward or downward. 
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It is geometrically instinctive (cf. Figs. 5.2.1, 5.2.2) that upward con¬ 
cavity of a smooth arc arises from increasing tangent-slope along the arc: 
on IA J tangent-slope increases continuously from a negative value at / 
through the value 0 at A to a positive value at ./. On the other hand, 
decreasing tangent-slope brings about a concave downward arc: on JBv\ 
tangent-slope decreases continuously through positive values to 0 at B, 
then through negative values to that at 7,. 


A Concave 

\ Upward / 


Increasing tangent-slope 
Fig. 5.2.1 


B 



Decreasing tangent-slope 
Fig. 5.2.2 


Increase, decrease, of tangent-slope is increase, decrease, of /'(*), and 
is predicted (Theorem 2.5.1) from the sign of /"(z) on sub-ranges of 
R*(z). On a range R, for which /"(z) > 0 and finite, /'(z) will be in¬ 
creasing and the graph over R, will be concave upward; on a range R, 
for which /"(z) < 0 and finite, /'(z) is decreasing and the graph over 
R ’ is concave downward. In summary, we record the following sufficiency 
criterion for determining concavity: 

theorem 5.2.1. Let /(x) be smooth on R(x), with f'(x) finite there. 

I hen, (i) If f '(x ) > 0 on R(x) the graph y = /(x) is concave upward ; 

(“) If f 'M < 0 on R(x) the graph y = f(x) is concave downward. 

The technique of applying Theorem 5.2.1 is simple. Working from 
/"(*) we construct an auxiliary “concavity chart”: we first mark on 
the x-axis (follow Fig. 5.2.3 attached to Example 3 below) all the abscissas 
for which either f"(x) = 0 or /"(x) is undefined; we assume a finite number 
of such points. These points subdivide the axis into sub-ranges S over 
which /"(x) is finite and has definite sign; to these sub-ranges we apply 
the criteria of the theorem. [Recall similar technique in §2.4.] 

Example 3. The function y = x 4 — 4x 3 -f- 5 has derivatives 

y' = 4x 3 - 12x 2 , y" = 12r 2 - 24x = 12x(x - 2); 
y" is everywhere finite and continuous, /(x) is smooth. On the concavity chart 


cone, up f"=0 

f"(x )>0 { 

cone, down 

f"(x)<0 

f"=0 

} 

cone, up 

f"(x)>0 

x<0 x =0 

t 

0<x<2 

x -2 

t 

x>2 

1 

C:(0,5) 


I:(2, 11) 



Fig. 5.2.3 
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(Fig. 5.2.3) we mark the abscissas x = 0, x = 2, for which y" = 12x(x — 2) = 0. 
On the three sub-ranges created by these two points we indicate the sign of y ; 
thus, if 0 < x < 2, y" = 12x(x - 2) = 12(+)(-) < 0. From the results displayed 
on the chart we conclude, according to Theorem 5.2.1, that: 

if x < 0 the graph of y = /(r) is concave upward 

if 0 < x < 2 the graph of y = f(x) is concave downward 

if x > 2 the graph of y = /(x) is concave upward. 

The reader may visualize these findings on the completed graph, Figure 5.3.1, p. 100. 
Example 4. The function y = 3x 6/3 — 20x, with derivatives 

y' = 5z* - 20, y" = (10/3)aT‘, 

is smooth for all real x. The derivative y"(0) = <*>, otherwise y" is continuous but is 
never zero. Marking x — 0, y” = ®, on the concavity chart (Fig. 5.2.4), we judge 
the sign of y" on the ranges x < 0, x > 0: when x < 0 we have x* < 0, x"* < 0, and 
y" = (+10/3X-) < 0; when x > 0 we find y" > 0. By Theorem 5.2.1: 
if x < 0 the graph of y = f(x) is concave downward 
if x > 0 the graph of y — /(x) is concave upward 
[Cf. Fig. 5.3.2, p. 109 for the completed graph). 

cone, down f"=co cone. up 
f''(x)<0 l f"(x)>0 

x <0 x *0 x >0 

Fig. 5.2.4 

In general, f"(x) is continuous on a sub-range S of the concavity chart 
between successive points where f”(x) = 0 or is undefined. In this case, 
its sign is invariant (unchanging) over the entire range S and can be deter¬ 
mined as the sign of f"(x*) where x* is any conveniently selected point of S. 
For the sign of continuous/"(*) cannot change, say from — to -f, unlessf 
f”(x) assumes the value 0 or =fc ®; this event injects another marked 
abscissa on the concavity chart between two already successive points, 
an evident contradiction. Ability to obtain the sign of f"(x) on an entire 
range from that at a single, conveniently selected, point is especially 
useful if the factored form of f"(x) is difficult to handle. 

Example 6. For y = x 4 - 10x 3 — fix 2 + 90x, we have 

y" - 12x 2 - 60* - 12 = l'2(x 2 - 5x - 1). 


- y (x)>0 -* 

y"(-i)>0^ 

*- y ”(x) < 0 - 

^y"(0)<o 

<- y''(x)>0 - 

^-y"(6)>0 

- 1 1 

1 ! 

0 s 1 

<2 = T(5-^9) > 

- 1 -— 

6 

c i = T (5+v/29) 


Fig. 5.2.5 


The roots of y" = 0 are x, = J(5+ V29),x 2 = }(5- \Z29);x, = 5.2, x 2 = -0.2, 
approxim ately. The concavity chart is shown in Figure 5.2.5; x, , X 2 , are the only 

tThe argument is based on intuition concerning continuity; it can be made rigorous 
by Bolzano s Theorem 4.11.3. 
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division points, ami y" is continuous on the sub-ranges. Since y"(— 1) = +60, we 
have y" > 0 to the left of x 2 ; since y"(0) = -12, y" < 0 between x, and x. : since 
p"(6) = +, y" > 0 to the right of x, . 

III. Points of Inflection. The third important feature of the smooth are 
V X AB V 2 of Figure 5.1.1 is the fact that the points C, 7, J, separate arcs of 
different concavities. At these points the sense of turning in tracing the 
curve changes from clockwise to counterclockwise, or vice versa. A point 
P\ ' (*i , Vi) is called a point of inflection on the graph of y = f(x) if P x 
separates arcs of different concavities. The curve necessarily crosses its 
tangent at such points, and point and tangent are good guides in making 
the trace. In Figure 5.1.1, C is both point of inflection and critical point, 
tangent-slope being zero; 7, J, are points of inflection with non-zero tan- 
gent-slope. (We sometimes use P.I. as abbreviation for point of inflection.) 

The abscissa x, of a point of inflection must be such that /"(x,) = 0 
or is undefined; otherwise, f"(x t ) is finite with definite sign and cannot 
separate ranges of opposite concavity. Hence, all possible points of inflec¬ 
tion already are marked on the concavity chart. Not every such point is, 
however, a point of inflection, for concavity may be the same on both 
sides of one. Rejecting these, we immediately find all points of inflection 
from the chart. 

Example 6. From the concavity chart (Fig. 5.2.3) for y = x 4 — 4x 8 + 5 (Example 
3) we immediately select C: (0,5) and 7: (2,-11) as P.I. 

From the concavity chart (Fig. 5.2.4) for y = 3x 6/3 - 20x (Example 4) we find 
(0,0) to be a P.I. 

Example 7. If y = x 4 , y ' = 4x 3 , y" = 12x 2 ; from y" we judge x = 0 to be the only 
possible abscissa for a P.I. But y" > 0 for both x < 0 and x > 0, concavity is up¬ 
ward on both sides of x = 0, and the candidate fails to qualify. 

5.3 Curve Tracing (Smooth Functions) 

Effective graphs of smooth functions are readily constructed from the 
tools developed in §5.2. The present section completes the graphs of the 
entirely smooth functions used as illustration in §5.2. 

Example 1. [Extension of Examples 5.2.1, 3, 6] For 

y = x* — 4x 3 + 5, y ' = 4x 7 (x - 3), y" = 12x(x - 2), 
we have continuity and smoothness of the function for all x, as well as finite y"\ we 
found 

C.P. at C: (0,5) and A: (3,-22); 
we recorded concavities as indicated in Figure 5.2.3, with points of inflection at C 
and at /: (2,— 11). We firstf locate (Fig. 5.3.1) the two C.P. with a horizontal tan¬ 
gent at each; at the inflection point 7 we draw the line of slope — 16 = /'(2) to serve 
as tangent there. All portions of the curve are to be drawn in continuous arcs with 
continuously turning tangent. Following the dictates of the concavity chart we 
sketch in these arcs as follows. In coming in to C from the left we draw a continuous 
arc with continuously turning tangent, concave upward, and arriving tangentially 

tXole that we have used a larger x-scale than for y in Fig. 5.3.1 (and do so in many 
other sketches). The greater horizontal spread often results in more legible graphs. 
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5-4] 


to, and above, the horizontal line through C. We proceed to the right from C, leav¬ 
ing tangentially to, and below, the horizontal line through C on a continuous, 
concave downward, arc with continuousl>' turning tangent; we continue in this way 
to I, coming in along and beneath the tangent already drawn at /. Leaving / 



along but above the tangent we turn the arc concave upward again, shaping it so 
as to be tangent to the horizontal line through A and lying above it on both sides 
of A. The graph continues concave upward beyond A. A few extra guiding points, 
such as (1,2), will help in producing a good figure. The curve near C is aptly de¬ 
scribed as a “chute”. A is to be termed a “minimum” point. 

Example 2. [Extension of Examples 5.2.2, 4, 6) For 

y = 3x V3 - 20x, y' = 5x 7/ * - 20, y " = (10/3)aT ,/3 , 

we have continuity and smoothness for all x. We found 
C.P. at A: (8,-64), and B : (-8,64); 
we recorded concavities as shown in 
Figure 5.2.4, with a P.I. at O : (0,0). 

These points and their accompanying 
tangents [the slope of the tangent at O 
is y'(0) = — 20| are first placed on the 
graph (Fig. 5.3.2). Noting the symmetry 
of the curve in the origin [since (— x,— y) 
satisfies the equation y = 3x s/3 — 20x if 
(x,y) does] and following the instruc¬ 
tions as to concavity and smoothness, 
we draw in the arcs of the graph to fit 

the fixed points and tangents. Fig. 5.3.2 



5.4 Exercises 

1. (a) Show that y = x 3 is concave up for x > 0, down for x < 0, and (0,0) is a 
point of inflection. Graph. 

(b) Show that y = x 4 is always concave up, and (0,0) is not a point of inflec¬ 
tion. Graph. 
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(c) Discuss the locus y = x", n ^ 2 an integer, as to concavity and point of 
inflection at 0. Draw a composite graph showing several curves of this 
type. 

2. Prove that the graph of y = x 4 + x 2 + 10 is everywhere concave upward 
without point of inflection. 

3. Prove that the parabola y = ax 3 + bz + c, a 0, is everywhere concave up 
if and only if a > 0, down if and only if a < 0, and is without point of inflection. 
Show that its only C.P. is (—6/2«, (4 ac — b 3 )/4a). 

4. Trace the parabolas (a) y = z — 2x + 3; (b) y = 60x — 5 z. 

5. Trace each locus: 

(a) y = x 6/3 (b) y = x 4/3 (c) y = x 3/2 

(In (c) the graph is tangent to the x-axis on the right.) 

6 . Trace the cubics: 

(a) y=x 3 - Ox 3 (b) y = x 3 - 27x 

(c) y — x + 9x + 10 (d) y = x 3 - 3x 2 - 9x + 10 

7. Trace the quartic polynomials: 

(a) 4y = z* + 4x 3 

(b) y — 3x 4 8x 3 + 6x 2 + 1 [use y" = 36(x - J)(x - 1)| 

(c) y = x 4 + 2x 3 + 8x + 16 \y' = 2(x 2)(2x 2 - x + 2) by the 

Factor Theorem, the quadratic factor never zero (why?)) 

(d) y = z* -\- 4x 3 — 18x 2 + 20x - 300 \y' = 4 (x - l) 2 (x + 5)) 

(e) y = x 4 - 2x 2 + 8 

8 . Trace: (a) y = x 2 - 4x«, x ^ 0 [P. I. (9/4,- 135/16)) 

(b) y = 2x 6/a - 40x + 96 

9. Sh ow that y = (x — 4) y/x, x 0, is concave up for x > 0, but that y = 
zV 4 — x a , I x | ^ 2, is concave up if x < 0, down if x > 0, with a point of 
inflection at the origin. 

1 0. Find the parabola y = ox 2 + 6x + c with a critical point at (2,— 9) and passing 
through (4,-5). [/Ins. y = x 2 — 4x — 5.) 

1 1. Find the cubic y = ox 3 + 6x 2 + cz + d having a critical point at (1,-28) and 
a P.I. at (-2,26). [Ans. y = x 3 + 6x 2 - 15x - 20.) 

1 2. Find the cubic y = ax 3 + bz 3 + cx + d passing through (1,0) and having (2,1) 
as a point of inflection with horizontal tangent. [Ans.y = z — 6x 2 -f 12x — 7.) 
1 3. On the same set of axes draw the graphs of y = f(z) = 2x -f 3x 2 — 36x — 11, 
of y' = /'(x), and of y " = f”(x), and correlate (a) the abscissas of zeros of y' 
with those of C.P. of y, (b) the abscissas of zeros of y" with those of C.P. of 
y' and of P.I. of y. Is your correlation general for /(x) a polynomial? 

1 4. Repeat Exercise 13 for the function y = 4 + lOx — 12x 2 + 6x 3 — x 4 . 

5.5 Curve Tracing (Extension) 

To begin the trace of more general y = /(x), single-valued where defined 
on its range R(x) of extent, we first note points of discontinuity and indicate 
these on the graph; if the discontinuity is an infinite jump we draw the 
associated vertical asymptote. (Watch Fig. 5.5.1.) The graph is thereby 
broken into continuous pieces, and is called piecewise continuous on R(x). 
The derivative f'(x) is undefined at these points of discontinuity of f(x). 
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Any other point at which f'{x) is not defined will occur at a point of con¬ 
tinuity of /Or), at one with vertical tangent [f\z) = ± ® at F, , V 2 , V :t ] 
or at a comer, K. Location of these points further breaks down the graph; 
assumption that otherwise f'(x ) is continuous makes the basic pieces 
smooth [e.g., the piece over R*(z)| and the graph is termed piecewise 
smooth. To each smooth piece we can apply the analysis already worked 
out (§§5.2,3); the constituent pieces compose the complete graph. 



It is convenient to extend the definition of critical point to include points 
(x,y) such that the abscissa x satisfies the condition f'(x) = =t ® as well as 
those for which x satisfies the condition f(x) = 0, as before. Since the 
new type is a point on the graph at which the tangent is vertical , we dis¬ 
tinguish it by writing “critical point (V),” using the term “critical point 
(H)” for the former variety with horizontal tangent. We locate all critical 
points and their associated tangents on the graph for guidance. (We 
sometimes abbreviate with C.P.H. and C.P.V., with obvious meaning.) 

The concavity chart is as before; indeed, it can be constructed at once 
for the entire range R(x). In particular the critical points (V) are already 
located on it, since /"(x) = ® if /'(x) = ®. 

The extent of the curve, and any symmetries, should be studied as a 
preliminary; intercepts are easily found points. Asymptotes are important 
guiding lines. A brief discussion of vertical and horizontal asymptotes 
will be found in §5.6; attention is called to Theorem 5.6.1 which quickly 
locates nonvertical asymptotes in many elementary cases. 

Example 1. The derivatives of y = f(x) = 3(x — 1)* + 2x are 

2/' = 2(x - 1)" ,/3 + 2, 2/" = -!(* - 1)" V3 ; 

f{x) is everywhere continuous. Since, by inspection, xf = a> if and only if x = 1 
the point B : (1,2) is the only C.P.V.; the vertical tangent at B separates the graph 
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0 , equivalen t"to “IT-! 

find the point ri: (0,3) to be the only C.P.H. The second derivative y" s nJeriero 

7 '“I “H d ° n f ' y 11 * = >• Tlle concavity chart is as sijvn (Fig5 5 3) 
X, < 0 °n both S'desofr = 1 slnC e the even power (i - l)-‘ /3 = [( x _ j)?n? > q 

There is no po.nt of inflection since concavity is always downward In completine 
the bITc™" 1 ' * SrriVC 81 and ^ * -S^ vertical £»Sg 

^|A:(0.3) 


B:(1.2) 


Fig. 6.5.2 
Example 2. We study 


with derivatives 


x 

x + 1 


x - 1 + 


x(x 4- 2) 
lx 4- D 2 ' 


cone, down 1 C onc. down 

f"<0 | f"<0 

0 x < 1 

t 

X >1 

t 

(A) 

(B) 


Fig. 5.5.3 

1 


x 4 - r 

x^ -1, 

2 


(X + 1)*’ 

X 5* -1. 


i ne initial long division often eases the derivative process, and throws y = f( x ) 
into form for finding the oblique asymptote y = * - 1 by Theorem 5.6.1. We locate 
this asymptote and its companion vertical asymptote x = - 1 ; otherwise the curve 
will be continuous and smooth (Fig. 5.5.4). There are C.P.H. at O : (0,0) and 


x = -l 


y=x-l 


(-2,-4) 


Fig. 5.6.4 
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(-2,-4); there is no C.P.V. and no P.I.; y" > 0 for* > “ !• V ® 
The graph is easily constructed from this information. 


< 


- 1 . 


5.6 Something About Asymptotes 

Suppose that y = /(*) is single-valued and that its graph C emends 
indefinitely far as * or y (or both) becomes infinite. Suppose 
x or y sufficiently large the derivative y' = /'(*) exists, so that the g p 
C has a tangent at all far off points on its indefinitely extended reaches, 
thus, although /(i) may be discontinuous at various finite points, it is 
eventually continuous. 


definition. The finite line L is said to be an asymptote of the curve 
C if as a point P moves out indefinitely far along C, (i) the distance d 
between P and L approaches zero as a limit ; (ii) the slope of the tangent 
to C at the point P approaches the slope of L as limit (or becomes infinite 
if L is vertical). 


The meaning of the definition is illustrated in Figure 5.6.1, if the reader 
will provide the essential cinematic effects. The distance d = \ hP \ \n 
all three cases, F being the foot of the perpendicular from P to L. In 



Fig. 5.6.1 


the case of an oblique asymptote, however, as in part (c) of the figure, 
it is customary to use instead of d the distance d' = | PP' |, where P' is 
the intersection of L and the vertical line through P, since clearly if d' —* 0 
then d = d' sin P'PF — 0. 

Vertical and horizontal asymptotes are generally easily found. The line 
x = x x is a vertical asymptote of y = f(x) if lim,-„ f(x) = The 

line y = y x is a horizontal asymptote if lim f(x) = //, as x —* + <» or as 
x — co; the line lies above the curve if the limit is //,( + ). below if the 
limit is y x ( —). Figure 5.6.1 (a), (b), illustrates. Horizontal asymptotes 
are included in the mechanics of Theorem 5.6.1, below. 
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Example. 1 lie line x = 2 is a vertical asymptote of 


(x 7 + 1)VT- 2* 

in general, x = c is a vertical asymptote of 

F(x) 

y ~ gw - c y m * °- 4 > °- 

Oblique asymptotes are, in general, more difficult to detect; in fact, their 
detection often depends on the special nature of the function and require" 
special methods he shall be content here with a rather general theorem 
which covers a large class of functions. 


theorem 5.6.1. If 

(1) y = /(*) = (mx + b) + F(x) 

and if F(x) and F'(x) both] approach zero as x becomes infinite, then the 
line L -.y = mx + b is an asymptote of the curve y = /(i). The curve lies 
above or below L according as F(x) > 0 or < 0 for sufficiently large x. 


. 7° , p " >ve ] h « th eorem we suppose that (1) is the curve C of Figure 
5 . 6.1 (cLand th«|» - mx + b is the line L ofthe figure. The distance 
t 7 1 F . ,P \ \ f 1 P ' P ' 1 “ rf '- Th en, 0) d ' = | P,P, \ = | /(*) _ ( m * + 
5) | - | F(x) I — 0 by hypothesis; and (ii) /'(*) = m + F'(x) — m, the 
slope of L, also by hypothesis. Both parts of the definition have been 
satisfied, and the first part of the theorem is proved. The second part is 
readily argued. 

Example 5.5.2 illustrates use of the theorem. 


5.7 Exercises 

1. Construct and contrast the graphs of: (a) y = x { (b) y = x * 

(Note that O: (0,0) is a C.P.V. for both, but is a P.I. with vertical tangent for 
(a), a cusp minimum for (b).) 

2. Discuss and trace: 

(a) y = x 1 + 5 (b) y = 12x* - x 

(c) y =. 3x ' - x [C.P. at. (0,0), (8,4); no P.I.) 

(d) y - S/3x + 1 - x + 1 

3. Contrast the following loci as to asymptotes and concavities: 


(a) 

y = x + 1/x 

(b) y 

= 

X + \/x 2 

Trace each curve: 




(a) 

+ ** +1 



x - 1 

y x 1 

(b) y 


(X + l) 2 

(c) 

x 2 

y X + 1 

(d) y 

= 

^ + x + l 

X 4- 1 


fThe condition F'(x) —* 0 as x -*<*> can be proved from the firet, F(x) —* 0 as x —»<«>, 
by use of the Theorem of Mean Value, to In* established later. At present, however, we 
include it for the sake of simple proof by ap|>eal to the definition of asymptote. 
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(e) y = i + 1 + (3x + O'' (0 » = 2i + 1 + (* + D * 

(g) y = x/(x - l)(x - 3) (h) V = (X s + 1)/* 

[4ns. (b) x = —1, y = 0, asymptotes, (3,1/8) C.P.H., (5,1/9) I-l _ 

5. Discuss and graph the locus y = « + 6 + (2x + l)' 1 in the cases (a) m - 0, 
6 = 8; (b) m = 1 , 6 = 1; (c) m = 8, 6 = 0. 

6. Concerning the rational function y = PM/Q.M. where P.M.J. W>. 

polynomials of degree m, n, respectively, and prune to each other, prove, 
(i) any linear factor x - c of Q. gives the vertical asymptote x -c, (n) a 
non vertical asymptote is determined according to Theorem 5.6.1 il*s n T *> 
but if m > n + 1 there is no nonvertical asymptote. * 

7. Cornered functions. To obtain most readily the graph of y = I * + 4x — 5 |, 
which will have corners (§§2.4, 4.1), we graph xj = f(x) = x + 4x - 5 accord¬ 
ing to present methods and then reflect the negative ordinates through the 
the x-axis. Discuss and graph: 


(a) y = | x 2 -f 4x — 5 | 

(c) y = I x 7 - 1 | 

8. To obtain most readily the graph of xj 
wise definitions xj — x- f- x = 2x, x 0, 
and graph: 


(b) y = | x - 1 | 

(d) y = I 3x‘ - 4x | 

= X + I x I we use the equivalent piecc- 
= x -f (-x) = 0, x ^ 0. Discuss 


(a) y - x + | x | 

(b) y = l 

- 1*1 

(c) y - x 3 + | x | 

(d) y = a 

= 1*1 

9. Graph: 


x, x S 0 

« V - F- * 5 °j 

(b) y = < 

x’ - x, 0 g x s 2 

U, X <o\ 


*, x a 2 


In the graphs obtained in Exercises 7-t» what points might he termed (a third 
type!) critical points unth a corner (C.P.C.)? What points are points of inflec¬ 
tion? What points are highest or lowest points? 


5.8 Curve Tracing (Extension); Singular Points 


An equation of the form 

( 1 ) y 2 = m 

defines a locus which is symmetric in the 
s-axi s ov er the range for which y = 
±V7w is real and double-valued. The 
simplest way to plot the locus is to discuss 
that of the single-valued 

y = V7(x) 

and reflect this branch through the x-axis. 

Example 1. The curve C: y = x(x — 4) 2 , de¬ 
fined for x ^ 0, is symmetric in the x-axis. We 
discuss y = y/ x(x — 4), x ^ 0, in the usual 
way, readily finding the heavy curve in Figure 
completes the graph. 



5.8.1. The reflected dotted curve 
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If we proceed directly from the original y 2 = x{x — 4) 2 , we find 
® 2 yy' = (x - 4)(3x - 4). 

Tins fails to define (/' uniquely when x = 4 since both sides vanish for this value. 
\\ e seek limiting information in this case, from 

(3) Iim y- = lim ■ - 4X3z - 4) = |jm (x - 4)(3x - 4) 

^ ±2 Vx (x - 4) 

= lim — = ±2. 

*-« ±2vx 

3''l d0U f b f l r Signe '. 1 iri 1 . for / “ 1 — 4 the (wo tangents with these 

slopes at the point N: (4,0); such a point is called a node because of the "knotted” 


The node found in Example 1 is one of several varieties of "singular 
points” of curves. In discussing the equation C: f(x,y) = 0 we find y 
from [cf. Equation (3.5.9) and (2) above] 

G(x,y) + H(x,y).y, =0, y, = - G (x,y)/H(x,y), (x,y) on C. 

Hence the equation of the tangent to C at P,: (x, , y t ) is 
(4) x-G(x i , 2 /,) + yH(x x , y x ) = x,-(?(x, , y x ) + y r H(z x , y x ). 

Unless G(x, , y x ) = H(x x , y x ) = 0, this tangent equation has content as 
an oblique, a horizontal, or a vertical, line. But if both G(x, , y x ) = 
H(x x , y x ) = 0, the line (4) is illusory, and y, = 0/0 is not uniquely defined. 
In this case, however, we may obtain limiting values for y M as x —► x, ,y—*y x , 
to define limiting tangents at P, , as we did find two tangents at the node 
(4,0) in Example 1. 

A point P, on C for which G(x, , y x ) = //(x, , y x ) = 0 is called a singular 
point of C. The usual types are classified as follows. A singular point P, is 
(i) a node if two or more distinct tangents to C exist at P, ; (ii) a cusp if a 
unique but multiply-counting tangent to C exists at P, and C extends along 
the tangent on only one side of P, ; (iii) a tac-node if a unique but multiply- 
counting tangent to C exists at Pi and C extends along the tangent on 
both sides of P, ; (iv) an isolated point if it lies interior to a range on which 
C is otherwise undefined. Example 1 illustrates type (i); we proceed to 
exhibit the other types. 



Fig. 5.8.2 Fig. 5.8.3 


Example 2. For the semi-cubical parabola y = x 3 , x ^ 0 (Fig. 5.8.2) we find 
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2y y x _ 3 x a = 0 and y z = 3x 2 /2y ; for P, : (0,0) on the curve we have G = 3x 
and H = 2y = 0, and P, is singular. But 

lim (^r) = lim = lim (±§**) = 0(±). 

* .ir -*0 \2l/ / V = t2x 1 ' *-° 11 V. 

The line w = 0 is, then, the unique tangent to the curve at P, : (0,0), but shouldI be 
counted twice because of the double sign of the limit; it is the limiting position ot botn 
a tangent to the upper branch and one to the lower branch. Here Pi is a cusp. 

Example 3. The graph of y = x 4 (the 
pair of curves y = d=x 2 ) is shown in Fig¬ 
ure 5.8.3). Here G = -4x 3 , H = 2 y, are 
both zero at Pi : (0,0), but 

Hm = lim (±2x) = 0(±); 

\2 y / *-*o 

again is y = 0 a doubly-counting tangent 
to the curve at singular P, . Pi is called a 
tac-node: the mutually tangent branches 
y = ±x a “touch' 1 at Pi but extend on 
both sides of P, . 2 a 

Example 4. For the locus x — x y + 
y 2 =0 we find (2x 3 — xy 2 )+(y “ **y)!/•= 0, 
and P, : (0,0) is singular. Except for 
this point, however, the range of extent 
of the locus is | x | > 1, as we se e from 

the solution y = ±x 2 // x 2 — 1. T *‘ e singular point is called isolated (Fig. 5.8.4 
shows the graph of this “cruciform," readily obtained by usual methods). 
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1. Discuss and sketch, noting singular points: 

(a) y 7 = x(x - l) 2 (b) y 2 = x\x - 1) 

(c) y 2 = (x - a)(x - b) 2 , b > a 

2. Discuss and sketch (a) y = x a (4 — x 2 ), (b) y = x 2 (x 2 — 4). 

3. Discuss and sketch y = x(x — 4) 3 . 

4. The following theorem characterizes singular points of y 2 = F(x) : 


theorem 5.9.1 Let the curve C be gii'en by 

C: y 2 = (x - a) p /(x), p ^ 1 an integer, /(a) p* 0, 
with f{x) existing on the range of definition of C. Then: 

1. If p = 1, C has a vertical tangent at the nonsingular point P : (a,0) and P 
is an end-point of a segment of the x-range. 

2. If p > 1, C has a singular point at P: (a,0), typified as: 

(a) An isolated point if p is an even integer and f (a) < 0; 

(b) A node if p = 2 and f(a) > 0, the two branches through P having 
slopes =fc V /(a); 

(c) A tac-node if P is an even integer ^ 4 and f {a) > 0; 

(d) A cusp if P is an odd integer ^ 3. 


[The argument of the theorem rests on the form of 

= (x - a)’-'\pf(x) + (x - a)f'(x)] 

± 2 (* - a)' /2 Vm 
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in the several 2 cases.) For example, the theorem asserts that the locus 
y - x (x -+ 1) (x — 2)'(x — 4) has an isolated point at x = —1, a cusp at 
x - 0, a node at x = 2, a tac-node at x = 4 (Fig. 5.9.1). Apply Theorem 5.9.1 
to the illustrative examples of §5.8 and to Exercises 5.9.1, 2, 3. 

5. Discuss singular points and trace: (a) y 2 = x # ; (b) y* = x 2 ; (c) y 3 = x 2 . 



6. Contrast the loci: (a) y 7 = x 3 /(l - x), the cissoid] (b) y = x 2 (l + x)/(l - x), 
the strophoid. 

7. Discuss and trace y = x 2 /(x — 1). [Arts. 0 is isolated, (2,±2) extreme, 
(4, =fc4/\/3) P.I.) 

8. The curve x 3 + y* — 3 xy = 0 (the 
Y folium of Descartes) is symmetric in 

2 f \' y — x and has singular point 0. 

/ s']' 1 ' 1 * Rotate axes about 0 through 45° to 

/ / J obtain the transform y’ 2 = Jx' a * 

/ / / (3 - y/2x’)/{ V2x’ + 1), which 

A 1 x / A^_/C = »* can be discussed by Theorem 5.9.1 

rj.-y; U/ , V-y x *-x+l and traced on the x\y\ -axes (Fig. 

JL, 5 - 9 - 2 )- 

//S^X\ 1 9. Trace y* - (1 - y*)** = 0. [Ro- 

tate axes through 90°.) 

"^O j ~~l - X 10. Trace x 3 -f 1 / — 4 V2 = 0. 

2 11. Show that x 3 + V* ~~ 3xy +1 = 0 

Fig. 5.9.3 defines a straight line and a (dou¬ 

ble) point not on the line. 

1 2. That a curve may lie wholly on one side of its tangent at a cusp is illustrated by 
C:y 2 (x 2 — x -f- 1) — 2x 2 y -+ x = 0, singular at O. Solution for 


(1 J.) 
v 2 . 3 ) 

rl A.) 
' 2 ' 6 ' 


[1 ± Vx(l — x)] 


* " x 2 - x + 1 (x - hr + * 1 v /J 

reveals the range 0 ^ x ^ 1 . The trace is most easily effected point-by-point 
by first tracing y = /(x) = x 2 /[(x — j) 2 + j] and modifying each ordinate/(x) 
by both adding and subtracting f(x)y/x(\ — x) ^ /(x). Figure 5.9.3 shows 
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the curve, resembling an air foil and called the rhamphoid (Greek, 
beak) or Schnabelspitze (Ger.: beak-cusp). 

5.10 Relative Extrema 

On the curve of Figure 5.5.1 the points B, V x , K, are aptly terme 
relative maxima of y = /(x), for each is higher than all points of the grap 
immediately to its left and right. Points A, V 3 , are relative minima ot 
y = f(x). To make precise definition: let P x : (x, , U\) he a point on the 
curve; let R(x,-) denote a range of x lying immediately to the left of x 
and terminated by, but not including, x, ; let R(x, + ) denote a range 
of x lying immediately to the right of x, and terminated by, but not in¬ 
cluding, x, . 

definition. The point P x : [x, , /(x,)) is called a point of relative 
maximum [minimum) of y = /(x) if /(x,) is greater (/css) than f(x) for 
any x lying on a sufficiently small R(x, —) and R(x, -f-). Points of relative 
maximum and minimum of y = /(x) constitute its relative extrema. 

The adjective “relative” qualifies “extreme” because the extreme property 
for P x relates only to a restricted (sometimes quite small) range on both 
sides of P x . An individual relative maximum (say B of the figure) is not 
necessarily the absolute maximum t point on the entire range. 

We wish to characterize relative extrema analytically. In what follows 
we set aside any corner extrema, since these are best identified after 
construction of a graph (Exercises 5.7.7-10). We assume the following 
hypothesis: 

H*: /(x) is generally smooth, but at a finite number of points of continuity of 
f(x ) the derivative f'(x) may be infinite. 

In Figure 5.5.1 we consider the graph on the range 0 ^ x ^ d 2 or any 
part of it. The statement H* permits inclusion of points of the graph of 
y - /(x) at which the tangent is vertical. 

First, suppose P x : (x, , y x ) is a point of relative extreme of the function 
f(x) satisfying H*. It is graphically intuitive (Fig. 5.5.1 above 0 ^ x ^ d 2 ) 
that at an extreme point the tangent is either horizontal or vertical so 
that P x is a critical point, either a critical point (II) [/'(x,) = 0) or a critical 
point (V) [/'(x,) = oo]. This suggests the necessary condition : 

theorem 5.10.1. If y = /(x) satisfies //* and if P, : (x,, y x ) is a point 
of relative extreme, then P x must be a critical point and 

(1) /'(*.) = 0 or /'(*,) = «>. 

(This theorem, for a smooth function and critical points (H) is due to 
Fermat.) If, indeed, P x is assumed extreme but not critical, then neither 
condition (1) is satisfied and/'(x,) is finite and signed. But if f'(x x ) = k > 0, 
then f{x) > 0 throughout a range R' including x, because f'(x) is con- 

fHere this term is to be interpreted intuitively and literally; cf. §5.12 for precise 
definition. 
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tinuous where finite. This being so, /(z) is increasing as x increases through 
the value x t over R', and /(z.) cannot be extreme. Similarly, /'(z.) = k' < 0 
implies that f(x) decreases continually near x x and /(z,) cannot be extreme. 
These contradictions establish the theorem. 

Theorem 5.10.1 asserts that all relative extrema of functions satisfying 
II* must necessarily be found among the critical points. Location of all 
critical points of a function should, then, constitute the first step in finding 
relative extrema. On the contrary, an individual critical point is not 
necessarily a point of relative extreme: in Figure 5.5.1 the points C, C' 
(for which f\x) = 0) and V t (for which /'(z) = <*>) are critical points but 
are not relative extrema. We need testing ( sufficient) conditions under 
which critical points will be relative extrema. 

On the basis of the predictions of Theorem 2.5.1 it is easy to understand 
and argue, from the increase or decrease of /(z), 

theorem 5.10.2. Let P x : (z, , y x ) be a critical -point (of either variety) 
°f V = /(*)» assumed to satisfy II*. Then: 

(i) If /'(z) > 0 on R(z, —) but /'(z) < 0 on R(z,+), then y x - /(z.) 
is a relative maximum of /(z); 

(ii) If /'( x) < 0 on R(x, —) but /'(i) > 0 on R(i,+), then y , = /(i,) 
is a relative minimum of f(x ); 

(iii) Bul if /'(*) is of the same sign on both R(z,-) and R(x,+), then 
f(x ,) is not an extreme value. 

The assertions may be visualized in Figure 5.5.1 and others. As a non- 
graphical test of extrema the theorem gives complete information. More¬ 
over, the signature of /'(z) cannot change between successive critical points if 
f'(x) is continuous, and can be determined from the signature at a single 
point (as with f"(x) on sub-ranges of the concavity chart, §5.2). 

Example 1. For 

V = x — 1 + (3x — 1)- |/3 , y' - 1 - (3z - I)"" 3 , z * i, 
we have C.P.H. at A : (0,-2), B : (§,§). Because z = $ is a point of discontinuity 
we apply Theorem 5.10.2 separately to the ranges z < J and z > } of smoothness. 
We obtain the signature of /'(x) on the several ranges 

x<0, 0 < z < J, \ <x < f, z>§, 

from the signature at an individual point of each range; choosing these points 
“cleverly," we have 

(a) !/'(—7/3) = 1 - (-S)" 4 '’ = 1 - 1/16 > 0, so y\x) > 0 fori < 0 

(b) y'(26/81) = 1 - (-1/27)' 4 '’ = 1 - 81 < 0, so y\x) < 0 for 0 < i < 1/3 

(c) j/(28/81) = 1 - (1/27)- 4/j = 1 - 81 < 0, so y\x) < 0 for 1/3 < I < 2/3 
(<1) j/(3) = 1 - (8)~ 4/3 = 1 - 1/16 > 0, so j/(i) > 0 for i > 2/3. 

The signatures in (a) and (b) show (Theorem 5.10.2 (i)] that z = 0 is the abscissa 
of the relative maximum —2; and the signatures in (c) and (d) show [Theorem 
5.10.2 (ii)J that z = | is the abscissa of the relative minimum f. These results may 
be verified on a figure. 

In case f"(x) is continuous, as often happens in the practical applica¬ 
tions to be studied later, the following testing theorem can be swiftly 
and effectively applied. 
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THEOREM 5.10.3. Let the function /(x) be such that f'(x) continuous 
on a range including x, in its interior, with f\x t ) = 0. Then. 

(i) If /"(*i) < 0, P, : (x, , y x ) is a relative maximum of y = /Owl 

(ii) // /"(x,) > 0, P, : (x, , i/,) is a relative minimum of y = /(*)• 

We have found (§5.2) that if /"(x) is continuous its sign on a range between 
successive points for which /"(x) = 0 or is undefined can be found from 
the sign of /"(x) at any convenient point x* of the range, for signature 
cannot change except through the values 0, ®. A clever choice of the 
“convenient” x* is the abscissa x, of the very critical point (II) we are 
trying to identify. If, then /"(x,) < 0, the continuity of /"(x) implies 
that /"(x) < 0 both to the right and to the left of P,. Then f'(x) is decreas¬ 
ing on both sides of P, .To decrease to /'(x,) = 0 (from the left) /'(x) > 0 
on R(x, —); to decrease from /'(x,) = 0 (on the right) /'(x) < 0 on R(x, +). 
Hence /(x,) is a relative maximum, by Theorem 5.10.2 (i). Part (ii) is 
argued similarly. 

The theorem is not applicable if f n (x x ) = 0 (or «»), or if P, is C.P.V. 
Example 2. For (compare Example 1J 

y=x- l+(3*- l)' 1 '*, y' = 1 - (3* - l)-”, y" = 4(3* — 1) _T/ *, * ^ J, 
y" is continuous except at x = §. We have C.P.H. at A: (0,-2), B : (§,§). Since 
y”(0) < 0, A is a relative maximum ; since y" (§) > 0, B is a relative minimum, both 
by Theorem 5.10.3. 

Example 3. To illustrate failure of Theorem 5.10.3, study 

(a) y = x 3 (b) y = x 4 (c) y = x An 

for all of which O: (0,0) is the only C.P.H. In the first two cases, y"{ 0) = 0, in (c), 
y"( 0) = 00 ; in all three, Theorem 5.10.3 is of no avail. We revert to Theorem 5.10.2 
to find that 0 is a relative minimum of (b) and (c), a point of inflection with hori¬ 
zontal tangent for (a). 

Example 4. Consider 

(2) /(x) - 3(x - 6) a/3 (x - 12) 4/3 

(3) /'(*) = 6(x - 12) ,/3 (x - 8)(x - 6)“ ,/3 

f"(x) = 6(X* - 16* + 56)(i - 6)-'’(x - 12)' ,/J 

- 6[* - (8 + 2V2)][x - (8 - 2V2))(x - 6)- 4/, (* - 12)' 2 ' 3 , 

which the reader should verify. From (3) we find C.P.H. for A : (8, 3-2 ,0/3 ) and 
B: (12,0), and a C.P.V. at C: (6,0). Theorem 5.10.3 is not applicable at the C.P.V. 
at C, nor at B since/"(12) = ® . But/"(8) < 0 and .4 is a point of relative maximum. 
Reverting to Theorem 5.10.2 for identification of B and C, we find that B, C, are 
both relative minima. Figure 5.10.1 is the graph of (2). 


A 



Fig. 5.10.1 
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5.11 Exercises 

1. Show that the origin is the minimum of y = x", n > 1 an integer, if n is even, 
but is a P.I. if n is odd (Exercise 5.4.1). 

2. Discuss relative extrema for 

(a) y = x 7/3 (b) y = x 6/2 (c) y = x ,/3 (d) y = x An 

3. Show that the extreme point of y = ax + bx + c is maximum if a < 0, 
minimum if a > 0 (Exercises 5.4.3, 4). 

4. Study relative extrema in illustrative examples and exercises in previous sec¬ 
tions of this chapter. 

5. Show that y = x + x~‘ has a R. max. at (-1,-2) and a R. min. at (+1,2). 
Account for the fact that a "maximum” is lower than a "minimum.” 

6. Specify relative extrema for the cornered functions of Exercises 5.7.7-0 from 
the graphs there constructed. 

7. Use Theorems 5.10.2, 3, to determine and classify all relative extrema of each 
function: 

(a) y = 2x* + 5x 2 (b) y = (x 2 - 9)" 1 [An*. R max (0.-1/9).) 

(c) V = 3(x + 1)1 (x — 5) 2 [Ans. R max when x = }, R min when x = — 1 or 5.) 

(d) y = (4 — x) /(4 — 2x) [Ans. R min when x = 1.) 

(e) y = (x - 2) a/a - 1 (f) y = (x 2 - 4)(x + l) 2 

(e) V — (2x — q)*(x — a)* (Ans. R max when x = §a, R min when x = a.) 
(h) y = xVS — x 2 (Ans. R max when x = 2, R min when x = —2.) 

8. Contrast the behavior of y = a — 6(x — c)* and y = a — b(x — c)*, a, b, c, 

constants, at critical points. 

9. Show that y = (x 4 — 4x 3 + 7x — 7)/(x — 1) has neither type of relative 
extreme. (Find y' = 3| (i - 1) J - 2 + (i - 1)"*| = 3| (i - 1) - (x - 1) _1 | a .] 

1 0. For each function following, test the critical points for relative extremity: 

(a) y = f(x) = 3(x + 3)<(x - 2)* (Ans. R max (-3,0), R min (J, /(§)).] 

(b) y = f(x) = 6(x - 6)*(x - 13) 5/3 

(c) y = x/ix — l)(x — 4) (Ans. R min (—2,—1/9), R max (2,-1).) 

11. (a) Argue Theorem 5.10.2. (b) Argue Theorem 5.10.3 (ii). 

5.12 Absolute Extrema 


The least possible value of a function fix) on a specified range R(x) is 
termed the absolute minimum of fix) on R; the greatest possible value is 
the absolute maximum of fix) on R. Although these absolute functional 
extremes may occur for more than one choice of x on R, it is generally true 
in applications that a unique x provides the extreme. 

The reader will, watching Figure 5.12.1, agree to the following points. 
We generally assume fix) to possess continuous /'(*) [sometimes f”ix)] 
on R(x), except possibly at a finite number of points where f\x) = «>. 
The following statements are in terms of the absolute minimum, for 
concreteness; analogous statements pertain to the absolute maximum. 

(i) The range R(x) of admissible values for the independent variable 
must be specified in order that demand for the absolute minimum shall 
have meaning. On different ranges a function may have quite different 
absolute minima. Restriction on the range of the independent variable is 
usually inherent in the statement of a problem. 
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(ii) The least relative minimum of f(x) on the attack 

a leading candidate for the absolute nummum of /(*) on R 1» ^ ^ 

is therefore to locate all relative minima t of /(*) on K 
least of these, call it M *. 



(a) M*(least rel. min.) 
absolute minimum 
on a^x<b 

Fig. 5.12.1(a) 



(iii) But /(x) may assume a lesser value than A/* at an end-point of 
R(z), and this value will not generally appear among the relative minima. 
Thus, if R(x) is a £ x g 6, both /(a) and /(&) must be considered possi¬ 
bilities for the absolute minimum, along with the least relative minimum 
M*. If R: a ^ x < b is open at 6, the value /(6) does not directly enter 
the contest; but if* f(b) is less than Af* and /(a), the values of /(x), con- 
tinuously decreasing toward the limit /(6) as x —► b, can attain no absolute 
minimum on the open range. These matters are illustrated in Figure 5.12.1. 

From this basis we have two possible methods of further procedure. 
The first is to compute A/*, /(a), /(6), and pick out the least number of 
these three if the range is closed, but observe the remarks in (iii) if the 
range is open at either end or both. If, however, A/* is the only relative 
minimum on the range, the further fact that (a) /'(x) < 0 on the whole 
range to the left, /'(x) > 0 on the whole range to the right, of A/* (Theorem 
2.5.1), or (b) A/* is a critical point (H) and /"(x) > 0 over the whole 
range, will prove that Af* is the absolute minimum on the range. Some 
careful argument must be given. 

Example 1. A covered rectangular tank with square base is to contain 80 cu. yd.; 
the base will cost 3 dollars per sq. yd., the top and sides 2 dollars per sq. yd. What 
choice of dimensions will make the cost of the tank least, and what is this cost? 


fThe original concept (§5.10) of relative extreme was geometrically stated in terms 
of points of the graph. Clearly, however, if Pi(xi ,/(xi)J is a point of relative minimum, 
the ordinate/(Xi) should receive the name relative minimum of the function. In the rest 
of this chapter we are interested in the function rather than its graph. But we continue 
to use the suggestive graphical language: e.g., “C.P.H.” atx, implies/'(x,) = 0, “upward 
concavity” over R implies /"(x) ^ 0 over R. 

JIf b = <*>, we use lim,-«D/(x) as /(6) in the discussion. If 6 is finite but /(x) is not 
continuous at x = h, we use lim,^,-, /(x). 
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The cost of the tank for arbitrary dimensions (z = edge of base, y = height = 
80/x ) is the function C(x) = 3(x 2 ) + 2(x 2 ) + 2(4 xy) = 5x 2 + 8x(80/x 2 ): 

(1) C(x) = 5x 2 + 640x _l , R: x > 0. 

From this we wish to determine that x which will minimize C(x). The derivatives are 
C'(x) = lOx - 640x- 2 = 10x“ 2 (x - 4)(x 2 + x + 16), 

C"(x) = 10 + 1280x- 3 , 

continuous over R. The only admissible relative extreme is that for x = 4, 
C(4) = 240, a C.P.H. and a relative minimum since C"(4) > 0. That C(4) is the 
absolute minimum of (1) for x > 0 is proved by any one of the arguments: 

1. C'(x) < 0 on the whole range 0 < x < 4, and C'(x) > 0 on the whole range 
x > 4; hence, C(x) first decreases to, then increases from. C(4), which therefore 
must be the least possible C for x > 0. 

2. I*or all x > 0, C"(x) > 0 and the graph of ( 1 ) must always be concave upward 
from the C.P.H. at x = 4. 

3. M* = C(4) = 240 is the least of A/*, C(0) - ® , C(® ) =<d. 

Example 2. Among all right circular cylinders which can be inscribed (Fig. 5.12.2) 
m a right circular cone of height 12 and base-radius 9, which one will have (a) 
maximum volume, (b) maximum curved surface area, (c) maximum total surface 
area? 


O 



If h is the height, r the base-radius, V the volume, C the curved surface, T the 
total surface, of a representative cylinder, we have 

(2) (a) V{h,r ) = irr 2 h (b) C(h,r) = 2xrh (c) T(h,r) = 2t rr 2 + 2irrh 

pro\ided 0 < r < 9, 0 < h < 12; the end-points are not allowed because these 
values lead to a collapsed, degenerate cylinder. The functions (2) are functions of 
two variables, and we must find a connecting relation between r and h wherefrom to 
eliminate one by substitution in (2). In the similar triangles OAB , OA'B', of 
Figure 5.12.2 we see that 


OA _ OjV_ 
AB A'B" 


(3) 


hence 


12 - h 12 
r 9 * 


hence h = 12 — -r. 

o 
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Upon substitution of this value of h into the preceding formulas for V, C, and 
these become 

(4) V(r) = (4r/3)(9r ! - r 1 ) 

(5) C(r) = (8r/3)(9r - r 1 ) 

(6) T(r) = (2r/3)(36r - r’). 

We are to seek the greatest possible V, C, T. for r on the range 0 < r 1 < 9. 

(a) To study (4): F(r) = (4 t/3)(9 r - r 1 ), 0 < r < 9, we compute the (contmu- 
ous) derivatives 

V'(r) = (4r/3)(18r - 3r’) = 4irr(6 - r), V"(r) = 8ir(3 - r). 

The only admissible root of V‘{r) = 0 is r = 6, for which V"(6) < 0; by Theorem 
5.10.3, F(6) = 144x is a relative maximum, the only one. Finally, 1(6) must be 
the required absolute maximum: since l"(r) > 0 for 0 < r < 6 an<l 1 '(r) < 0 for 
6 < r < 9, V(r ) first increases to V’(6), then decreases from it. 

(b) From (5): C(r) = (8x/3)(9r - r*), 0 < r < 9, we have the (continuous) 
derivatives 

C'(r) = (8ir/3)(9 - 2r), C"(r) = -lfwr/3. 

C'(r) = 0 if and only if r = 9/2, which is admissible, producing a relative maximum 
C.P.H. because C"(9/2) < 0. Since C"(r) < 0 alivays, the resultant downward 
concavity of C(r ) over the entire range shows that the absolute maximum is 
C(9/2) = 54 (sq. in.). . . 

(c) For (6): T(r) = Jir(36r - r ), 0 < r < 9, we find the (continuous) derivatives 

T\r) = §ir(36 - 2r), T"(r) = -4r/3. 

T'(r) =* 0 if and only if r = 18, and this is inadmissible. Moreover, T'(r) > 0 on the 
entire admissible range, and therefore T{r) increases always over the range. Yet the 
range is open at r = 9, so that T{ 9) is not a candidate for absolute maximum. Under 
all these circumstances we must conclude that there is no absolute maximum of (6) 
at all. 

The first task in these problems is, of course, to express functionally the 
variable y to be made extreme. Often the most immediate, or the most 
convenient, formulation may present y in terms of more than one variable 
[in (2) each of the functions is initially written in terms of r and h]. Con¬ 
necting relations among the several variables should be sought, so that, on 
substitution from these, y finds eventual presentation as a function of a 
single independent variable x [the connection (3) between r and h eliminates 
h from (2) to produce the one-variable functions in (4), (5), (6)]. 

Example 3. The cost per hour for firing a steamer varies as the cube of the speed 
generated, and is $25 when the speed is 10 mph. Other expenses are fixed at $100 
an hour. If the top speed of the steamer is 12 mph, find the most economical 
(steady) speed for a D mile trip. 

We need to write the total cost, C(x), of a D mile trip as a function of the speed, 
x mph, and to find the speed 0 < x ^ 12 giving the absolute minimum C(x). To 
begin with, C(x) will be the product: 

(7) C(x) = {hrs. required for trip) X (cost per hour). 

At x mph steadily, a D mile trip will take D/x hours. On the other hand, we have 
cost per hour for firing = kx z t k a constant; 
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hut, from the conditions given, we must find k from 25 = k- 10 3 , or k = 0.025. Thus 
the cost per hour for firing is 0.025x 3 , and " ' 

total cost per hour = 0.025x 3 + 100. 

From these considerations, (7) is now written 

(8) C(x) = ^ (0.025x 3 + 100) = D(0.025x* + lOOx' 1 ), 0 < x £ 12. 
The derivative 


C\x) = D-(0.05x - lOOx-*) = 0.05/XrfV - 2000) 
furnishes only a C.P.V. at * = 0 and a C.P.H. for the root x = 2000* = md/d = 
12.6 (approx.) of C'(x) - 0. These are inadmissible values, and there is no admis¬ 
sible relative minimum. Now, lim,_,., C(x) = «, and C'(x) < 0 for all x of the 
range, so that C(x) continuously decreases on the entire range. The only candidate 
now left for the absolute minimum is (7(12) = 358, the value at the right end of the 
closed interval of admissible values. Thus, for greatest economy of operation the 
steamer should proceed at top speed, x = 12 , for which C(x) = $ 358 . [The unre- 
stneted function G(x) has a relative minimum for x = 12.6, C(x) = $.357 75 which 
is the absolute minimum for all x > 0. If, then, the top speed were x £ 12.6 the 
value x — 12.6 would be the solution of the problem.) 

Example 4. A certain fruit-grower estimates that if he plants 21 orange trees to 
an acre each tree will produce 485 oranges, but for each additional tree planted per 
acre the yield per tree will be 12 oranges less. What number of trees should he plant 
to the acre for his best total yield? 

Suppose he plants x additional trees per acre, x being an integer. Then for each of 
his 21 + x trees the yield will be 485 - 12x oranges; hence his total crop (per acre) 


(9) T(x) — (21 -f z)(485 — 12x), x an integer, —21 ^ x ^ 40. 
From those values of T(x) corresponding to integral x we are to select the largest 
possible. 

Now we immediately encounter the difficulty that we have no right to introduce 
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the notion of derivative for the function T{x) of (9) restricted to x an integer. For 
it is clear that the limit process required in obtaining the derivative is vacuous 
is restricted to move only on the discrete set of integers: x could be only a non-zer 
integer and couldn’t “approach” zero at all. We resolve the dilemma by considering 
temporarily that i is a continuous variable as in the other problems. Then^ Irom 
T'(x) = 0 we find that the temporary T(x) is absolutely maximum for x - 
being always concave down from this value. Since 9 < 233/24 < 10, the restnctec 
T(x) of (9) is absolutely maximum for one of the admissible values x = 9 or x — 10. 
Bllt t*( 9 ) = H310 and T(10) = 11315. Therefore the greatest yield will follow the 
planting of 10 additional trees. (In Figure 5.12.3 the graph of the unrestricted 7 '(j) 
is in dashes, that of restricted T(x) consists of the heavy isolated points marked.) 

5.13 Exercises 

1. (a) Find two positive numbers adding to 12 and such that the product of one 

by the square of the other is maximum. [Consider/(x) = x (12 — x), 
x > 0. Ana. 4 and 8.) 

(b) What partition of a number a into two parts should be made so that the 
sum of the squares of the parts is minimum? 

2. Experiments have shown that the work done in a gas engine during explosion 
and expansion is given by !F(x) = 83x — 3.2x* (approx.), with x (cu. ft.) 
representing the volume of air, together with 1 cu. ft. of coal gas and the prod¬ 
ucts of previous combustions. For what x is W(x) maximum? 

3. The power delivered to an external circuit by a generator capable of 25 volts 
and having an internal resistance of 3 ohms is P{i) = 25i — 'Si*, if t (amperes) 
is the current. What is the greatest power generated? 

4. (a) A farmer wishes to enclose a rectangular chicken run of 20,000 sq. ft., one 
side of which lies along a straight river bank and requires no fence. What is the 
minimum amount of fence he will need? (b) A farmer has 500 ft. of fence with 
which to enclose a rectangular chicken run as described in (a) above. What is 
the maximum area he can fence in? 

5. A farmer has 800 ft. of fence with which to enclose a rectangular field and also 
to subdivide it into three smaller rectangular fields by two fences running 
parallel to one of the sides. What is the largest field he can so fence and 
subdivide? 

6. A box (without top) is to be made from a piece of tin 24 inches square by cut¬ 
ting out equal squares at the four corners and turning up at right angles the 
remaining projected pieces. Find the side of the squares to be removed so that 
the resulting box will have maximum volume. (.4ns. 4 in.) 

7. An acceptable parcel post package must have the sum of length and girth not 
in excess of 84 inches. Find the dimensions of (a) the largest (in volume) 
acceptable rectangular box with square ends, (b) the largest (in volume) 
acceptable cylindrical container. (For (b), V = vrh, with h -f- 2 irr = 84, 
r > 0, h > 0; Ans. r = 28/jr in.) 

8. (a) The strength of a rectangular beam of given length, however loaded and 

supported, is proportional to the width and the square of the depth of the 
section. What are the dimensions of the strongest rectangular beam that 
can be cut from a circular log of diameter a ft.? (.4/is. w = a /V 3.) 

(b) The stiffness of a rectangular beam of given length, however loaded and 
supported, is proportional to the width and the cube of the depth. What 
dimensions will give the stiffest rectangular beam from a circular log of 
diameter a ft.? 
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9. A triangle has a base of 12 in. and an altitude of 8 in. What arc the dimensions 
of the largest rectangle so inscribed in the triangle that its base lies along that 
of the triangle? 

1 0. In printing a certain book there are to be 54 sq. in. of printed matter, the rest 
of the page providing a margin of l{ in. at top and bottom, and 1 in. at each 
side, of the page. What should be the length of printed line in order that the 
least paper be used? [Ans. 6 in.| 

1 1. Two intersecting roads run north-south and east-west, intersecting at 0. One 
automobile, originally 10 miles north of O, moves south at the steady rate of 
40 mph; a second automobile, originally 20 miles east of O, moves west at the 
steady rate of 30 mph. At what time after they leave their original positions 
will they be closest? 

1 2. Repeat Lxercise 11 if the north-south road is replaced by one running 60° 
north of west, with the first automobile on it and 10 miles from 0. (Use the 
Law of Cosines. Am. 0.43 hr., approx.) 

1 3. A Norman window is a rectangle topped by a semicircle of diameter equal to 
the width of the rectangle. If the perimeter of the window is 20 ft., find the 
dimensions of the rectangle and the diameter of the semicircle so that the 
window will admit the most light (a) if the same glass is used throughout; 
(b) if the semicircle is stained glass admitting only half as much light as the 
clear glass of the rectangle. 

1 4. Find the maximum volume possible for: (a) a right circular cylinder inscribed 
in a sphere of radius 12; (b) a right circular cone inscribed in a sphere of radius 
12; (c) a right circular cone circumscribed about a sphere of radius a. (A ns. 
(a)3-4 4 ->/3*. ; (c) W/3.| 

1 5. A point moves on a straight line in accordance with the position-function 
*(0 “ 1 “31 + 6f, < ^ 0. Find the second during which the particle moves 
least. [During the second beginning with t = t*, the particle will move the 
distance s(t* + 1) — s(t*) = 3 t* 7 — 31* -f 4.) 

1 6. A weight of 50 lb. is to be raised with a lever weighing J lb. per linear foot. 
The weight is 2 ft. from the fulcrum which is at one end of the lever. What 
should be the length of the lever in order that the force applied at the free end 
of the lever to raise the weight is a minimum? (The weight of the lever is a force 
acting at the midpoint of the lever. The sum of the moments of the forces 
tending to turn the apparatus clockwise must balance that of the forces turn¬ 
ing it counterclockwise. Am. 20 ft.) 

17. An automobile manufacturer estimates that if he charges $2000 for a car he 
will sell 4000 a month, but that for each S100 decrease in price he will sell 500 
more cars a month. At what price should he sell his car in order to realize the 
maximum proceeds, and how many cars should he count on selling per month 
at this price? [Find proceeds P = 10 f, (2 — 0.1x)(4 + 0.5x), for x = number of 
$100 decreases in price. The number of cars should be an integer. An*. 4556 
cars.) 

1 8. If the cost per unit required to produce x units of a certain commodity (average 
unit cost) is estimated as C(x) = llx 2 — 6500x + 964,350, find the number of 
units to be made so that the average unit cost is least. 

1 9. A certain manufacturing concern finds that its cost of production for x units 
per week is f (x) = J(x 2 + 75x + 2000) dollars, and that it can sell x units per 
week at the price of .S(x) = 145 — 2x dollars per unit. How many units per 
week should be produced and sold, and at what price per unit, in order that 
the profit to the concern should be as large as possible? (Ans. 30 units at $85 
per unit.) 
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20. Find the points P: ( x,y ) on the upper half of the circle x +U — * 

at extreme distance from the point P x : (3,4). [If d is the distance PP* ^ ^ ^ 
extreme values of d*(x) = 26 - 6* - 8-1 =£ x ^ l. Ans. (0.6,0.8) 
at minimum distance, (—1,0) at maximum distance.) 

21 . What points of the parabola y 2 = Sx are nearest the point (8,0)? Nearest (2,0). 
Nearest (4,0)? 

22. A long piece of tin 24 in. wide is to be formed into a gutter by turning up a, ‘ 
8 -in. strip at each side, the two strips to be equally inclined to the base. What 
should be the angle of inclination of the sides in order that the gutter shoul 
have the greatest carrying capacity? [.4 ns. 60°.) 

23. Work Example 5.12.3 if the steamer must work upstream against a 2 mph 
current. 

24. Work Exercise 23 if the fixed cost per hour is changed to $50. [C'(x) = 0 if and 
only if x 3 — 3x 2 — 1000 = 0, x = 11.1 approx.) 

25. A cylindrical fruit tin is to hold 48 cu. in. Find the dimensions requiring the 
least material, and show that the height is equal to the diameter of the base. 
[/Ins. r = 2-3»-ir-*.) 

(Further exercises in absolute extreme value will be found in §5.16.) 

5.14 Alternate Method: Use of Implicit Derivation 

Many problems concerning absolute extrema ask for the extreme value 
of a function of two variables, 

(1) u = f(x, y), x on R(x), y on R (y), 
subject to a connecting function between the variables, 

(2) *(*, y) - 0, 

so that ultimately only one of them is independent, [cf. Example 5.12.2.) 

The method employed previously under these circumstances was: 
(i) to solve (2) for one of the variables x, y in terms of the other, e.g., 
y = y(x)\ (ii) to substitute the result in (1) to find u as a function of one 
variable only, e.g., u = f[x,y(x)]\ and (iii) to find critical points of 
u — fix, y(x)] from u M = f t [x,y(x )) and test them for absolute extreme. 
[Again, cf. Example 5.12.2.) 

But solution of the implicit function (2) for one of the variables is not 
always explicitly possible or feasible; nor does the substitution of a possible 
solution in (1) necessarily lead to a function convenient to handle. The 
method now to be outlined will often overcome these difficulties, and hence 
may be regarded as more “elegant” than its predecessor. We begin by 
suggesting the procedure in an example, choosing to rework Example 5.12.2. 

Example 1. To study the function 

(5.12.2a) V(h, r) = m-'h, 0 < r < 9, 0 < h < 12, 

for absolute maximum value, we assume r the independent variable! with h = h(r ) 

dependent on it. Then 

V[h(r), r) = ttt 2 h(r), 0 < r < 9, 


fit is immaterial in general which of the two variables we assume independent. 
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is a function of r alone; from their geometrical source we consider both K(r) and 
/j(r) to have continuous second derivatives. The derivatives of V are 

V r = ir[2rh + r 7 -h r ], V rr = x[2 h + 4 rh r + r 7 h„]. 

The only possible relative maxima occur for V r = 0, that is, for 

(3) 2 rh + r 7 h, = 0. 

That we have now introduced the third variable h r looks ominous. But we can 
introduce it a second and independent time by writing the derivative of the link- 
equation 

(5.12.3) 3A + 4r — 36 = 0 

with respect to r; this gives 

(■«) 3A, + 4 = 0. 

Now (3) holds for the r, A, A, , of a C.P.H. .and (4) holds for all pertinent r A A 
hence surely for the same values as (3): we can use (3) and (4) simultaneously! 
Substituting h r = —4/3 into (3) we have 3rh — 2 7 = 0, 

(5) Sh — 2r = 0, i*. t h = Jr, r > 0, 

necessarily at C.P.H. This necessary h = §r gives the relative dimensions at a C.P H 
without knowledge of the precise dimensions first. These latter are found by com¬ 
bining (5) with (5.12.3): r = 6, h = 4, both admissible values and the only pair for 
a C.P.H. 

We test this C.P.H. Since h r = —4/3, h„ = 0, and the second derivative is now 

V„ = 2r(h - fr). 

At the C.P.H. h = Jr and for this value V„ < 0; we have a relative maximum Here 
r(4,6) - 144*, and since the end-values r(12.0) = r(0,9) - 0, the maximum is 
absolute. 

It should be noticed that this method eliminates the derivative h, between the 
derivatives of the function V and the link-function, whereas the previous method 
eliminated h itself between these functions themselves, before use of the derivative. 

Before presenting other examples we shall summarize the procedure in 
general terms involving 

( 1 ) “ = and ( 2 ) v (x,y) = 0 (the link). 

We assume x independent, y = y(x) t and the functions 

U(x) = f[x,y(x)], A*>y(x) 1 = o, on R(x), 

to possess continuous second x-derivatives. For relative extrema of u it is 
necessary that 

(3') u. = }.[x,y(x)\ = F(x,y,y.) = 0. [cf. ( 3 )] 

From the link-function <p(x,y) = 0 we write the derivative 
(4') **Ix,y(x)] = 4>(x,i/,i/ x ) = 0. [cf. (4)] 

Equation (3') holds only for the x, y, y M of a C.P.H.; (4') holds for all 
pertinent x, y, y g , hence for those of a C.P.H. Therefore the two equations 
simultaneously hold for the x, y } y x , of a C.P.H. and we can eliminate 
the y g between them, to obtain a new relation between x and y: 

(5') *(x,y) = 0, [cf. (5)] 

necessary at any C.P.H. From <p = 0 and # = Owe can find the specific 
x, y, of the C.P.H. Finally, the C.P.H. are tested for relative extreme 
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value by use of u,. and = 0, and the extremes are tested for absolute 

extremity by any convenient method. . ... 

Very often, in examples of this sort, the context of the situa ion \vi 
give intuitive evidence that there is an extremum of the desired type, an 
only one, on the range of definition. If this evidence is satisfactory 0 
would seem to be so in Example 1) then we can dispense with the second 
derivative testing, even with finding the precise values of the varia> es 
defining the extreme, and content ourselves with the necessary relation 
— 0 defining them [3/i = 2r, for instance, in Example 1]. In sue 
circumstances the present method is decidedly more advantageous than 
its predecessor, since ^(x,y) = 0 is found directly, without recourse to 
the intermediary specific values of the variables. 

Example 2. What are the relative dimensions of a cylindrical fruit tin of specified 
content and requiring the least tin [cf. Exercise 5.13.251? 

If r is the base-radius, h the height. V the volume, and S the surface area, of a 
closed cylinder, we are to find the absolute minimum of 

(6) S[r, h(r)] = 2rr 7 + 2xrh, r > 0, h > 0, [u(r, h )] 

subject to the link relation 

(7) rr 7 h = V = constant. M r , h) = 0] 

We choose r independent, h = h(r). Both functions of r intuitively satisfy the con¬ 
tinuity conditions set. We compute 

(g) lS,[r,h(r) ] = 2t(2 r + h + rh,) 

[ rc(2rh + r 7 h,) = 0. 

Any C.P.H. must satisfy both 

(9) 2r + h + rh, - 0, 2h + rh, = 0. 

By subtraction of the two equations we find the necessary 

(10) h = 2 r. 

The existence of just one absolute minimum, for which we have found h 
be readily justified intuitively. 

A rather handsome extension of Example 2 is at hand. Suppose we were to ask 
for the closed cylinder of specified surface area and maximum volume—the anti¬ 
thetical or “dual” problem to that of Example 2. Then we would seek the extreme 
of (7) subject to the relation (6) with .S’ a constant, a reversal of the roles of these 
functions in the previous example. It is clear, however, that we would be led, then, 
through (8) and (9), to the same (10): h = 2r, as l>efore. The two problems require 
similar cylinders for the solutions. 

To explain this phenomenon for the particular dual problem at hand, we compute 
S rr and V„ : 

S„ = 2ir(2 + 2 h, + rh,,), V„ = ir[2h + 4rh, + r 2 h„). 

From these we find, through an elimination of h r , , 

(11) 2F rr - rS„ = Mh - r + rh,]. 

For testing the extreme for either of the dual problems we have h — 2r = 0 from (10) 
and rh, = — 4r from (9); then (11) is 

(12) 2V„ - rS„ = — 12*t, r > 0. 

In Example 2, V = const., so Y„ = 0, and S,, > 0 from (12), to specify minimum 


(from (6)] 
(from (7)] 


Mr, h) = 0] 

2r, can 
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< 0 from ( 12 ), 


rr 


for fixed V; but in the dual problem, S = const., S„ = 0, and \ 
specify maximum V for fixed S. 

Many problem arise of this •‘dual" nature. By considering both problems at 
once and obtaining a relationship between the second derivatives of both functions 
involved we can readily distinguish the types of extreme value at one stroke. 

5.15 Exercises 


1‘ (a) S J“£ V 2 that ? he rectangle with maximum area inscribed in the circle 


(c) 


2. (a) 


3. 


(b) 

(0 

(*) 

(b) 


~ \ ~ a 2 , ,s V q,,a r e - l To maximize A = 4xy, 0<x<a,0<M< a 

subject to x’ +!/ ’= a’ (Fig. 5.10.1); test with ,1„ = 4(2*. +'xy„),"where 

V- = -*/», y„ = -nVtf'.l 
(b) Show that the rectangle with maximum 
perimeter inscribed in a circle is a square. 
Find the relative dimensions of the rect¬ 
angle of maximum perimeter inscribed in 
a semicircle of radius a. (.Ins. width = 
4 X height.) 

Find the relative dimensions and area of 
the rectangle of maximum area inscribed 
in the ellipse b x + a 2 y 2 = a 2 fc 2 . (Find 
(1): 6x — ay = 0 , whence width/height = 
a/b. To find area, square (1) and combine 
with equation of ellipse.) 
hind the relative dimensions and perimeter of the rectangle of maximum 
perimeter inscribed in the ellipse 6V 4- a 3 ;/ 1 = a 2 b 3 . 

Specialize (a), (b), for the ellipse 9x 2 4 16// 2 = 144. 

Work Exercise 5.13.22 by the present (implicit derivation) method and 
contrast for simplicity with your previous solution. 

Work Exercise 5.13.14(c) by the present method. 



4. Find the relative dimensions of the right circular cone of minimum volume 
which can be circumscribed about the right circular cylinder of height 4 and 
base-radius 6. [An*. 3/i = 4r.) 

5. Find the relative dimensions of the right circular cylinder of maximum volume 
which can be inscribed in a sphere of radius a. 


6. Find the relative dimensions of the right circular cone of maximum volume 
which can be inscribed in a sphere of radius a. 

7. Find the relative dimensions of the right circular cylinder of maximum curved 
surface which can be inscrilwd in a specified right circular cone. 

8. Find the relative dimensions of the right circular cone of maximum lateral 
surface area which can be inscribed in a sphere of radius a. (.-Ins. h 2 = 2 r.) 

9. Find the intercepts of the line through the first-quadrant point (p,q) such that 
it forms with the coordinate axes a triangle of minimum area. [Ans. X = 2 p, 
Y = 2q , if X, Y, are the x-, »/-, intercepts, respectively. Make use of pX~ l -f 
<lY~ =1, from the intercept form of the equation of the straight line.) 

1 0. Find the intercepts of the line through the first-quadrant point ( p,q ) such that 
the length of the line-segment between the coordinate axes is minimum. 

1 1. Find the coordinates of the first-quadrant point on the ellipse b 2 x 2 + ay 2 = ab 2 
such that the tangent at the point forms a triangle of minimum area with the 
coordinate axes. (.1 ns. ( a/y/2 , b, y/ 2).J 

1 2. A flexible wire of length L is to be cut into two parts, of which one is formed 
into a circle, the other into a square. Find the relation between the radius of 
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13 . 


14 . 


15 . 


16 . 


17. 


18. 


the circle and the edge of the square so that the sum of the areas of the two 
figures is minimum. Find each length. 

What points of the circle r 2 + / - 2x - 6» + 5 = 0 are at minim.iman.l 

maximum distance from (11,8)? Show that they lie on the diainet ... 

(11,8). [Ans. min. (3,4), war. (-1,2); extreinize the square of the 

from ( x,y) on the circle to (11,S), the range of x being 1 — \/ 5 = r = "iV. 

(why?).) 

Consider the “dual” problems (Example 5.14.2): u .• 

(a) Find the relative dimensions of the open right circular cylinder having 
given volume and minimum surface area. 

(b) Find the relative dimensions of the open right circular cylinder having 
given surface area and maximum volume. 

Find those relative dimensions which solve them both, and test by comparing 
the second derivatives of the two functions involved. (Find rS rr — 21 „ = fbrr, 
r > 0, as the testing relation.) 

A closed rectangular box with square base is to be made from material costing 
20 cents per sq. ft. for the base and 10 cents per sq. ft. for the sides and top. 
What should be the relative dimensions (base-edge and depth) so that the cost 
will be minimum for specified content OR content will be maximum for speci¬ 
fied total cost? (If base-edge = x, depth = y, C = cost, V = volume, x(\ M — 
40 V tt = 120y, x, y > 0, is the testing relation. Ans. Sx = 2 y.] 

The perimeter of a slice of pie is L in.; find the angle of the central wedge so 
that the area may be maximum. Dualize and discuss. [Ans. 0=2 radians.) 
What are the relative dimensions of a cone of minimum lateral surface area 
and having specified volume. Dualize and discuss. (Ans. // 2 = 2r\\ 

At 5, and S 2 , d units apart, are two sources of light carrying candlepower c, 
and Ca , respectively. If intensity of light at a point varies inversely as the 
square of the distance of the point from the source, sho w that the point P of 
minimum illumination on S t S 3 is located by StP/PS 2 = y/7[/c 2 - 


5.16 Summary and Miscellaneous Exercises 

Ability to sketch rapidly the main features of the graph of a function (§§5.2-11) 
is worth cultivating. The visual suggestions of a graph often disclose problems to 
consider, results to attempt to prove, even methods of proof. Hoots of an equation 
f(x) = 0 which are not readily found by algebraic methods are often most easily 
located approximately as those points where the graph of y = f(x) crosses the .r-axis. 
Curiosities of functional structure are often most startlingly revealed from con¬ 
struction of its graph. A graph may be at hand even if an analytic formulation of 
the function is not, possibly to yield up information concerning the function. 
“Graphical analysis” is an important tool in the sciences. 

We have studied in this chapter how calculus aids in discovering the essential 
trend of a graph. Where the first or the second derivative of a function is zero, or 
positive, or negative (even where it does not exist, and why), these all have sig¬ 
nificance for the graph. In turn, graphical suggestion points the way to wholly 
analytical methods of finding absolute extreme values of a function (§§5.12 fT.), a 
problem of some apparent practicality. 

Miscellaneous Exercises 

1. For the general cubic y = ax 3 + bx 2 -f cx + d, a 5^ 0, show that: 

(a) It has 2, 1, or 0, C.P. according as 6* — Sac is positive, zero, or negative. 

(b) It always has a point of inflection, viz. (-6/3n, 26 3 /27o 2 - be /3a + d). 

(c) If it has just one C.P., this is a P.I. with horizontal tangent. 
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(d) If it has just two C.P., their line-join is bisected by the P I 

(e) If the origin is translated to the P.I. the curve ass limes'the equation 

V = f + m W \" chA = a * B = - b a )/‘Sa. Hence, the cubic is 

symmetric with respect to its P.I. 

2. Show Umt the only P.I. of y = (2x - l)*(3x - 2)1, x > J. occurs when 

3. A curve has a C.P.V which is also a P.I.; is the tangent turning continuously 
through this point: Answer the same question if the curve has a C.P.V. which 
is a cusp. Should such points be called points of smoothness of the curve 9 
Discuss. 

4. (a) Obtain as a corollary of Theorem 5.10.3 the following 


thkorkm 5.16.1. If y — fix) is single-valued on a range R(x) and if 
f (x) is continuous on R(x), then between any points of relative maximum 
and relative minimum of f(x) on R(x) there is necessarily a point of 
inflection. 


(b) Show, from Theorem 5.16.1, that if fix) is a polynomial possessing both a 
relative maximum and a relative minimum, then it possesses a point of 
inflection. Supply examples from earlier exercises in §§5.3.4. 

(c) Illustrate Theorem 5.16.1 with y = (9/28)x 7/3 - (3/8)x 3 , supplying all 
details. 

5. An open pail in the form of a right circular cylinder is to contain 64 cu. in. 
What dimensions require the least material? 

6. Find two points on y = x 3 - 3x 3 - Ox + 2 whose abscissas differ by 2 and 
whose line-join has least sloi>c. (Minimize }(i/(x„ -f 2) - »/(x 0 )]. Why?) 

7. Find the point on y = x 4 — 4x 3 + 5 at which tangent-slope is minimum, and 
the point at which tangent-slope is maximum. Characterize these points in 
another way. Are these relative or absolute extrema? 

8. A long strip of tin of width / ft. is to be formed into a topless {/-shaped gutter 
of which the cross-section is in the form of a rectangle superimposed on a 
semicircle. What are the dimensions (radius r of circle and height h of rect¬ 
angle) of the gutter of maximum capacity? (The range of admissible r is 
0 < r ^ l/n (why?).| 

9. Find the line through (8,27) such that (a) the sum of the squares of its inter¬ 
cepts is minimum; (b) the product of its intercepts is minimum. 

1 0. A rectangle is inscribed between the parabola y = 3x and the line x = 4 so 
that one side lies along the line. Find the dimensions and area of the largest 
rectangle so drawn. 

1 1. Triangles are drawn with a vertex at each focus of the ellipse l 2 x + a if = ali 2 
and third vertex on the ellipse. Find that triangle of the set which has maximum 
area. (Let the foci be (±c : 0), c = a 2 — 6*; then the area of the triangle with 
vertex P: (x,y) is A{y) = cy, 0 < y ^ 6.) 

1 2. In fitting the "best” linear formula y = mx -f 6 to a set of points (x, , y t ), 
i=l, 2, 3, •••,//, which lie nearly in a straight line, the theory of Least 
Squares asserts that that line should be used for which 

fim,b) = iyi ~ mx\ — b) 2 + iy 3 — mx 2 — b) 2 + • • • -f (y„ — mx n — b) 2 
is minimum. Find the line of form y = x + 6 which “best” fits the points (2 3) 
(5,5), (9,8), (12,14). (.Ins. y = x + J; check graphically.] 

13. If x is the (trigonometric) tangent of the pitch angle of a screw, and p is the 
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coefficient of friction between the material of the screw and the material 
penetrated, the mechanical efficiency E(x) is given by 

E(x ) = (x - px 3 )/(x + p), 0 < x < «, P constant. 

Find x for maximum efficiency. [/Ins. x = vV* -}- T — P-] 

1 4. The formula C(x) = xe/(x a rn"* + R) gives the current (” through a resistance 
R of n voltaic cells, each of electromotive force e and internal resistance r. 
if x cells are grouped in series and the n/x groups are connected in paralle . 
For fixed R, r, e, n, how many cells should be grouped in series so that the 
current is maximum? [Here x must be an integer 0 < x ^ n, such that n/x is 
also an integer. The practical way to answer the question is by means of the 
rule of thumb: Arrange the cells so that internal resistance, rx 3 /n, is as nearly 
as possible equal to external resistance R.\ 

1 5. A voltaic cell of electromotive force e and internal resistance r is connected 
across an external resistance R. The power given out is P{R) = e R/(r R) • 
For what value of R is P maximum? [Ans. R = r.) 

1 6. Find the base and altitude of the right triangle of smallest area which circum¬ 
scribes a 12 by 15 rectangle, if the right angle of the triangle is congruent with 
an angle of the rectangle. 

1 7. The deflection y (ft.) of a uniform cantilever beam of length l ft., caused by a 
weight of W lb. applied at its free end, is given by y{x) = 1 V{EI)\\x 3 — J r 3 ), 
Ogx|/, with E, /, constants and x the distance from the fixed end. Find the 
maximum deflection. 

1 8. For a beam l ft. long, fixed at one end, and bearing a load of IF lb. per foot, 
the deflection y ft. at a distance x ft. from the fixed end is 

y(x) - \V(2AEir\tfx* - 4/x* + x 4 ), 0 £ x £ l, 

in which E and I are constants. Show that the maximum deflection is \\’l*/8EI. 

1 9. What points of the parabola y = 2 px are nearest (r.O)? (.4//*. Two points with 
abscissas x — c — p if c > p; one point (0,0) if c ^ p.] 

20. What points of the ellipse 4x 2 +j/ J = 8 are nearest (0,1)? 

21. Show that if the perimeter of an isosceles triangle is constant, the area is great¬ 
est when the triangle is equilateral. 

22. A testing automobile is to make a trial run St 100 miles locked in high gear, in 
which its lowest speed is 7 mph and its highest 55 mph. At a speed of x mph 
its gasoline consumption is [1 + x 2 /lG00) gal./hr. Gasoline costs 25 cents a 
gallon, and the driver’s wage is $3 an hour, (a) Find the speed requiring least 
gasoline, (b) Find the most economical speed. 

23. Two gasoline launches generate top speed of 10 mph each. One uses x 2 /C0 

gal./hr., the other 1 x 2 /45 gal./hr.. at x mph. Fach is run 20 miles against a 

2 mph current. Assuming that you will run your launch at the speed requiring 
least gasoline, which launch will you purchase (other things being waived)? 

24. Two corridors, of widths a = 4| and b = 7J ft., intersect at right angles. Find 
the length of the longest rod which, held rigid and horizontal, will just turn 
the corner from one corridor into the other. (This is a problem of minimizing 
(consult the sign of the second derivative) the length of an originally very long 
rod traveling along a straight corridor, by cutting it clown to that (“longest”) 
length which will just get around the corner. Ans. 61x^61/30.) 

25. A man in a boat B is m miles from a straight seacoast OG, and wishes to reach 
a goal G on the coast g miles from the point O on the coast directly opposite B 
in the minimum time. If he can make w mph (steady) on water and s mph 
(steady) on land, locate the point L on the coast at which he should land. 
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(.4ws. OL - mw/V - w 2 ] the time is [mVs 1 - w 2 + gw]/sw. It is assumed 
that w < s and that L lies between O and G.\ 

26. Expose the fallacy in the following "proof' that every ellipse is a circle. Let 
the ellipse be6x+ay=a6,a>6, focus at F: (-c, 0), c = a 2 - b 2 , and 
with eccentricity e = c/a. The length of the focal radius FP to P on the ellipse 
is L(x) — a + ex. Since the derivative L'(x) never vanishes, FP can have no 
maximum or minimum and must be constant. Therefore the arbitrary ellipse 
must be a circle. 


27. Show that a point P of a circle at extreme distance from a given point Q not 
on the circle must lie on the diameter through Q. (Use the circle x 2 -f y 2 = rt 2 
and the point Q: ( p,q ). The proposition is established immediately from the 
necessary relation between the variables. Compare Exercise 20 below.) 

2 8. Find the maximum and minimum distances from the origin of a point moving 
on the ellipse 2x 2 + 4 xy + 5 y 2 = 36. [Am. G and V&. Extremize D 2 = x 2 + y 2 
subject to the equation of the ellipse. Factor the necessary relation for an 
extreme, and use each factor simultaneously with the equation of the ellipse. 
The factors are the equations of the axes, the answers are, intuitively, the 
lengths of the semi-axes of the ellipse. Explain.) 

29. Lct/(x) be a single-valued function possessing a derivative on a range R(x). 
Let P : (x*,y*) be a point on the curve y = /(x^and P 0 : (x 0 , y 0 ) a point not 
on the curve. Show that in order for the length PP 0 to be extreme the line pp n 
must be nonnal to the curve at P. Compare with the results of Exercises 27, 28. 

30. A a particle moves rectilinearly according to the position-function s = t* — 
dt — I5t. Find: (a) its farthest distance from its starting point in the first 
7 seconds; (b) its greatest velocity-magnitude during that time. 



<( 6 )> Differentials arid the 

Mean-Value Theorem 


6.1 Definition of Differential 

Consider the single-valued function y = /(x), possessing a derivative 
on a range R(x) including the point P, : (x, , y,). Graphically (Fig. 0.1.1) 
the function is represented by a continuous curve near P, , and the tangent 
P,T at P, is nonvertical, with slope /'(x,). If x is given the increment Ax 
we read from the figure the relations 

(1) Ay_= f(x^+ Ax) - /(x.) = RQ 

an d = - % - slope P X T = /'(x.) 

(2) or ' RT = /'(x,)Ax. 

Now, since /(x) is continuous at and near P, and has tangent P,'P there, 
it follows that near P, the curve lies essentially 
along the tangent. Thus, if Ax is sufficiently 
small, the line segment RT of (2) is approxi¬ 
mately the same as RQ = Ay of (1). Moreover, 
the formula (2) for RT is very often easier to 
compute than the formula (1) for Ay. For ex¬ 
ample, if /(x) = x 1 , x, = 8, Ax = 0.01, it is 
simpler to evaluate RT = (Jx,"* Ax = (?•})• 

(0.01) than to evaluate Ay = (x, + Ax) 1 — x\ 

= (8.01)* - 4. 

From this discussion it would seem of some advantage to establish 
formula (2) among our tools and to study its properties. Accordingly, we 
set down the 

definition. If y = f(x) is a single-valuedfunction possessing a deriva¬ 
tive f'(x) for the values x on a specified range R(x), then the quantity 
f'(x) Ax is symbolized by 
(2) dy = f'(x) Ax = df(x) 

and is called the differential! of y. 

fThe word “differential” obviously steins from “difference.” The quantity Ay is a 
difference: the increment, as we have termed it, in the function due to a difference A.r 
in the independent variable. The quantity dy is exactly such a difference (though not 
in general equal to Ay), calculated as if the function were linear from P\ onward, i.e., 
with the fanyerd-equation at Pj replacing the function. Indeed, for a linear function Ay 
and dy are identical. 
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It must be understood that neither Ax nor dy is necessarily a “small” 
quant.ty;jn the triangle P,RT no matter how large (or small) Ax = Fit 
is, dy = RT is well defined by (2). 

Examples 

I f V = /(*) = **. dy = df(x) = d(x') = 2x-Ax. 

I f V = /( *) = **■ dy = df(x) = d(x') = ix-'-Ax. 

If y = vTT?, dy = Ii(l + x’)-'( 2 x)| -Ax = x Ax/ VTT1?. 

If y = x ! - 3x + 2, dy = (2x - 3)Ax. 

The differential dy just defined is the differential of the dependent variable 
y, it obviously is dependent on the function /(x), on the value assigned to 
x, and on the (arbitrary) value chosen for Ax. We need, however, a separate 
definition for the differential of the independent variable x. Because the 
increment Ax already connotes an arbitrary “difference” in x, it seems 
natural to identify with it any other “difference” in the independent 
variable, including the “differential” dx: 

definition. The differential dx of the independent variable x is de¬ 
fined to be identical with its increment : 

( 3 ) dx = Ax. 

That this is a “good” definition is borne out by calculating dy for the 
function y - f(x) m x, using ( 2 ): the definition 

dy = df(x) = /'(x)-Ax 
becomes d(x) — 1-Ax, 

which is in agreement with (3). 

Following immediately upon this definition we can rewrite (2) as 
(4) dy = df(x) = f / (x) dx. 

This final version of the differential dy is the nucleus of the discussion 
which follows. 

We pursue the introductory remarks concerning the approximate 
equality of dy with Ay if Ax = dx is sufficiently small. We prove 

THEOREM 6.1.1. Let single-valued y = /(x) possess d derivative on a 
range including the value x = x, . Let Ay and dy correspond to the incre¬ 
ment Ax attached to x = x x . If Ax = dx is allowed to approach zero, then 
lim Ax -o (Ay)/dy = 1. 


This follows immediately from 

Iim ^ = lim M + *4 ~ /(*■) 
dy / (x,) Ax 


1 


777 —r lim 

/ (Xl) Ax-0 


/(x, + Ax) - /(X,) = fJM 

** /'(*.) - 1 ■ 

Many computations of functional change are more readily approximated 
by the differential dy than evaluated by Ay; the following examples 
illustrate. 
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dx 


xdx 

(d *) 2 

X* 

xdx 


Fig. 6.1.2 


Example 1. The edge of a square is measured as 10 in. wStls 

under-measurement of 0.1 in. (due to mstrumental and human V) 
the corresponding possible error in the area com¬ 
puted from this measurement? 

We consider the function 

A(x) = x 2 

giving the area of the square. If we assign x the 
value x = 10 and interpret the error 0.1 as change in 
x, we set 

Ax = dx = 0.1. 

The problem asks for the corresponding change in At 
namely AA, for which we agree to substitute the 
approximant dA. We shall compute both values, 
in order to compare them. 

We compute AA and dA for unspecified x, Ax. 

We find 2 

(5) AA = A(x + Ax) - A(x) = (x + Ax) 1 - x 1 = 2x Ax + ( Ax ) . 
This is the total border to the square x shown in Figure 6.1.2. For dA we use (4) 
to compute 

( 6 ) dA = A'(x) dx = 2x dx, dx = Ax. 

This is the pair of large rectangles in the border, but does not include the square 
of area (dx) 9 . The answer to the question is, then, AA = (2-10* (0.1)] + (0.1) 

2.01 sq. in. exactly, or dA - 2-10-(0.1) = 2 sq. in. = A.4 approximately. 

It is clear that in this case A.4 and dA differ by (dx) = 0.01, the area of the 
small square in Figure 6.1.2 and the algebraic difference between (5) and (6). 
This is indeed “small” in comparison with the gross error of 2.01 sq. in. in A— in 

fact, less than J per cent of it. . 

Example 2. A block of metal has bored through it a cylindrical hole of diameter 
5 in. and fixed depth 10 in. It is desired to increase the diameter to 5.05 in., by 
removing a uniform thickness of metal all around the hole. Approximately how much 
metal is to be removed? 

If V = icrh = D 2 h = \x D*(10) = D (r = base-radius, D = 2r = base- 
diameter, h = depth, of the cylinder) is the capacity of a hole 10 in. deep and of 
random diameter, the question asks for the change in volume, A V, brought about 
by changing the diameter from D = 5 by the amount AD = dD = 0.05. Although 
we could compute AV exactly, we choose to approximate it by dV. We have, 
for general D and dD, 

dV = V'(d)dD = 5 icDdD. 

If D = 5 and dD = 0.05, this general result specializes into dV = 5rr(5)(0.05) = 
1.25 ir (cu. in.). 

(We can also find dV from V= \0icr 2 :dV = 20irr • dr, with r = 2.5 and dr = 0.025, 
to achieve the same result. Note that r is changed only at one end but D is changed 
at both ends.] 

Example 3. Find approximately the 5th root of 32.5. 

The given number, 32.5, is “near” 32 = 2*. We consider, then, the function 

y = x us 

for x = 32 and dx = 0.5; the corresponding Ay would be the correction to 


y = 32 1/s = 2 necessary to give (32.5)' /a . Since dx = 0.5 is “small,” we accept the 


,»/s 
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approximant dy instead of the exact Ay: in this oasi* Hu Q io« t 
compute than Ay. We have ’ J 18 a,SO much eaa,er to 

dy = i x-*'*-dx, 

into which we substitute x = 32, x l/s = 2 jf 4/5 - j a, _ n K 

dy we seek is ’ 1 " 0 5: then the particular 

% = is-®-® = ilo = oooc25 - 

VVit!' this approximate correction to 32 1 " = 2, we obtain ^ 32 ! = 2 00 K 2 S 
X P l“gU y in somrdoubt 6 ] tab ' e * l<>8arithmS giv< * the 2.00623, with 

6.2 Exercises 

1 ' ™nc«vTd a fiR ’ ,re a , nal ° R0US tO Figure 61 1 a function y = f(x) which is 
concave down, marking on it the geometric representations of, ta, £ dy, 

2 ' f ° ,,OWing ' the “ *■ «»<• in- 

(a) y = *’ - 2x (b) y = , * 0 

(c) y = Vx, x > 0 (d) y = V9^T?, | * | < 3 

[Arts, (b) dy = -i-» dx, Ay = -(** + * A*)".**.] 

3. Write the differential dy for each: 

(a) y = *■Vi 1 + 16 (b) y = */-^S?TT 

4. (a) Find A.4 and d4 for the function -4(r) = contrasting the two and 

picture 8 t lat AA/dA 1 “ Ar_ * °, to illustrate Theorem 6 . 1 . 1 , Draw a 

(b) Hence, show that 2 m t approximates the area of a suitably "narrow" 
ring between two concentric circles of which the inner has radius r and 
the outer has radius r + t. 

Find the approximate area of a circular ring of inner radius 3 in. and 
outer radius 3.03 in. 

Find an approximate formula for the volume of a "thin” spherical shell 
in terms of the radius of its inner bounding sphere and its thickness l. 

j/lns. 47TT • t.J 

Find the approximate volume of a spherical shell of inner radius 10 in 
and thickness 0.01 in. 

(a) Show that 2 *rht is approximately the volume of a thin cylindrical shell 
of constant height h and inner radius r. 

Show that Qnrrt is approximately the volume of a thin cylindrical shell of 
inner radius r (top, bottom, and curved surface all included) for which 
the height equals the diameter of the base. 

Show that 6 /f is approximately the volume of a thin cubical shell of 
inner edge x. [Here dx = 21 (why?)] 

7. Find approximately the value of 

(a) 


(c) 
5- (a) 

(b) 


(b) 


(c) 


8 . 


. . ^27.01 (b) *\/ / 31.98 (c) Vmm 

The height of a right circular cone is the same as its base-radius and is measured 
as 6 in., subject to a possible error of not more than 0.05 in. over-measurement. 
Find approximately the greatest possible error in the value of the volume of 
the cone if calculated with r = h = 6. (Find dV first for a general cone for 
which h = r. A ns. l.Srr cu. in.) 
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9. The edge of a cube is measured as 6 in., subject to a P^sM® ® r ^ r 
more than 0.05 in. Find approximately the greatest possible 
volume, (b) the surface area, if these are calculated with edge 6. [Am. (a) 
±5.4 cu. in.; (b) ±3.6 sq. in.] . - 

10. A right circular cylinder has height equal base-diameter, am »e rii 
its top is measured as 20 in., subject to an error of not more t lai • • 

the 20-in. measurement is used for convenient calculation, nncl t K * 
possible error thereby introduced into the (a) volume, (b) lateral surra e, 
(c) total surface. [In (a), write V as a function of C, the circumference ot 
the rim. Ans. (a) 30/x cu. in.) 

1 1. Find approximately the amount of paint (231 cu. in. = 1 gal.) necessary to 
apply to a sphere a coating 1/16 in. thick, if the equator of the sphere is 


measured as 50 in. 

12. Find approximately the value /(3.98) if /(*) = x 3 — 5x + llx + 7. [Here 
/(4) = 35 easily; we shall find/(3.98) by correcting /(4) by the approximant 
df(x) = f'(x) dx for x = 4 and dx = —0.02. Since df(x) = (3x — lOx + 11) dx, 
df( 4) = 19-(-0.02) = -0.38; hence/(3.98) = 35 - 0.38 = 34.62, approxi¬ 
mately. Approximating /(3.98) with a five-place table of logarithms, used 
term-by-term, gives 34.623. Note that computing /(3.98) exactly (including 
all six decimal places which arise) by substitution of x = 3.98 in f(x) is labori¬ 
ous, as is computing the exact correction A/(x) = f{x -f- Ax) — f(x) for x = 4, 
Ax = —0.02. Moreover, exactitude in such cases is frequently unnecessary 
for practical purposes.) 

1 3. (a) Find approximately the valuc/(3.002) if/(x) = x* — 3x 3 + 5x 2 4- x — 10. 
(b) Find approximately the value of/(2.998) if /(x) = 2x 3 — 17x a ■+■ 5. 

1 4. Relative error and percentage error. If A F be construed as the error in computa¬ 
tion of a function F due to a possible error Ax in the value of the independent 
variable employed, then the ratios 


( 1 ) 



and 


P.E. 


100 A F 
F 


(%) 


are called the relative error and percentage error, respectively. For sufficiently 
small Ax, these may be replaced by the approximants 


(2) RE. = and P.E. - 


[In computing with these ratios, it is best first to form the ratios in general 
and then substitute specific values of the variables.] 

Find approximately the relative and percentage error in computing the 
volume of a sphere with r = 10, if this measurement may be understated 
by not more than 0.05. [Here, V = fyrr 3 , d V = 4tt r 2 dr, and 

(3) dV/V = (4xr 2 dr)/(W) = 3 dr/r 

in general; when r = 10 and dr = 0.05, (3) gives d\'/V = 3(0.05)/10 = 0.015. 
The percentage error is, then, li per cent.] 

15. Find approximately the relative and percentage error in Exercise 8. [.4 ns. 
R. E. = 0.025.] 

1 6. A cylindrical container is to be 6 in. high and 3 in. in diameter. Approximately 
what will be the relative error in its capacity caused by a percentage error 
of 0.5 per cent in these dimensions? [Show dV/V = 0.03 (lOOc/r/r). A ns. 
0.015.] 

17. Find approximately the allowable percentage error in the diameter of a 
sphere if the volume is to be correct to within 2 per cent. 
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1 8. Show that the relative error in the nth power of a measurement is approxi- 
mately n times the relative error in the measurement. 

1 9. The height of a right circular cone is known to be exactly 6 in.- the base- 
radius is measured as 3 in. subject to a possible error of 0.02 in. What is the 
largest possible error appearing injhe l ateral surface if it is computed with 
r = 3? [Lateral surface = ttVt* + A*.] What is the relative error? 

6.3 The Leibniz Derivative-Notation and the Chain Rule 

We proceed with discussion of the differential relationship 

0) dy = d/(x) = f'(x) dx. 


In considering this relationship we have assumed x to be an independent 
variable, so that dx = Ax, by definition. Since dx is non-zero we may 
divide by it in (I) to have 


( 2 ) dx — *'(*)» x the independent variable. 

Thus it appears that the derivative f'(x) is the quotient of the differentials dy 
and dx j* 0. This information is, of course, merely tautological: /'(x) is 
tangent-slope at a point on y = f(x), and dy and dx were defined to be the 
“rise” and “run” of this same tangent-slope (cf. Fig. 6.1.1). From this 
point of view the fact that dy and dx are not necessarily small quantities is 
easiest to appreciate: the size of dy and dx has no influence on the fact that 
their ratio dy/dx is equal to the number /'(x). 

Thus, dy/dx is another symbol (the most usual one) for the derivative 
f'(x), withheld from use heretofore merely because its component parts, 
dy and dx, were undefined. Yet it is a symbol that will smooth many paths 
before it because of its flexibility. Its invention and systematic use were 
an important contribution of Leibniz to the development of the calculus. 

Toward further understanding of the dy/dx notation, suppose that 
y = /(x) as before, but that x is not the independent variable, being itself 
a function of t , t independent: x = g(t). Then y is a function of t, y = 
/b(01 = F(l)- Let all derivatives exist wherever needed. In the first place, 
since t is now the independent variable, we have 


dt = At 

and the differential of the dependent x is 
(3) dx = g'(Q dt. 

[Note that dx, now a differential of a dependent variable, is no longer equal 
to Ax.) But, by Theorem 2.9.1, we have 

F\t) = y, = y,-x t ; 

hence, by definition of the differential dy, 

dy = [F'(0] dt = [; y.-x ,] dt = [f(x)-g'(t)) dt = J'(x)-[g'{l) dt\ = f'(x)dx 
if we make use of (3). This proves 


theorem 6.3.1. The formula 

(1) dy = /'(x) dx 

for the differential dy persists even though x is not the independent variable. 
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Hence we can use the symbol dy/dx for /'(*) even when x is not the m- 
dependent variable, and 

dy/dx = f'(x) 

in all circumstances, in complement to (2). . . Wp 

As a first consequence of Theorem 6.3.1 we develop the chain rule, vve 
notice first that if y = f(u) and u is a function of x, Theorem 2.9.1 ca 
be taken from the form 

V. = 

to the form 

,,, 4il = & 

(d) dx du dx 

since Theorem 6.3.1 permits use of dy/du for y. even though u depends 
on x. In (4) we apparently have an obvious algebraic identity in the dif¬ 
ferentials dy, du, and dx. It would appear in extension that we can build 
up any chain of differential quotients as an algebraic identity, e.g., 

d][ _ dji dsdt_ dw dz^ 
dx ds dt dw dz dx* 

and interpret the several quotients of differentials as derivatives, to have a 
valid theorem concerning the derivative of a chain of constituent functions 
provided, of course, that all the functions and derivatives arc well defined 
for the associated values of the related variables under consideration. 

THEOREM 6.3.2. If y is a function of x x , x x of x 2 , x 2 of x A , • • • , x n . x of 
x n , then 

dy = dy dx, dx,.&=l 

' dx„ dx, dxj dx, dx„ 

provided the range of the ultimate variable x m is so defined that functions 
and derivatives in (6) exist on the corresponding ranges of the predecessor 
variables x n _, , x H . 2 , • • • , x x , y. 

This theorem is often referred to as the “Chain Rule,” an obvious extension 
of Theorem 2.9.1. 

Example. Let y = \/l + i 2 , with x = f(t) a function of the independent vari¬ 
able t, and suppose we wish y, = dy/dt. We can dissect the problem into the chain 
of functions 

y = u 1 , u = 1 + x\ x = f(t), 

with t defined on a range productive of real x through the single-valued function 
x = /(0; since u > 0 for any real x, y will be always well defined. By the chain rule, 

d]L _ dy du dx 
dt du dx dt 

. _i dx x dx 

~ ' 2x dt vr+7'df 

valid for any t for which dx/dt = /'(<) exists. 


Extension of the Leibniz notation to higher derivatives is neatly arranged. 
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We think of the symbol ~ as an operator, so that ~ / [ = ^ 
directs us to write the derivative of / with respect to x. In these terms, 
S"(x) would mean = /), and for a telescoped form of this last 

Leibniz chose: 

<01 _ A. ( d A d df' 

dx 2 dxxdxw dx ~ dx ~~ 

This d'f/dx 2 is to be regarded as a symbol directing us to perform the 
operation d/dx twice on /—on / to produce /', then on /' to produce 
Thus the d in the numerator is not really squared , nor the * or dx in the 
denominator; rather is the operation d/dx iterated , carried out once on / 
and then repeated on the result. In extension, the symbol 

€L 

dx* 

for the nth derivative f M ( x ) is to be regarded as refold iteration of the 
operator d/dx applied to /. 

6.4 Exercises 

(a) If y=y, X = 5t, then from y = 125f* we have dy = 375t 7 dt = 
3(2of )(5 d/) _ 3x dx. Show how this exemplifies Theorem 6.3.1. 

(b) Exemplify Theorem 6.3.1 with y = \/V~+ A x = 2<. 

2. Show that if u is a function of x possessing a derivative, then — u = nu"" 1 

If x is in turn a function of t, what is ^ u"? dX dx 

3. (a) Consider /(*) = */(ox + 6) 2 , wherein x = x(); explain each step of 

the calculation 


41 

dt 
(b) If x 


dt [(ax + fc) 1 ] ~ k [dx (ax + 6) '’] Tt = _2a * (ax + fc )"* 


I* C I J . — 

* , find d//d/ in (a) both from the result there and by finding the 
derivative after insertion of x = t 7 in /(x). 

4. Find df/dt in each case, assuming that x = x(t) has a derivative: 

(b) /(*) = x 3 /(l - 3x) 4 


(a) /Or) = Vl - x 2 

<«> /W - fef)‘ 


<■*>'<*>-( 244 )' 


5. Show that, if x — x(u), u = u(t), both with derivatives, then 

<L ( a - x \* = ( a - x\ 9 -2a dx du 
dt \a + x) \a + x) (a -f- x) 2 du dt 

6. lly= ii 3 , u = (a - «»)/(a + i»)f v = x 2 , x = -t/ 2, find dy/d*. 

7. A rectangle has sides x, x + 5; if x is increasing at 0.5 ft./sec., at what rate 
is the diagonal changing with respect to time when x = 10? 

8. For a small body B of weight W which is s miles from the center of the earth 
(Fig. 6.4.1) Newton’s Second Law gives acceleration (a mi./sec./sec.) by 

W IVR 2 


9 
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wherein R (mi.) is the earth’s radius and g (mi./sec./sec.) is the^acceleration 
of gravity. Using the chain rule, show that v(dv/ds) = —Q 8 ' 

9. If y = /(*), x = x(t), show that (if the indicated derivatives exist) 

, d 7 y d/y (dx \ 7 dy d 7 x 

= + Txi? 

, 3 fydxtfxdytfX' 

(b) df dx 3 \dt) + J dx 1 dt dt 3 + dx d? 

Apply to y = (x -f- 3)' 3 if x = and check your 
result by finding the derivatives after expressing 
y directly as a function of l. 

1 0. Find dy/dl, d 7 y/dt 7 , d'y/dl 3 for each: 

(a) y = l/ x, x = Vl - t 7 

(b) y = Vl - x 7 , x = l/t 

(c) y = x>y 1 + x, x = 10* 

1 1. The following are examples of “differential identities”: 



Earth 


Fig. 6.4.1 


(a) 


dy dx 
dx dy 


1 


(b) 


d]£ _ d]£ 


dx 


h, /dx 
dt/ dt 


(c) V(dx)’ + (dy) 3 = + (g)’ dx = y] 1 + (g)’ dy 




dt 


Comment on the name and on the possible validity of these formulas (all 
of which will be studied later). 

12. If u = y/l + ( dy/dx) 2 where y = y(x), prove that 


S - [■+(g)TS'S • 


6.5 A Differential Identity: Derivatives of Inverse Functions 

The chain rule (6.3.6) is an example of an identity in differentials which, 
with suitable interpretation of its symbols in terms of functions and their 
derivatives, becomes a theorem concerning the derivative of a function of 
constituent functions (e.g., Theorem 6.3.2). Two very important theorems 
in the sequel result from similar interpretations of the simple differential 


identities 


(1) 

^= i 

dx dy 

and 


(2) 

dy dy /dx. 

dx dt/ dt 


Consider the first of these. For its formal satisfaction we must evidently 
be concerned with the same x and y , dx and dy, in the two derivatives 
dy/dx and dx/dy. Suppose that a single-valued function y = f(x) is defined 
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for i on a range R(x) and productive of y on a range R(y). Then if du/dx = 
/'(x) is assumed to exist, the first factor in ( 1 ) will be accounted for and 
for specified admissible x and y will represent (Fig. 6.5.1) the slope’tan 6 
of the tangent PT to the graph of y = /(x). If the same curve, the same 
point, the same tangent, are regarded as given by a reversal of y = f( x ) 



mt° a corresponding single-valued x = g(y)— with independent y on R(y) 
productive in reverse of dependent x on ft(x)— then dx/dy = g'(y) will 
represent the slope tan O' of PT relative to the i/-axis. Indeed, in these 
circumstances we have 

f x f y = tan 9ta n S' = tan 9 -tan (90° - 9) = tan 9-cta 9 = 1 
by elementary trigonometry. 

Example 1. The corresponding functions * 

(3) y = x\ x = Vy, y & 0, 

each of which is a reversed solution of the other, represent the same single-valued 
curve in the first quadrant , (Figure 6.5.2). For any point (x,y), not 0, on this curve 
both of the derivatives 


exist, and 




%% = (2*)(fcT‘) = (*)(*") = 1. 

Suppose, however, that we had been asked to verify relation (1) for y = x at the 
point (—2, 4). If we (incorrectly, as we shall see) proceed from (3) to numerical 
evaluation of 


%% = (2x)(^‘) = (-2)(4-») = -1, 
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we fail in the required verification. Instead, we must choose the solution x y 

0 f y = x as containing the given point; then from 

( 3 ') y = x 2 , x = - Vi, 2 /^ 0 , 

we find 

gg = (2*)(—far*) = (-2X-4-*) = 1 

for a success. For (1) to be pertinent we must be considering the same point on 
the same single-valued arc of y = x, the same dx and dy, and the smm^tangen 
Example 2. Verify (1) at the point (— J,A) on the curve !/ = ( l "" x ) * 

The formal solution of y = (1 — xf gives the doubly ambiguous 

(4) x = ±(1 =t Jf 1 ) 1 . 



Fig. 6.5.2 Fig. 6.5.3 


If we blindly (and erroneously) disregard choice of signs and use x = (1 + '/V. then 

gg = [ 2 (- 2 x)(l - x*)Hi(l + 

calculates to at the point given. We must more carefully pick the proper 

solution (4) to use. 

The graph of y = (1 — x ) J is shown in Figure 6.5.3, obtained by familia methods; 
on it the four unambiguous single-valued solutions (4) appear plainly, on appro¬ 
priate ranges of x and associated y : 

(i) x = —(1 + y*)*, -co<xg-l, 0Sj<» 

(ii) x = -(1 - sf*) 1 , -ISiSO, OSjSl 

(iii) x = (1 - y')\ Ogxgl, Ogj/Sl 

(iv) x = (1 + y 1 )', 1 g x < <», 0 g y < °>. 

In working with the point (— A) we should choose (ii) as the pertinent solution; 
then,indeed, 

gg = [2( —2x)(l - **)]-[—*(1 - »»)-*(—iy-*)I 

calculates to the necessary +1 of ( 1 ). 


From these typical examples it appears (cf. Figs. 6.5.2, 3) that proper 
computation of dx/dy in (1) results if and only if the reversed solution 
x = g(y) of y = f{x) refers either to an always rising piece of the graph or 
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to an always falling piece. On, and only on, such a piece will * = g(„) be 
single-valued and a unique x be designated to fit in (1). On an always rising 
(falling) arc /(x) is called monotonic increasing (decreasing). Sub-ranges of 
monoton,city of /(x) are to be detected analytically by study of the sign 
of / (x), according to Theorem 2.5.1. Thus, for y = (I - x y of Example 2 
we have the study F 

/'(*) = 4x(x - l)(x + 1) 

and the ranges of monotonicity are precisely those attached to the single'- 
valued parts ( 1 ) - (iv) of the solutions (4). 

Moreover on a range of monotonicity,/'(x) = dy/dx * 0, and l/(dy/dx) 
is defined. According to (1) this is the definition of the corresponding 
ax/ay - g (y) and the two derivatives satisfy ( 1 ). 

On these intuitive grounds we write the summary: 



THEOREM 6.5.1. // on R (x) the single-valued y = /(*) has a derivative 
f Or) everywhere constant in sign, then on the range R(y) corresponding 
to R(x) through y - /(x) there exists a single-valued solution x = g(y) 

°f y = f(x) which likewise has a derivative of constant sign , and the two 
derivatives satisfy 

( 1 ) £ .£ = ! 

dx dy 

for functionally corresponding x and y. 


The wording "there exists” a single-valued solution x = g(y) may be 
taken literally. The implication is that we do not have to see the solution 
exhibited in analytic form as a formula in order to be able to use the 
theorem and (1). Indeed, a most important appeal to (1) occurs in just 
those cases in which x = g(y) cannot be exhibited. 


Example 3. The function y = /(x) = 3x J + Sx* + 15x has derivative dy/dx = 
^ + 1 +„ ? for al1 *• Tlien V ^ always increasing and we are assured 

(by Theorem 6.5.1 or by inspection of a graph) that there is a single-valued solution 
* = g(y) such that dx/dy = g'(y) exists and is given by 

dx = _ 1 _ 

dy 15(x* + x J + 1) 

for all points on the curve. 


The roles of /(x) and g(y) can be reversed, hypothesis being made 
regarding given x = g(y), conclusions resulting concerning y = f( x ) and 
dy/dx. 

Example 4. From x = y -f y and dx/dy = 3 if + 1 > 0 for all y, we find that 
there exists a single-valued corresponding solution y = f{x) such that dy/dx exists 
and 


d]/ = 1 

dx 3y 2 + 1 
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for all (x,y) on the curve (without formula for fix) J. Of course, this is the result 
that would be obtained by implicit derivation. 


A reverse solution x = g(y) of y = 
called the inverse of /(x) there, /(x) 
may have different inverses on different 
ranges; the graph y = /(x) is the com¬ 
posite of the graphs of the several in¬ 
inverses. Theorem 6.5.1 is called the 
Inverse Function Theorem. 

The symbol x = g{y) in itself dis¬ 
plays no indication that it may stand 
for inverse of y = /(x). It is therefore 
sensible to replace it with a standard 
representative of inverse of /(x). Here¬ 
after (Fig. 5.6.4) we shall generally 
follow the usage: 



(5) x = f~\y) is inverse to y = fix). 

This extends (or explains) the familiar 

x = sin" 1 y is inverse to y = sin x. 


Of course, the — 1 is not an exponent meaning “reciprocal of.” Nevertheless, 
the symbol behaves like an exponent: since reverse solution of x = f~ (y) 
should yield the originating y = /(x), we should have either 

(6) (a) y = f[f~\y)) ■ y or (b) x = /"'[/(*)] = x , 

and these identities follow notationally as in the law of exponents / f~ l = 
f~ l f = f° = 1. The use of a~ l for the inverse of the element a is standard 
in modern algebra. 


The matter may be further clarified. We shall consider the functional symbol/ 
as an operator on x, so that /(x) commands us to perforin a certain oj>eration on x. 
For example,/(x) = x + 1 dictates that we shall “square x and add 1.” Then the 
inverse function symbol/" 1 is likewise an operator (on y); indeed, it is an anti- 
operator of /, an “u/idoer” of all that / has done. Thus, in the example just cited, 
“square x and add 1 ” to get y, the inverse stateme nt is “su btract 1 from y and 
take the (positive) square root to get x”, or x = >/y — l. Performance of both 
commands in succession certainly nullifies any action at all on x, and x is left 
unchanged. The mechanics are 

(a) y = x 2 + 1 = [ Vy - !]*+!= (y — 1) + 1 m y 

(b) x = Vy — 1 = V(x 2 + 1) — 1 = Vx 2 = x 

and these exemplify (6). 

Several examples of precisely this effect lie within the reader’s experience. 
The simplest of these is the undoing of multiplication by a corresponding division; 
this simplest sample turns out to be the most suggestive of the desired notation 
for an inverse function. Designating multiplication of x by 2 by 2(x), to analogize 
f{x), we would symbolize the inverse operation, division by 2, with J(x) or 2 _, (x). 
Now if x is multiplied by 2 and the resulting 2(x) is divided by 2, x is left unchanged, 
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reduction'" 6 ^ n0ti ° nS "* PO " e " “ to the P""—* and by the algebraic 

2 ~’12(a)] ^ [2-‘- 21 (a) . [l]. (l) s x 

saw? =r 

oUation et The7 n0te *"* “** * the Prefix “ anti ” in this Inver's™ 

(7) - u 1 = 1 ' ,(V) S r 'W*)) - (i"0* - i 

as in (6b) shows the nullification of accomplishment on a which is inherent in 
the process [the usual form of (7) is the less obvious innerent in 

a = 10" = 10‘°*'" = a 

by the definition of logarithm]. 

As further examples, study: 

(i) Fory = a’,a = y/y, -» < * < „ g 0 _ we have 

.... „ V “ *’ ” (v'y)’ = y. * = Vy - VP - a. 

(n) For y = 1/a, a - 1/y, a * 0, y * 0, we have 

_ »= x " - 1 = *' = (*-)- - *. 

(. 11 ) For y = sin a, a = sin y, - (»/2) S a £ ,/2, -1 S y S 1, we have 

y = sin x a sin (sin"' y) = y t 
for “the sine of (the-angle-whose-sine-is-y)” is patently y. 

The function y = x"‘ in (ii) is called “self-inverse.” 


6.6 Exercises 

'• . Gra P!‘ y “ 9 * + 151 a,,(1 indicate on the graph the several inverse 

functions and their ranges. 

2. Graph y = x(x — 2) 2 and discuss inverses of this function. 


3. Write the several inverses of y = (x 2 - 4) 2 and specify their ranges. Graph 

A pAnoi/lAP •« — 


4. Consider y 2 = x 4 : Show that 

x = 

Vy, 

^ ~^- - »*•« 

x £ 0, 

y £ o 

\y - +x 2 , a// x, y £ 01 

x = 

- Vy, 

x ^ 0, 

y*o 

ly = -x 2 , all x, y £ 0] 

X = 


x ^ 0, 

y £ o 


X = 


x ^ 0, 

y ^ 0 


are the single-valued stretches of y and its inverses. Graph and label the 
inverses and ranges properly. Check with Theorem 6.5.1. Check the identity 
(6.5.1) at the points (—2, 4) and (2, —4). 


5. Using the second y and fourth x in Exercise 4, check the identities (6.5.6). 
Do these check for the second y and the first x? 

6. For each y = /(x), find x = f~\y) and specify ranges: 

(a) y = 2 x — 4 (b) y = x 3 (c) y 3 = 

(d) y = 7^2 = 1 + i~^2 (e) y = (x ~ 1)2 (f) y = z 2 - 2z 

7. Indicate y = /(x) and x = / -I (y) for: 

(a) y 2 = 4px 


(b) x 2 - y 2 = 1 
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8 . Find d./dx if (a) * = 3/ + V + «i 0» * = (c) * " ^ + ^ 

9. ptom the g^phtof^ /•* ? 

aon this range. [Contrast with 

Theorem 6.5.I.] . -i« » 9 u'i ia t would 

10. If m(x)y means "multiply y by x", what would m (x)y mean. V 
be the result of m l (x)[m(x)y\? 

11. Since x — 4~ li x * + c), where c is a constant, would 


/d.V‘ 

\dx) 


x\ 


■] 


(s r[E'**- + " 

Discuss in connection with (6.5.6). Perform likewise witli li* J + c|. 


6.7 Parametric Equations of Curves 

From the structure of the symbolism in 

<*> i-t/f, i rf(o - 5 - 2)i 

its interpretation will lie in the study of two functions of t , say 

( 2 ) x - x(0, y = y{ 0. 

These represent some locus of points P : (x,y) in which the coordinates 
x, y, are presented in terms of a third variable t. Such a locus is said to be 
given parametrically in terms of the parameter l, and the equations (2) are 
termed its parametric equations. In contrast to the usual Cartesian repre¬ 
sentation of a curve by some direct association of coordinates x and y of a 
tracing point P : ( x,y) of the curve, e.g., 

(3) y - f(x) or f(x, y) = 0, 

parametric representation is an indirect scheme of expressing the co¬ 
ordinates of the tracing point P individually as functions of an auxiliary 
variable , the parameter t, as in (2). We shall standardly use the symbol 
P: ( t; x, y) for a point with coordinates given parametrically. If it is 
supposed that x(J) and y(t) of (2) are continuous functions of t for t on a 
range of the real continuum, it is not hard to foresee that as t runs over 
this range in a continuous manner its values generate, through (2), corre¬ 
sponding values of x and y which together trace out a continuous curve. 
If t is regarded as representing time, the parametric form is advantageous 
in many physical situations, for then the equations (2) actually represent 
the timed-position of a particle in motion along the curve; this will be 
developed in Chapter 12. Of course we anticipate that a Cartesian form 
(3) may be obtainable by elimination of t from the parametric pair (2); 
and it is often possible to pass, even in a variety of ways, from (3) to (2). 
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Example 1. The equations 

( 4 ) x = a cos 0 , y = a sin d, 

squaring and adding the two equations to obtain 7 ' P * f by 

+ V 3 = a\cos 7 0 + sin 2 0 ) = a 2 

tM m U tl lr0m °° !° 3 , G0 ° its cosine and sine p^nce' 

the circle ’ 0f U6S ’ ** y ' assumed b y ‘he toeing point P.(x,y) of 



(5) 


The pair of parametric equations 

a 


vnr?’ 


y 


at 


■ . - vT+7” 

< 1 < -■ re P res *"t «*« right-hand semicircle 
(exclusn eof S and A) of Figure 6.7.1. By squaring and adding as before we obtain 

* J -if.".®/ bu f here . tbc P aram eter < represents the *Jope of OP [notice that 
y . 7arf °. a , r V ns ,ts com P , ete course in varying from — ® (at S) to 4- c*> 
(at A), so only the right half of the circle is traced. 

Example 2. The parametric equations 

( 6 > X = 2t - 1, y = -3* + 2, 

present the coordinates of the tracing point P:(x,y) of the straight line (Fig. 6.7.2) 

(7) 2L^2 _3 

x+ 1 2 

as f moves continuously over the real range: we obtain the Cartesian form (7) 
after eliminating t from (6) by transposing the constant from the right side of 
each and dividing the results. As t assumes various real values the corresponding 
coordinates of the tracing point P:(t; x,y) are given by (6). The point P:(0; -1,2), 
prohibited in the form (7) is included in (6). ' 

In general, the equations 

(8) x = It -f x 0 , y = mt -f y 0 , l f m, not both 0, 
are parametric equations of a line in a plane. 
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Example 3. Let a fixed circle with 
S25 determining the point P. Represent 

%trt f um. an to al S y the variable secant througb 0 ^uation^ -£* 
being the slope of the line. The circle hast he equation x + V = — 

the point R of their intersection has abscissa OS =7 V1 + < )■ ^>nce VI 
we have OQ = SX Hence, if (now) x is the abscissa of P , 

z = 0 Q=Sl = 0 A- 0 S = 2 a- 2a/(l + l 2 ) = 2 at /(I + t )• 
Then y = lx furnishes y = 2af7(l + * 2 ). Hence we 
have derived parametric equations of the locus of P: 

2a t 2 2 at 2 

(9) x — j 2/ 1 + l 2 

The curve can be obtained either from the mechanical 
construction originating it or by calculating from (9) 
coordinates ( t ; x,y) of points on it for t on the range 
— co < t <<». For example, if / = 0, x = y — 0; 
if t = ± 1 , x = a, y - ±a (the points D and D')\ 
as t—* =fc, x —> 2 a and y—* =fc® , and the line x = 2 a 
is an asymptote. 

The curve is called the cissoul (Diodes, c. 200 B.c.), 
one of the curves invented by the Greeks in order to 
solve the famous problem of duplicating the cube. 

Its Cartesian equation, obtained by eliminating t 
between the two equations (9) is 

(10) x 3 + xy 2 - 2 ay 2 = 0. 



6.8 Curve Tracing from Parametric Equations 

We consider the problem of tracing a curve from its parametric equations 

( 1 ) x = x(0, y = 1 /( 0 - 

We first collect in a table an assortment of points P: (t\ x, y) of the graph; 
plotting these may even give some notion of the trend of the graph (watch, 
for example, Fig. 6.8.1). For more refined information, however, it is 
natural to turn to extreme values and the concavities of the graph. 

We assume that x(t) and y(t) in (1) are single-valued and possess 
derivatives of first and second order on a continuous range of increasing t. 
The variable y can be regarded as a function of x, obtainable theoretically 
by solving the first equation of (1) for the inverse function t = t(x) and 
substituting the result into the second equation of (1). Since y [f(x)] is a 
continuous function of a continuous function, y(x) is continuous (Exercise 
4.14.15). Although y will not generally be a single-valued function of x 
on the whole range of t with which we started, it will be single-valued on 
suitable sub-ranges of l. On these sub-ranges (separately) we can plan to 
find extrema and concavities of y, with respect to x, by the considerations 
of dy/dx and d 2 y/dx 2 studied intensively in Chapter 5. 

The chief tool is, of course, the identity 

dy dy/dx dx , n 
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It gives, first of all, 


( 2 ) 




X'(t) 5* 0, 


as the tangent-slope of the curve ( 1 ), from which we obtain critical points: 
we obtain a C.P.H. from (2) for t = t x if y'(t x ) = o but x\t x ) * 0; we 

obtain a C.P.V. from (2) for t - t x if *'(*,) = o but y'(t x ) * 0. (If both 

y'(t x ) = 0 and x'(t x ) = 0, we have a singular point of the curve.) Moreover, 
we use (2) in computing d 2 y/dx 2 for a study of concavity. Since 

d *y _ d (dy) _ dy t _ dy, / dx 

dx* dx \dx) dx dt / dt * 


and since the derivative of (2) is 


d*U = y^ x' - y ’x" dx = ^ 


dt 


dt 


= 


we have 
(3) 


d 2 y y"x' - y'x" 

= —7^— • 



x'(t) ^ 0. 


Thus dy/dx , d 2 y/dx 2 , are expressed entirely in terms of the ^-derivatives of 
x(t) and y(l). 


Example 1. To study the locus 

(•*) x = £ f. ji V = t ^ 1, 


we first record a table of values and plot the corresponding points (Fig. 6.8.1). 
The trend of the curve begins to emerge; but the figure only suggests the following 
points of analysis. 

Extrema and Concavity. From 


x' = -9 t\e - i)- 2 , 


we compute 
(5) 2 U = 


2 e +1 

3 1 2 ’ 


y f = —3(2f 3 + 1 )(t* - 1 )- 2 , 





displaying sensibly the squared factor If" 2 (f 3 — l)] 2 which does not affect the 
sign of y„ . From (5) we find a C.P.H. for t = —1/>/2 = —0.8 approximately, 
at Mi : (—0.8; —1, 2.5). From (6) y-concavity is upward if 0 < t < 1, downward 
otherwise. Hence M t is a relative maximum. There is a C.P.V. at M 2 : (0; —3,0) 
and this is a P.I. There is likewise a C.P.V. at the double point 0: (=t® ; 0,0)— 
don’t miss this one!—since lim,-... y, = ± «>; this analysis yields a cusp with a 
vertical tangent at 0. 

Asymptote. It is apparent in (4) that both x and y—* ® as t —► 1; moreover, 
the parameter t here is geometrically the slope of a pivoting line through 0 since 
y = tx in (4). These observations suggest that there is an asymptote parallel to 
y = x, of the form 


(7) y = x+b. 

We proceed to determine b. It seems natural from (7) that b should be 


b = lim,-, (y — x) 



6>8] CURVE TRACING FROM PARAMETRIC EQUATIONS [155 

if such a limit exists. Indeed, we have 

lim (y - x) = lira (jr^ - = 3 «m ( ? + J + l) = l ' 

sob = l and the line y = x + 1 is an asymptote. [7*Aw method for determining an 
asymptote of a curve given parametrically is standard.) 




Fig. 6.8.1 


Deliberate introduction of a parameter is often a fruitful method of 
attack on the problem of tracing a complicated Cartesian equation C: 
f(x>y) = 0. In case C has a singular point at S we use as parameter the 
slope of a line pivoting about S. To illustrate: 

Example 2. C: x — x y 3 — y* = 0 has singular point at 0. We set y = tx to 
introduce slope i of a line pivoting on O as parameter. Then x 5 (x — (t 3 + t 5 )) = 0. 
From the free factor x 5 we count x = 0 fire times independently of t, which makes 0 
a five-fold free point on C. The other factor gives the point 

W P: \x = C\ 1 + t 7 ), y = /’(l + /*)] 
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POi, ; t ° f V ,e —<«<•■ Th « parametric equations 
(8) are simple polynomials in f, easy to work with 

C is symmetrical in the y-axis; x - ±~ as t ±°> : „ > 0 for M „ 

metrically in t. We find 

y ' 3 4- 5f** 

_ 12 4- 34 /* + 30/ 4 , , 

y ” ~ t \3 + 5 ??“' 4 5,5 °- 

As /-» 0(±), y,—» 0, and the axis 2 / = 0 is the tan¬ 
gent at O. The r in* = f*(l + t 2 ) has x = 0 triply 
when t = 0; coupled with three of the five-fold 
free countings of 0 these show y = 0 a triply- 
counting tangent at O, and the graph (Fig. 6.8.2) 
.... . f show this extraordinary tangency (note that 

this,s anew type of singularity). The graph, finally, is always concave up because 
y MM > 0 for all t i* 0 and hm,_* = -}- ®. 



6.9 Exercises 

1. Show that x = a cos 0, y = 6 sin 0, are parametric equations of an ellipse; 
discuss the geometric nature of the parameter (cf. Example 6.7.1). 

2. Show that x = a sec 0, y ** b tan 0, are parametric equations of a hyperbola 
Suggest parametric equations for the equilateral hyperbola x a - y 2 = c a . 

3. Show that x = t 2 , y = t, are parametric equations of the parabola »/ a = x 
and trace the curve from these equations. 

4 * iil S e ; tify the locU8 Riven b >' x = “ 1 + *• y = 1 “ and draw it- graph, 
(b) hind parametric equations for the line through (2,3) with slope - 4/5 
(Write the slope as -4//5/, t y* 0. An.*, x = 2 -f 51, y = 3 - 4 (.j 

5. Sketch the curves: (a) x = t 2 , y = 2 3 -f 3* 

(b) x= t\y= 2t- t 2 (c) 

(d) x = 3t, y = t* (e) 

6. Trace the strophoid (Fig. 6.9.2) x = 
the asymptote x = a. (Take a = 1 .] 

7. Obtain the trace of the folium of Descartes x 3 + y 3 — 3axy, for a = 1, by 
parametrizing the equation as in Example 6.8.2. Account for the asymptote 
x + y + a = 0. Cf. Exercise 5.9.8 and Fig. 5.9.2. 

8. Parametrize and trace: (a) y 2 = x(x — l) a 

(b) y 3 = 6x a - x 3 (e) x 3 + y* + y a - 0. 

(x + y = 2 is an asymptote of (b); in (c) there is a cusp at 0, a “falling chute” 
at (0, — 1), and x-f-y+5 = 0isan asymptote.) 

9. Show that the origin is a triple node of (x a -f- y 2 )~ — 4x(x a — 3 y 2 ) = 0. 

1 0. The equations of motion of a projectile moving in a vacuum are 

x = Vo(cosa)/, y = r 0 (sin a)t — $gt 2 , 
in which v 0 is the initial velocity of the projectile, a is the angle of inclination 
of its direction of fire, g is the acceleration of gravity, t is time in seconds, 
and x, y, are in feet. As a special case, the path of a certain batted baseball 
was given by x = 300/, y = 400/ — 16/ a ; trace the path. 

1 1. The witch of Agnesi, (a) A circle has fixed diameter 0.4 = 2a. A random 
line OB meets the circle at P * and the tangent at .4 at point B. The perpen¬ 
dicular through P* to ()Y and the perpendicular through B to OX intersect 
at P. Find the locus of P parametrically in terms of the slope t of OB, and 


* “ K - = t 3 - 12/ (Fig. 6.9.1) 

* = t, y « i - t 

°(* 2 — l)/(* 2 + 1 ), y = lx. Account for 
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hence obtain the Cartesian form of the locus. [-Arts, x — 2at l , y = 2at /(I + * )» 
y = 8a /(x 2 -f- 4a 2 ).) . , 

(b) Trace the witch from its parametric equations. In particular, snow 
that it is symmetrica! in the y-axis, lies always in the first two quadrants, 
is asymptotic to the x-axis, Ls maximum at (0, 2a), and has points of inflection 
at (±2a/\/3, §a). 



12. If x = *(©, y = y(0, are parametric equations of a curve, both x'(0, y'(0, 
existing, show that the angle A between the tangent to the curve at a point 
Pi : (*i , l/i) and the line OP, is given by 


tan A 


* < . - V **' 

xix + y x y ’ 


where the derivatives are evaluated at P, . 

1 3. Analogize Formula (6.8.3) by finding, for x = 
d 7 x dx„ y"x' - y'x" 




-yy 


d? 


( 1 ) 

Use (1) and (6.8.3) 

( 2 ) y'*x 


/3 


yy 


+ *'V 


dy y 

to show that 

= 0, (3) 


y\t) * 0 . 


y’x.. 


+ y*r — 0 . 


Xyy = 


Hence, show that (fy/dx 2 and d 2 x/dy 2 are not in general reciprocals of each 
other, if y = f(x) and x = f~\y) are inverses, in contrast with (6.5.1). 

1 4. Explain each step of the formal chain: 

d 2 x _ d_ /dx\ _ d^ AM- _ (&)-! dx 

dy 2 dy \dy) dy \dx) ~~ Lrf* \dx) J dy 

and continue it to obtain (3). Obtain (3) also from a similar chain starting 
with y ZI . What assumptions would validate your formal work? 

1 5. Verify (3) if: (a) x 2 + y 2 = a 2 ; (b) xy = k; (c) x 2 - y 2 = a 2 ; (d) x = 2f 3 , y = 3 1 2 . 

6.10 Differentiation 


We have been engaged in exploiting the Leibniz notation for derivative, 
dy/dx = f'(x), which stemmed from the definition of differential 
0) dy = f\x) dx. 
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That (1) is valid even if x is not the independent variable (Theorem 6.5.1) 
is an important fact indicated by using the variable u in place of x and 
reading u as representative of a function of x: 

(2) dy = /'(u) du, u = u(x); 

this reduces to (1) if u(x) = x itself. We have seen how the chain rule 
enables us to proceed from (2) to obtain the derivative of y with respect 
to an ultimately independent variable through a chain of constituent 
functions (Theorem 6.3.2); for example, 

(3) f t - !'(*)■%% if y = /(«), U = u(i), * = *(«), 

where the ranges of the variables are suitably arranged for meaning. Thus, 
although the derivative process is certainly involved in writing either the 
differential (2) or the chain (3), yet the fundamental element in the pro¬ 
cedure is the differential relation (2) from which so much may stem. 

As an example, consider 

(*0 y = f(u) = ku", k constant. 

For this, (2) gives 

(5) dy = nku m ~ l du 

as a core of any future operations. In particular, by dividing (5) by dx and 
writing dy/dx = y t , du/dx = u M , we obtain 

(6) y, - nku m ~ l -u M , 

a previously known derivative result, Corollary 2.9.1. Again, from (5) 
we could obtain 

(7) ^ = nku if y = hu '. u = u(i), x = z«). 

Granting that we have known and have used this much before, we are 
urging the point that writing the differential relationship (5) is the basic 
process underlying a great deal of formal work. 

Just as we can start with the known (6), write it in Leibniz notation: 
dy/dx = nku" 1 • du/dx, and multiply formally by dx to obtain the basic 
formula (5) for the differential of a power, we can in the same way turn 
other known derivative formulas into differential form. We assemble the 
results into a table: 



The Differential of 

IS 

(8) 

y = k, k constant, 

dy = d(k) = 0 

(9) 

y = hT, k constant, 

dy = d(ku n ) = nku~ l du 

(10) 

y = u + V + 

dy = d(u + v + • • •) = du + dv + 

(11) 

y = tm 

dy = d(uv) = v du + u dv 


u 

, ,fu\ v du — u dv 

(12) 

y = ; 

dy 


• • • 
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In the right column of this table the symbol “d”—as in d(uv ) is that of 
an operator directing us to perform the operation “write the differentia 
of” This use of a symbolic operator is analogous to the previous employ¬ 
ment of D, or d/dx for the derivative operation, and of f for a funetiona 
operation (§6.5). 

Writing the differential form df(u) = f\u ) du is called differentiation of 
f(u); the operational symbol d f(u) directs us to differentiate the function. 
If f'(u) exists for a value of u so that f\u) du has meaning, the function 
j(u) is said to be differentiable for that value; the term can be extended to 
a range of such values. It appears that differentiability of a function and 
possession of a derivative are coexistent and essentially synonymous; 
thus the verb to differentiate is often used for the verbal direction “to write 
the derivative of” which we have used heretofore. In these terms, “differ¬ 
entiate y = y/u” directs us to obtain (formally) either of the forms 
dy * i u~* du, or dy/du = } u~\ each of which follows immediately from 
the other; hence y = y/u is differentiable for any u > 0. 

The importance of differentiation as a process lies in the fact that it can 
be used boldly before lending any consideration to the question of what 
variables are ultimately independent. Especially valuable is this feature 
of the weapon when u, v, • • • , in (8)-(12) are functions of several variables. 
Consider the following examples. 


Example 1. Differentiate (x + y)/xy, x 0, y ^ 0, i.c., find d((x + y)/xy). By 
( 12 ), with u — x + y t v = xy, we have 



But d(x -f- y) = dx -f- dy by (10) and d(xy) = y dx -f- x dy by (11), for obvious 
new choices of u and v in application of the formulas; and with these we continue 
(13) as 


(14) 



x y(dx -f dy) — (x + y){y dx -f x dy) 

*V 


—x~ 3 dx — y~ 7 dy . 


Such technique is effective in dealing with implicit functions. 

Example 2. Differentiation of the left side of 

(15) F(x,y) = x 3 -f y 3 — 3 xy 
gives 

(16) dF = d(x 3 4-y 3 — 3 xy) = Sx 7 dx + 3 y 7 dy — 3(y dx + x dy) 

= (3x 2 - 3 y) dx + (3 y 7 - 3x) dy. 

Suppose that F(x,y) = c defines y = y(x) as a single-valued function on a range 
R(x); then (as in §3.5) for such x, y, we have F(j, //(x)J = c. But the differential 
of a constant function must be identically zero: dF = 0, and 

(17) (x 2 - y) dx + (y 2 - x) dy = 0. 
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From this we could obtain any one of 


The technique of Example 2 is called implicit differentiation. Guided by 
study of Example 2 we can easily appreciate the following general statement 
of the technique and result. 


Differentiation of F(x,y) = c unit result in the equation 

( 18 ) F,(x,y) dx + F„(x,y) dy = 0 

for all values x, y, satisfying F(x,y) = c, where into the coefficient F t (x,y) 

of dx have been collected all terms arising from differentiating with respect 

to x but treating y as constant, and into the coefficient F y (x,y) of dy have 

been collected all terms arising from differentiating with respect to y but 

treating x as constant. [Study (17) and (3.5.9).) 

The function F,(x,y) is called the partial derivative of F(x,y) with respect 
to x, and F y (x,y) is called the partial derivative of F(x,y) with respect to y. 
The left side of (18) is called the total differential dF = F.dx - f F y dy of 
F (x,y). 

From ( 18 ) we can obtain several derivative results, including 
< 19 > dy/dx = -F y {x,y)/F,(x,y), 

valid for values ( x,y) satisfying F(x,y) = c such that F t (x,y) * 0. 

6.11 Exercises 

1. Find: (a) d(xV) (b) d {x*/y 2 ) (c) d[x 2 /(x + y )) (d) d[(x - y) 2 ] 

[.4ns. (d) 2(x — y)(dx — dy). ) 

2. Differentiate each, and write dy/dx and dx/dy: 

(a) x 2 + y 7 = a 2 (b) x 2 y 2 = x 2 (l - y 2 ) 

(c) y 3 = 6x’ - x 3 (d) x a - 2 xy + 2y 2 - ox + 7y = 0 

(e) xy 2 - (x - l) 3 = 0 (0 (x - y) 2 - 16(x + y) = 0 

(g) V 7 = x\l - x) 2 

In each case comment on the validity of the result. 

3. If y = u 2 -F v 2 , with u and v both differentiable functions of x, x a differentiable 
function of t, show that 


dt 


0 du dx dv dx 

2 u TxTt +2v dxTt 


Comment on the meaning of the word “differentiable.” 

4. Show that the differential equation 2x dx + 2y dy = 0 is central in solving 
each of the problems: 

(a) Find the tangent at (—3, —4) to the circle x 2 + y 2 = 25. 

(b) A 20-ft. ladder leans against a building. If the lower end is pulled away 
along the level at 2 ft./sec., how fast is the upper end descending when 
the lower end is 5 ft. from the base of the building? 
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5. Show that the curve C : y* = 6x + c, c arbitrary, possesses the P ro Perty 
that the area of the triangle bounded by the x-axis, the ordinate to a^ po 

P of C, and the normal at P, is 1 square unit. [Show and interpret 2 'V 

y{dy/dx ) = 1.] 

6. From x -f- y 2 = a 2 , show successively: 

(a) x„ = -yx~\ y M = -xy~ x 

(b) d(x v ) = — x~ l dy + yx~ 2 dx , and d(y x ) = —y ' dx -f xy~ dy ; 

(c) d(x,) = -y:’dy, (d) f 

(e) (3) of Exercise 6.9.13 

6.12 The Mean-Value Theorem 
The differential dy of a differentiable function y = f(x), x an independent 
variable, was introduced in practical fashion as an approximant to 

= /(*. + Ax) - /(x,) 

if Ax is suitably small: 

(1) Ay a /(x, + Ax) - /(x.) = /'(x.) • Ax (= dy) approx. 

It is natural to enquire for an exact equivalent for Ay which involves the 
derivative f'(x) of the function and the increment Ax — dx. 

We approach the problem intuitively. On the graph, Figure 6.12.1, of 



a suitably well-behaved function, let P, : (x, , y x ) be a point and P X T the 
tangent at P x ; let Q: (x, + Ax, y x + Ay) be a second point on the curve, 
with P X Q a secant. In leading up to the differential approximant (1) to Ay, 
we observed that for small Ax, that is, for Q near P, , the tangent P X T 
and the secant P X Q have essentially the same slopes: 

slope P X Q = ^ is approximately equal to /'(x.) = slope P X T, 

which is (1). Here we held fixed the tangent P X T and varied the secant P X Q 
pivoting on P, : the number /'(x,) is constant, Ax is variable. 
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Suppose we change the point of view: we now hold fixed the, secant P,Q 
(so that Ax is now constant) and vary the tangent P,T (so that x and /'(x) 
arc variable). As the point of tangency moves from P, toward Q along 
the curve, we sense intuitively that there is some point P*: (x*. >/*) between 
Pi and Q at which the tangent is parallel to the secant P,Q —for a differen¬ 
tiable function on the range x, to x, + Ax, so that tangent-slope exists 
everywhere on the range. In such event we would therefore have exact 
equality of the slope of the tangent at P* and that of P,Q: 

slope P t Q = ^ 1 = /'(x*) = slope tangent at P*, 

where x, < x* < x, + Air; and from this, 

(2) Ay = /(xi + Ax).^ f(x t ) = f'(x*) -Ax, 

for some x* on x, < x* < x, + Ax. 

Upon the basis of this discussion we would suspect the validity of the 
following 


theorem 6.12.1. The Mean-Value Theorem. If f(x) is single-valued 
on x, £ x £ x, + Ax, is differentiable (hence continuous) on the open 
interval X| < x < X| + Ax, and is continuous (but not necessarily dif¬ 
ferentiable) at each end-point , then there exists at least one value x = x* 
such that 


(2) f(x, -f Ax) — f(x,) = f(x*)*Ax, where x, < x* < x, -f Ax. 

Despite the fact that we shall make much use of this theorem as a theo¬ 
retical tool in further work, we shall not attempt to prove it rigorously 
here. It is best to defer such proof until later (§13.1), but to discuss the 
structure of the theorem now, and to use it freely. 

The requirement of differentiability of /(x) in the hypothesis of the 
theorem rules out a function like that in Figure 6.12.2 (without derivative 
at the corner C) for which the theorem is obviously invalid geometrically. 


C 




Fig. 6.12.3 


The requirement of single-valuedness rules out the situation pictured in 
Figure 6.12.3 in which the theorem is likewise invalid: the contact point of 
the only tangent parallel to P X Q as pictured lies outside the range x, < 
x < x, + Ax. The curiously divided implication of continuity on the 
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closed interval i. ^ x ^ r, + Ax hut no differentiability at the endpoin s 
of the interval allows inclusion of the curve of Figure 6.12.4 under e 
theorem, as should be the case. Finally, the condition stated is mere y 
sufficient to guarantee a conclusion which may actually be true for curves 
not satisfying the conditions (Fig. 6.12.5). 




The conclusion (2) of the Mean-Value Theorem can be expressed in 
other, equivalent, forms which will be found useful. 

(i) If we set x, = a, and x, + Ax = b, so that Ax = h — a, then (2) is 

(3) /(&) — f(a) = /'(x*)-(6 — a), where a < x* <' fr; 

expressed in the form 

(3') ~ <l> b I a fa) = where a < x* < b, 

this version points out some value of /'(x) for x on a < x < b as a type of 
mean or average of functional values over the interval. 

(ii) If we now keep a fixed but allow b to vary, say b = x, we write 

(3) as 

(4) f(x) = f(a) + f'(x*)(x — a), where a < x* < x; 
this form lends itself to a most useful future extension. 

(iii) Finally, we note that a number x* subject to the restriction 
x, < x* < x, + Ax can be expressed as 

x* = x, 4- 0-Ax, 0 < 0 < 1, 

that is, x* is equal to the initial value of the interval on which it lies plus 
a proper part of the length of that interval. Hence (2) is now 

(5) /(x, 4- Ax) - /(x.) = /'(x, 4- 0- Ax) • Ax, 0 < 0 < 1, 
and (4) is 

/(x) = /(a) 4- (x - a)/'[a 4- 0(x - a)), 0 < 0 < 1. 

Example 1. Find the point on the graph of y = /(x) = x* between P, : (1,1) and 
Q: (4,2) at which the tangent is parallel to the secant P t Q. 

We use the Mean-Value Theorem with x, = 1, Ax = 3, after verifying that its 
hypotheses are satisfied: we then know that some x* on the range i < x* < 4 
satisfies 

/(4) - /(l) = /'(**)-3 

or 

2 - 1 = [J(*T')-3, 
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whence (x*) 1 = 2 3 and x* = 9/4. The point demanded is (9/4, 3/2), which 
can be checked both graphically and algebraically. 

Example 2. Show that if h > 0 and n > 1, then 


( fi ) (1 + h) l/m 

The required inequality in the form 


< i + ^. 
n 


«*') (1 + h)"' - 1 < - 

has its left side comparable with 

/(*, + Ax) - fix,), f(x) - x x/m , x, = 1, Ax = h, 
rn the Mean-] nine Theorem. On the range 1 ^ x ^ 1 + h, h > 0, the function 
x satisfies the conditions of the theorem. Since 


f\x) = - x 0 '-*-' = i x -«-i »/• 

n n ’ 

application of the theorem yields 

(7) (1 + h)"’ - 1 = i (*•)--'■.*, i < *. < , + *. 

To make the right-hand side of (7) less than h/n we should have 

(8) < lf x . > 1; 

this will be so if the exponent -(n - l)/n < 0, which follows if n > 1 as in the 
hypothesis. Hence, if n > \ t x*> 1, the inequality (8) is valid, and the right side 
of (7) is less than /i/n; then (7) is precisely (6'), as desired. 


The simple special case of the Mean-Value Theorem in which the ordi¬ 
nates of P x and Q are equal: 

/(*.) = /(*i + &*), so that A ij = /(x, + Ax) - /(x.) = 0, 
goes by the name of Rolle's Theorem : 


theorem 6.12.2. Rolle’s Theorem. If all the hypotheses of the Mean- 
Value Theorem are satisfied, together with the further assumption that 

fix t + Ax) = fixx), 

then there exists at least one value x* for which 
(9) f'(x*) = 0, x, < x* < x, + Ax. 

Here, the tangent at x * is parallel to the hori¬ 
zontal secant P ,Q (Fig. 6.12.6). This result seems, 
even on its own merits rather than as a special 
case of the Mean-Value Theorem , of utmost 
plausibility. If fix) is not identically a constant 
over the range—in which case the theorem is 
trivial—its graph must rise or fall in leaving 
Px , and, having done so, it must ultimately 
return to the same level at Q as at P, because 
fiix -f Ax) = fix x ). It cannot make this return and remain always rising 
(or falling) yet still be continuous (Fig. 6.12.7). It cannot change from rising 
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to falling (or vice versa) at a point with a break in the curve (Fig. 6.12.8), or 
at a cusp or corner (rotate Fig. 6.12.2), and still subscribe to the require¬ 
ment of differentiability at all points of the range. The required change 
must be made at a point (x*,y*) like A, B, C, of Figure 6.12.6 where the 




tangent is horizontal and /'(x*) = 0. However persuasive this discussion 
may be, it is, of course, not a proof of Rolle's Theorem. Proof we omit, 
accepting the theorem as a basic tool on intuitive grounds. 

Example 3. The function 

f(x) = Vx (x - 2)/Vx - 5 

is zero when x = 0 and x = 2, and satisfies the conditions of Rolle's Theorem on 
0 £ 0 £ 2. Hence, at least one C.P.H. can be predicted on this range, since the 
conclusion of Rolle’s Theorem asserts existence of x* on 0 < x* < 2 such that 
/'(**) = 0. Such prediction is valuable, for determination of x* algebraically 
would probably be laborious. 

6.13 Exercises 

1 . Show that the hypotheses of Rolle's Theorem are satisfied for/(x) = x 3 — 3x a = 
x (x — 3), on the range 0 ^ x ^ 3. Use the conclusion of the theorem to find 
the point in the range 0 < x < 3 for which the tangent to y = /(x) is horizontal. 

2. Repeat Exercise 1, using/(x) = x 4/a — 3x a/a . 

3. Show that/(x) = (x — 81)* — 9 vanishes when x = 54 and when x = 108. 
Show, however, that/'(x) is never zero. Why does Rolle's Theorem fail here? 

4. Show that/(x) = (x a — l)/x is zero for x = ±1, but/'(x) ^ 0 on the range 
“1 < x < 1. Why does Rolle's Theorem fail here? 

5. Prove the theorem: If /(x) is a polynomial in x, at least one real root of 
fix) = 0 lies between any pair of distinct real roots of /(x) = 0. 

6. Show from the result of Exercise 5 that if /(x) = 13x* — 63x* — 21x 4- 55 
there is at least one real root of /'(x) = 0 on the range — 1 < x < 5. 

7. For the curve defined by each of the following functions, and between the 
points on the curve with given abscissas, find the point at which the tangent 
is parallel to the secant joining the points: 

(a) /(x) = Vx, x, = 4, x 2 = 16 

(b) /(x) = x~\ x, = J, x 2 = 2 

(c) f(x) = x </3 , x, = -8 , x 2 = 1 

(d) f(x) = - V25 — x a , x, = -5, x 2 = 4 

(e) /(x) = (x - l)‘ a , x, = 2, x 2 = 4 (Ans. x* = 1 + V972.) 
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8 . Prove that, if 0 < m < 1 and i > 1 , then 

mx m -\x - 1) < x m - 1 < m (x - 1). 

(Appiy the Mean-Value Theorem (6.12.4) to/(x) = x", 0 < m < 1 


1 < x* < x. 


x" = 1 + (x - D-MxT-J, 

Since m - 1 < 0 and x* > 1 , (**)- < I. to give the right-hand inequality 
side *) m ~ < ° and X < *• (l<) = > 1/x—, to give the left 

9 ' Jr* the , result of , Exercise 8 to show that if x > 1, then -^~ x < 1(2 + r) 
(To see how good an estimate this is, try x = 8; but also try x = l.OoTj 

1 0. Prove that if h > 0, then 1 - \h < (1 + /,)-» < 1 - (1 + 

11. An extension of the Mean-Value Theorem, useful later (§6.14), is 


T “ EO "® M l 613 ; 1 (Cauchy’s Generalized Mean-Value Theorem). If 
•pV), WO, have finite derivatives on a £ t £ 0 , if />'(*,) = ye t \ = 0 f * 

no j, on a < h < 0, and if *(a) ^ *( 0 ), then there exists a value t = t* 
<* < t < p, such that ’ 


( 1 ) 


•P(B) ~ v(a) *>'(<•) 

m - m ~ • “ < '* < *• 


i-v ( ;r ® j j.’ss 



Fig. 6.13.1 


12. Newton’s Method for Solving an 
Equation /(x) = 0. Let/(a,), /(&,), be 
opposite in sign, a, < 6 ,, and let/'(x), 
f"( x ), be continuous and non-zero on 
«i ^ x ^ 6 , . Let r be the root 
U(r) = 0 ] existing between a, and 6 , 
by Bolzano’s Theorem 4.11.3. In Fig- 
ure 6.13.1 it appears that the x-inter- 
cept r, of the tangent at A , : [a, ,/(a,)) 
approximates r better than a, , the 
x-intercept r 7 of the tangent at 
#i : I r i »/( r i)l approximates r better 
than r, , etc. Show that these are 


( 2 ) 


r - = a, - f(a,)/f'(a,), r, = r, - f(r,)/f'(r,), 


[It can be proved from the Mean-Value Theorem that the succession 
r i , r 7 , , • • • , of (2) actually does move closer to r if /(a,) andf"(x) have the 
same sign (as in the figure or in its reflection in the x-axis); in the contrary 
case the fact will persist if a, is replaced by 6, in the discussion and in the 
formulas (2). The reader should supply figures.) 

Example. /(x) = x 3 + x 2 - 4x + 1 = 0 has/(0) = 1,/(1) = -1, so a root 
occurs between 0 and 1; moreover, /'(x) = 3x 2 + 2x — 4,/ // (x) = 6x -f 2, 
show /"(x) > 0 on the range; since/(0) and f" have the same positive sign 
the situation is that of Figure 6.13.1. The approximations (2) are computed: 

r V= 0 ~ !/(-■ 1 » = 0.25. r, = 0.25 - 0.078125/(-3.3125) = 0.273585, 
which is a close approximation to the root. 
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LIMIT 


1 3. Obtain the following roots by Newton’s Method: 

, al _» _ 2z - 5 = 0 (Newton’s original example) (x - xxut-'o, 

(b) i 3 - 2/ + x - 3 9 = 0 (x = 4.091) 

(c) -tTi + = 3.2 (x near 1) 

(d) * + Vx = 5 (1-east positive root) < 6 

1 4. 77,e Method of False Position. If y = /(x) is wntinuous and /(n)./( ). 

have opposite signs, show that the x-.ntercept r, of tlu> secant joining l , J 
[6,/(6){, approximates the root r of/(x) = 0 between n and 6, the value oi 

r, = b - /(«(& - <*)/[/(« “/(«))• . , M 

How can a second approximation of this type be obtained? f Show that Nev - 
tan’s first annroximation in (2) is the limiting case b — a, if / (n) ^ 0 exlsls - 


ton’s first approximation in (2) 

Apply this method in Exercise 13(a). 

1 5. The depth d to which a solid wooden sphere of radius r and specific gravity s 
will sink in water satisfies the equation 2d 3 — Grd_ -f- Hr s - 0. 1* md d for a 
sphere 2 ft. in diameter and of specific gravity 0.65 (pine). 

6.14 L'Hopital's Theorem on Limits 

The useful techniques evolved in this section follow theoretically from 
the Mean-Value Theorem (as will many future useful techniques). 

We consider a function of type 

<•> F(x) = S 

for which /(a) = g(a) - 0 under direct substitution x = a. F(a) is thus 
undefined by direct substitution. Nevertheless, the question can be raised: 
Can we obtain a condition concerning the functions /(x), g(x), which 
would assert the existence of 

Urn F( X ) = Urn {g. 

and calculate the limit if one exists? A simple function of the sort is F(x) = 
(x 2 — 9)/(x — 3), for which /(x) = x 2 — 9, /(3) — 0, g(x) — x — 3, 
g( 3) = 0, but for which 

lim x _3 F{x) = lim„ 3 (x* — 9)/(x — 3) = lim x - 3 (x + 3) = 6 
(the reader has met it before). This example is handled by special device 
above; we seek more general coverage. 

The condition sought is contained in 


theorem 6.14.1. L’Hopital’s Theorem. Let 

Fix) = f(x)/g(x), 

where /(x), ^(x), are single-valued and differentiable on a range including 
x = a with g\x) 0 near x = a; let /(a), g{a) = 0. (i) If there exists a 
limit 

® 5 ; {§-’'• 

then lim r _ a F(x) likewise exists and is equal to V. (ii) If the limit (2) is 
non-finite (= ± ) then lim,-,, F(x) is also non-finite. 
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Deferring the proof of the theorem to the end of the section, we turn to 
examples and extensions. We first note that the condition (2) directs us 
to differentiate /(*) and g(x) separately , not as the quotient F(x), and to 
examine the quotient of their derivatives as to limit. In the previous 
example F(x) = (x 2 - 9)/(x - 3), we have /'(x) = 2x, g\x) = 1 , and 

f'(x)/g\x) = lim,^ 2x/l = 6; 

this value V = 6 is by Theorem 0.14.1, the limit of F(x) as x -> 3, checked 
by the earlier method. 

Example 1. Find 

Vi-1-3 

,_,o x 7 - 100 

suwtu“r= "awrsr 10 ' of the * ivcn fr#<-tion have th * va,,ic ° un(i - 

fix) = Vx — 1 — 3, with /'(x) = j(x - 1 )"* 

g(x) = x 2 - 100, with g\x) = 2x 

and inquire for 

—10 g (x) ,_ 10 4 x y/ x _ 1 120 

By Theorem 6.14.1 this value is the limit sought: 

, im ^ p]-3 _ _L. 

—io X 2 - 100 120 

Example 2. In discussing 

‘‘ m 77 7 ~ T ■ 0S*<1. 


Hm 0 S x < 1, 

*-*«-> VX — 1 

we find (after differentiation and simplification) that 

iim s - - !> m y* = - a.. 

Hence the proposed limit does not exist. 

Theorem 6.14.1 permits extension in several directions. These we 
record (proofs require too delicate argument and are omitted): 

THEOREM 6.14.2. The conclusion of Theorem 6.14.1 persists under all 
the staled hypotheses except that: 

(i) a may be infinite. [In this case, /(«,) = 0 is to mean 
lim,^» /(x) = 0, and similarly for g(<x>) = o.J 

(ii) for either finite or infinite a we may replace the zero value of f (a), 
g(°)f f(o) = g(a) =a> [meaning that lim,^ 0 /(x) = ® f 
lim,_ a g(x) = ® J. 


Example 3. If we require 


7-1-3 

x 1 - 2o 
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we find the separate limits of numerator and denominator to be infinite. But 
(cf. Example 1) 

t-°; 

Theorem 6.14.2 asserts that this value, 0, is the limit required. 

There remains, however, the possibility in the testing (2) that /'( a ) 

S'(a) = 0 [or H, either by substitution x = a or by limit process * -ta¬ 
ll so, the theorems fail to apply since it is not known definitely that ( 2 ) 
is either finite or non-finite. But inquiry for (2) under these circumstances 
is analogous to the original inquiry for lim,-. a f(x)/g(x), with / (x), y (*)» 
now replacing the original functions. Under proper assumptions regarding 
f"(x), y"(x), the testing investigation is whether 


(3) 


y (x) 


V or 


CO 


V finite; 


if V exists, then by the theorems (2) likewise has tho value V, and hence 
(again by the theorems) lim,_. a f(x)/y(x) has the value V —note the double 
application of the theorems. If, however, the limit (3) is non-finite, neither 
(2) nor lim,^. f(x)/g(x) can be finite. 

Immediate extension of this remark indicates test of 
(4) lim._ a f"\x)/g"\x) 

if all prior pairs of derivatives /"’(x), y“(x) t i = 1 , 2 , • • • , n — 1 , have 
been 0 [or co) for x ■■ a, and if, of course, all the indicated derivatives 
exist. If the limit in (4) is V, then by the theorems V is the limit of the 
ratio of the preceding derivatives, • • • , and hence of I'ix). 

It is, of course, possible that /‘"’(a) = - 0 (or «] for all n. In 

this case, the theorems have no content, for (4) is never defined or shown 
non-finite. Other methods must then be attempted for solution of the 
problem. 

Example 4. If it is required to ascertain lim_« x/y/x 2 — I, we find 

odd oa _ 

g u, (x) x ’ ,«'•<,) Vi^T' 

all of which have both numerator and denominator non-finite as x —► co. The 


J even, 


theorems are not applicable. (But the original limit can be obtained from the 
writing 


y/'~? 


i 


as 


CO 




The basic theorems also apply to two cases of apparently different types: 


(5) lim,_ a lf(x)-g(x)l where 

( 6 ) lim,_ a \f(x) — 0 (x)|, where 

Writing (5) as 

m. g (x) = /(x)/ 


m = o, 

/(a) = co, 


g(d) = co; 
g(a) = co. 


Sip) = 0, 1 /gia) = 0, 
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returns us to Theorem 6.14.1; and the difference in (6) can generally be 
remade into a single fraction to be discussed by the theorems 

Example 6. The problem of finding 

„m f —^“7 — ———jl 
x—• LX 1 (x -+■ 1) J 

18 °' type (6 >- Combination of the fractions gives the equivalent 


lim 


3x* + 


0 (a) 


CO 


p x— ( x - l)(x + l) 2 

Previous methods find the limit 3. 

1-Note: The expressions 

0) /W/ffM, /(„) = g{a) = o or /(a) 

/(x)ff(j), /(a) = 0, ff (a) = 

,7 ,. . , , /(*) - «K*), /(*) = (Kx) = », 

i n de tormina t e' fo rmso " t v oei^O /0 x «.«• traditionally called 

fo^nde t r h the“ub^tit e t USefUl PUn T ° f f ° C,,:!inK •“«"tU>n t on"5.e W»ri2rt The 
ToZ t 6 ^ ^ 0 ," 1 = t ,r ™ Rl ' whic, ‘ ' alee cannot be determined. 


(2) 

is equivalent to 

(7) 


sa-sfB 


... . " ' ' ' X—« 7 

" c gain some freedom of action if we replace the right side of (7) by 


lim m. 

x.-o (J (x*) 


cither a < x* < x , 


or 


x < x* < a, 


since then as x - a(+) we must have x* - «(+), and aa * «(-) we have 

x n (—)- Thus, if we had authority for 


(8) /(*> - m _ a*!) 

»(•>') - s»(a) s'(x’) ’ 


|a < i* < x or x < x* < a 


the limit process would produce (7); assumption of the limit on the right would 
necessitate existence of that on the left of (7) or ( 2 ), a, well as equality of the 
values This would establish Theorem 6.14.1. But existence of x* such that (8) 
is va id is the assertion of the Caueha Generalized Mean-Value Theorem (Exercise 
0.13.11J; the first range in (S) is the transliteration a = a, 0 = x, of (6 13 1) the 
second IS the transliteration 0 = a, a = x. The proof outlined can, then, be carried 
through. 

6.15 Exercises 

1. Find each limit: 

(a) lim,_, (x 2 + x - 2)/(x 2 - 1 ) (b) lim_ [x(x - 2/ - 3]/(x 2 - 3x) 

(c) lim,_, (1 - x )/(l + x) (d) lim_ (1 - x )/(l + x) 

M«a. (a) 3/2;(b)n+ J;(d)T®.] 

0 and as x —> a>. 

“♦ « and as x —» co. (.4 rlSm 2 >/a, co .1 


2. Find lim x/(a - y/ a 2 — x 2 ) liotli as x — 

3. Find lim (x - «)/( Vx - Vh) botli asx 
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4. Show that: ( a) linw x 2 /{ a — yV — x *) = 0 

(b) Wa -f x — y/ a — x\/x = 

(c) lim,^ (Vx - 1 - 2)/(x* - 81) = 1/216 

5. Find: (a) lim,_ ( y/ x — VaWx — a 

(b) lim_i (x - l) 4 /(x 4 + 2x 3 - 12x 2 + 14x - 5) 

6. Find lim^^, y/x~— a/{y/x — \/a); show that the L’Hdpilal theorems are 

inapplicable, but the limit is 1 by other means. 

7. Discuss lim,_® y /1 + x 2 /x. 

8. Show that liin,_, [x/{x — 1) — y/~^/(/ x — l)] = <». 

9. Show that lim,-„ [y/\ + x* - x] = 0. [Set x = y~ 1 .] 

6.16 Summary and Miscellaneous Exercises 

The notion of differential introduced in this chapter is important (i) as an 
approximant to total change A/(x) in a function if Ax is small enough; (ii) as the 
defining instrument leading to the Leibniz notation dy/dx for the derivative, 
which is advantageously flexible; (iii) as the basis for the formal process of differ¬ 
entiation from which derivative results stem under suitable interpretations. It is 
this last which lends the namef “Differential Calculus” to the subject matter 
pursued so far: the study of processes and applications resulting from use of differ¬ 
entials of variables. These differentials continue their fundamental role in the 
reversed subject matter of the next chapters, a study of the “antidifferentiation” 
process and its applications. 

In contrast to the approximation of A/ by the differential df is the exact repre¬ 
sentation of A/ by the Mean-Value Theorem, using the derivative of /. Often 
directly applicable [e.g., Exercises 6.16.10,11), this theorem frequently derives 
theoretical consequences which themselves are of direct application [e.g., L'llopital's 
Theorem 6.14.1, 2|. The Mean-Value Theorem will continue to be a fundamental 
tool. 


Miscellaneous Exercises 


1. Sketch, the^ curves: (a) x = 2t + 3, y=( 5 -3l J +8; (b) x = t, y 


2 . 


3. 


Trace the curve x = (1+ f 3 )-*, y = /(l + **)-». Account for the asymp¬ 
tote x + y - 0. 


Trace the curve x — (1 -f- t) 2 , y = (1 — l) a . [This curve is easier to trace from 
this parametric form than from its equivalent Cartesian form (x — u) 2 — 
8 {x + y) + 16 = 0.) 


4. (a) Discuss the cissoid (6.7.9) according to the methods of §6.8, to check 
various features of Figure 6.7.3. 

(b) S how analytically that the line through A (Fig. 6.7.3) with slope -2 

fThe earlier name, “Infinitesimal Calculus,” was unfortunate in that the adjective 
infinitesimal suggested some quantity so extraordinarily small that it could be tossed 
aside. Skepticism of results obtained in such wise naturally resulted. Bishop Berkeley 
was a major critic of Newton’s work: “And what are these fluxions (derivatives)? The 
velocities of evanescent increments. And what are these same evanescent increments? 
May we not call them ghosts of departed quantities?” Only with Cauchy did the honesty 
of the basic limit process become defined and understood. An infinitesimal is now simplu 
a variable which approaches zero in a problem. The modern name is “null variable ” 
Calculus consists of calculations performed with null variables, with variables which 
approach zero, as Ax (independently) and A/(x) (dependency) approach zero in the 
definition of derivative; as we have seen, the quotient A//Ax may have finite and useful 
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intersects the cissoid in a point P*: (x*. y*) such that y * 3 = 2x*®. Show 
that this result furnishes a geometrical construction (using straight¬ 
edge. compass, and a drawn cissoid) for doubling a cube. 



6. For a locus given parametrically: C 
concavity of x with respect to y. Thf 


5. The Cardioid. A line L pivots about 
the point 0 of a fixed circle of diam¬ 
eter OA = 2a (Fig. 6.16.1). From 
its second intersection, Q, with the 
circle a fixed length 2 a is laid off in 
both directions along OQ. Find the 
locus of the points P, P', thus gen¬ 
erated, in terms of the angle of in¬ 
clination, 0, of L. (The length of 
OQ = 2 a cos 0; use projections of OQ 
and QP on the axes. A ns. x = 2a- 
cos 6 (1 + cos 0), y = 2a sin 0 • 
(1 + cos 0). The complete figure is 
heart-shaped, hence the name. Its 
generalization with QP = 26,6 ^ a, 
is called the Limaqon of Pascal .) 

: x = x(f), y = !/(/), study extrema and 
tools are 


dx _ x'(l) d*x x'* (Py 

dy~y'W rf? = ~7 i d?' (Exercise 6.9.13) 

and an interchange of the letters x and y in the pertinent theorems of Chapter 5. 
Make a compilation of these results. (Although x-C.P.H. are y- C.P.V., 
study of x-concavity can provide new information about C, due to the fact 
that y{x) is not always single-valued.) 

Discuss x-concavity for Example 6.8.1, and Exercise 6.9.5. 

7. The force of attraction between two magnetic poles is inversely proportional 
to the square of the distance r between them. If r is changed by dr, show 
that the change in F is (a) exactly -2Ar," 3 dr, r < r, < r + dr: (b) approxi¬ 
mately —-2 At~ 3 dr. 

8. Show that \/145 exceeds 12 by (a) approximately v = {(144)“* = 0.041- 
(b) exactly v* = 4(x*)’\ 144 < x* < 145. From 


— v* 


if 1 i l in ii i i r 
2 Ll2 ( x *)tJ < 2Ll2 (145)*J < 2 Ll2 13 J - 0 0032 


show that v is correct to two decimal places. 


9. Apply the Mean-Value Theorem in the form 


/(x, -f Ax) - /(x,) = Ax-/'(x, + 0- Ax), 0 < 0 < 1, 
to the quadratic function y = /(x) = ax 3 -f 6x + c to show that 0 = {, 
independent of x, and Ax. State the result in geometric language. 

10. The points A: (—2,5), Z?:(l,8), C:(4,—7), lie on the parabola y = 9 — x 2 , 
the triangle ABC being inscribed in the parabola. Use the result of Exercise 
9 to determine the sides of a corresponding triangle circumscribed to the 
parabola and having its sides parallel to the corresponding ones of ABC. 
[Ans. A'B line, slope 1, through (—{, 35/4).] 

1 1 . Ix»t/(x) = mx + 6 + F(x), where F(x) —* 0 , F’(x) exists, as | x | —> <» . Show 
that /'”(x) —♦ 0 as | x | —* co. How does this result simplify Theorem 5.6.1? 
(Use /(x, + Ax) - /(x.) = Ax-/'(x, + 0-Ax), 0 < 0 < 1, for x, > M, a large 
positive number.) 
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6.16] SUMMARY AND MISCELLANEOUS EXERCISES 

12 . The Mean-Value Theorem can be used to prove each theorem : 

THEOREM 6.16.1. If fix) is single-valued and differentiable on R: 
a^ x^b, if f(x) > 0 on R, and if x, , x* , arc any two mines such that 
a < x t < x 2 < b, then fixf) < f(x 7 ), and fix) is increasing over R. Unde, 
the same conditions, except that fix ) < 0 an R, fix) is decreasing over K. 

Theorem 6.16.2. Let fix) have a second derivative f'{x) on the closed 
range R. A value x, on R at which fix,) = 0 is the abscissa of a minimum 
or maximum value of fix) on R according as fix) > 0 or fix) < 0, re- 
pectively, throughout R. 

[Apply the Mean-Value Theorem to fix).] 

theorem 6.16.3. If f{x) is single-valued and fix) continuous on R: 
a ^ x ^ b, and if M is the maximum | fix) | in R, then in every part of 
R of length t/M the numerical difference between the greatest and least 
values of f(x) is < t. 

[If a, , 6, , denote the abscissas of the greatest, least, values [cf. Theorem 
4.11.1] of f(x) on a part of R, write the Mean-Value Theorem for fix) on 
«1 £ * £ 6 | .] 

13. The function fix) is continuous on R : a £ x ^ 6. Suppose its derivative 
fix) exists on R except possibly at x = c, but that lim_ fix) = .4, finite. 
Prove that /'(c) must exist, and is equal to A. [Use the Mean-Value 
Theorem, /(c + Ax) — /(c) = Ax •/'(£), £ between c and c -f Ax.] 



<( 7 )> Antidifferentiation 


7.1 The Family of Functions with Given Derivative 

Told that a function F(x) has 

(1) Derivative dF/dx = 2x or Differential dF = 2x dx, 
we easily write 


Fo Or) = x* 

as one function satisfying the specification (1). Immediately we realize that 
*(*) ■"**+>. r,(x) = a* - 1776, F,(x) = X* + \/l492, 

»>* subscribe to (1); indeed, the family 

(2) F(x) = F,(x) + c — x* + c, c a parameter, 

where e varies parametrically over all real numbers, possesses property ( 1 ). 
Similarly, from the given 

(3) dh /dx = 3x 2 — 2x + 1 [differential dF = (3x 2 — 2x + 1) dx] 
we obtain by inspection the family 

W = x * ~~ x" + x + c, c a parameter, 

of functions possessing derivative (3), verifying the fact by differentiation. 

The following questions will immediately occur to the reader: (i) l s 
there just one family of functions possessing specified derivative (differ¬ 
ential)? (ii) Can general methods, rather than unreliable inspection, be 
devised to obtain functions having specified derivative (differential) 9 
(iii) What ki,,d » of problems naturally begin with differential information 
and require the reconstruction of functions originating that differential? 

The present chapter contains some answers to these questions, be¬ 
ginning with a sequence of simple consequences of the Mean-Value Theorem 


THEOREM 7.1.1. // F'(x) = 0 over a range R: a ^ x ^ b, then F(x) is 
constant over R. 


The converse of this theorem is already known. Let x > a be any point 
on R. The conditions of the Mean-Value Theorem are satisfied by F{x) 
on the range a ^ x ^ x, so that the conclusion can be asserted: 

F(x) - F(a) = (x - a)F\x *), a < x* < x. 

But F\x*) = 0, whatever the value of x*, because F'(x) = 0 over R. 
Hence, we have F(x) = F(a). Since F{a) is a constant and x is any value 
of x on R the theorem is established. 


174 



FUNCTIONS W 


TH GIVEN DERIVATIVE 


[175 


7.1] 


A corollary of Theorem 7.1.1 is 

theorem 7.1.2. If two single-valued functions F,(x) and F,(x) have 
the same derivative on the closed range R, then on that range they differ at 
most by an additive constant : 

F 7 (x) = F x (x) + c, c a constant. 

Again we note that the converse of the theorem is known. To prove 
Theorem 7.1.2 we argue with the new function F(x) defined by 

F(x) = F 7 (x) - F t (x). 

F(x) is single-valued on R, and its derivative 

F'(x) = Fl(x) - F[(x) = 0 

on that range because F 7 (x) = F[(x) for all x on R. Hence, by Theorem 
7.1.1, F(x) is a constant c on R, and therefore F 7 (x) — F t (x) = c; the 
theorem then follows. 

From Theorem 7.1.2 we draw the answer to question (i) above: 


theorem 7.1.3. All single-valued functions which have the same de¬ 
rivative as F„(x) over a range R necessarily belong to the family of functions 

(5) F 0 (x) + c, 

c a parametric constant, over R. 


For, if F*(x) is any function having the same derivative as F 0 (x), then 
by Theorem 7.1.2 we must have 

(6) F*(x) — F 0 (x) 4- c*, c * a constant, 

over R. Thus F*(x) belongs to the “family” composed of 
(® F 0 (x) -f- c, c a parameter. 

We choose c to be the specific c* of (6) to place F*(x) in the family. Since 
F*(x) was a sample function (“any” function) having the same derivative 
as F 0 (x), what is said of it may be said of all such functions: each must 
be found in the family (5) for some specification of the family-parameter c. 

To illustrate: the function F„(x) = §z 3 has the derivative 

dF 0 

= X , —co < x < c*> . 

The theorem asserts that all functions F(x ) such that 


(7) 

must occur in the family 


dF 

dx 


^o(x) 4- c = 4 - c, c a parameter, 

so that any F(x) with derivative of form (7) must be of the form 

(9) F(x) = §x 3 4- c, c a constant. 

Not & weird combination of cube roots and logarithms and 17th powers is this 
b ^ efc composed that its derivative collapses into the simple X 1 of (7) From 
the fonn x of .ts derivative, F(x) cannot but be of the most obviously related 
jorm 3* 4 - c which checks so obviously by differentiation. 
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The process leading from given derivative (differential): 

0°) dy/dx = /(x) [dy = /(x) dx] 

to the family of functions possessing that derivative (differential): 

F(x) = Fo(x) + c, c a parameter , 

generated by one function F„(x) known to satisfy (10), is called anti¬ 
differentiation, f the reversal of differentiation. From (1) to (2), from (3) to 
(4), from (7) to (8), is antidifferentiation of the first of each pair. Any 
function of the family F„(x) + c of (5) is called an antidifferential or a 
primitive of f(x)dx . To antidifferentiate f{x)dx is the calculus of this chapter. 


7.2 Antidifferentiation and Differential Systems 

In this section we shall present exploratory examples indicating the 
importance and main features of the investigation of the new concept of 
antidifferentiation. 

a Consider the problem: determine the curve which (a) has tangent-slope 
x -f 2 x at every paint P : (x,y) on it, and which (6) passes through (3,1). 

Condition (a) requires that we find a function y = F(x) such that 


+ 2x. 


(!) 4 = d -f = 

dx dx 

The second condition (b) requires that 1 = F(3). The pair of requirements 
constitutes the differential system: 


(2) (a) dF = (x 2 + 2x) dx (b) F(3) = 1. 

Part (a) of (2) is called a differential equation; it is subject to the initial 
condition (b). We are to solve the system for F(x): this means that from 
the assumption that there is a function satisfying (2) we shall discover its 
necessary form, which we then check in (2) to prove that it does satisfy the 
requirements. 

Inspection as a method, even in simple cases, should be discarded. 
First effort in this direction is to reverse the power differential 
d(A:x" M ) = k(n + l)x n dx into 


(3) kx n dx - d(kx n * l ]/(n + 1) = d[kx" M /(n + 1)), n * -1; 

the bracket on the right is F 0 (x) for the differential kx n dx. Simple examples 
are: 

(4) \x 2 dx = d[x 3 /3] 1* = l,n = 2,n + 1 = 3, in (3)] 

2x dx = d(x 2 l [k = 2, n = 1, n + 1 = 2, in (3)). 
Furthermore from these there results the combination 
(40 _ (x 2 + 2x) dx = d($x 3 + x 2 ] 

tAnother “unti-” process: as subtraction complements addition, as root extraction 
complements involution, as the use of logarithms is incomplete without antilogarithms, 
as the inverse x = f~ l (y) reverses y = /(x)—so will antidifferentiation round out the 
subject of calculus. 
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since the differential of a sum is the sum of the differentials of the con- 
stituent terms. Generally useful is the reversal 
(6) (a„x" + a n 


»-* 


+ 


+ ®o) dx 




n + 1 


+ 


+ + 


,x 

2 


+ a„x 




provided no zero denominator is encountered; (5) is immediately veri e 
by differentiation of its right side. The bracketed sum on the light o 

(5) is the F 0 (x) of the differential on the left. 

On this groundwork we proceed with the problem in two stages. 

(a) We first seek all functions satisfying (2a), from which family we shall 
choose the one which also satisfies (b). From (4') we have one function 
satisfying (2a) in F n (x) = Jx 3 + x 7 ; all such functions occur in the family 

(6) F(x) = Jx 3 -f- x 7 + c, c a parameter. 

(b) Using condition (2b) on (6) we must have 

1 - J(3 3 ) + 3 2 + c = 18 + c, i.e., c = -17. 

Thus, if there is a function satisfying (2) it must be 


(7) 


lx 3 + x’ - 17. 


A check of (7) against (2) shows satisfaction of those requirements. Hence, 
(7) is the unique function (curve) 
meeting both requirements of the 
differential system (2). 

Graphically, the family (6) is the 
family of cubics shown in Figure 
7.2.1: the particular (7) has //-inter¬ 
cept — 17, and the others are dupli¬ 
cates of this, translated along the 
y-axis as the //-intercept c is varied 
over all real numbers. According to 
condition (1), all members of the 
family have the same tangent-slope 
x 7 + 2x, for points with the same 
abscissa x, ; the figure, then, shows 

parallel tangents to the curves at the points [x,, JxJ + xj -f c) on them: the 
curves are “parallel.” 

Example. A ball is thrown vertically into the air from a height of 6 ft. and with 
initial velocity of 20 ft./sec. Find a formula expressing its height above ground as a 
function of the time. 

Neglecting air resistance and other extraneous forces, we realize that the only 
force on the body is the acceleration of gravity. Thus we can start with acceleration 

a = -32, 

using the upward direction as positive. But a = dv/dt, if v{t) represents the velocity 
function of the ball. The velocity function should be determined from the differ¬ 
ential system 

( 8 ) 



(a) dv = -32 dt (b) y(0) = 20. 
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\\c assume that there exists such a velocity function, v = v(t). We locate hv 

mspcct.on or by (3) with > = 0, F 0 (l) = -32/, so that all functions satisfying 
(8) occur in the family y k 

v{t) = -32* + c. 

But, because of (8b), *(0) = c = 20. Hence the particular v(t) in the circumstance 
outlined is 


v{t) = — 32* + 20. 

This checks in (8). 

Now, since v = ds/dt, «(*) representing the position-coordinate of the ball as a 
function of the time, we have a new differential system to solve: 

(a) ds = (-32/ + 20) dl (b) s(0) = 6. 

By the same methods as before we obtain as solution of (9) the position-function 

«(/) = -16/’ + 20/ + 6. 

This checks in all the requirements of the problem. 

The preceding examples show content in the ability to antidifferentiatc. 
The typical procedure is summarized as follows: 

Given the differential system 

( 10 ) (a) dy = f(x) dx (b) y* = y(x*), 

required the function y = F(x)—if, indeed, there is one— which not only 
is an antidifferential of f(x)dx, to satisfy (a), but also lakes on a specified 
value y* = F( j*) when x = x* to satisfy (b). 

(i) The entire family 

dl) F(x) = F 0 (x) + c, c a parameter, 

of functions satisfying (10a) is first determined. On (11) the initial con¬ 
dition (10b) is imprinted: substitution of the paired values x*, y*, in ( 11 ) 
gives 

y* = F (**) = + c*. c* = y* — F 0 (x*). 

Then the particular member of the family, 

02) F(x) = F 0 (x) + c*. 

is the only possible function which can satisfy (10): it is the necessary 
form of the solution. 

(ii) That (12) does actually fulfill the conditions (10) needs verification, 
so that the necessary solution is also sufficient unto the conditions. 

Accomplishment of (11) rests on ability to find the antidifferential of 
f(x)dx in (10a). So far only the general forms (3) and (5) are at hand for 
guidance. Finding a primitive F 0 (x) from its differential is not easy. 
For example, since 

(13) dfifa (2* - D‘ /3 (8z + 3)] = x(2x - l) 1 ' 3 dx 

(check this) the function on the left is an F Q (x) for the differential on the 
right; yet how to proceed from the given right side to the far more compli¬ 
cated left side of (13) is surely not a technique immediately at hand. 
We begin to cultivate the technique in the next sections. 
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7.3 Exercises 

1. In each case indicate the family of functions having the given differential 
either by inspection or by (7.2.3, 5). 

(a) dF = 5x dx (b) d F = x* dx 


(d) dF = x" a dx 


V*/- i — 

(c) dF = x* dx 

(e) dF = (2x - 3x a ) dx (f) dF = (x* - x'*) dx 

[Am. (a) x +e; (d) -x _l + c; (f) | - 2x* + r.| 

2. (a) From the fact that d[Vl - x 2 i = - x dx/V 1 - x 2 . | x | < 1 , find 

the family F(.t) su ch that dF = —x dx/Vl — x*. 

(b) From dlVx 1 + l] = x dx/Vx 2 + 1 , find F(x) if dF = i drA/x 2 4- l"- 

(c) Find F(x) if dF = x a V^+l dx. 

3. Formulate and graph the family of curves having the specified tangent- 
slope at each point: 

(a) Tangent-slope = x_ (b) Tangent-slope = 3x a + 4x 

(c) Tangent-slope = *' (d) Tangent-slope = \x~' 

[-4ns. (a) y=ix + c; (c) y = -< 1 /*) + c; (d) y = ^ + c , * > o.[ 

4. In each part of Exercise 3 determine that curve of the family which passes 

through (4,6). (d) y = y/~ x + 4 j 

5. Find the curve C: y = f ( x ) such that (a) j," = 2 at each point and (b) C is 
tangent to y = x + 1 at (2, 3). [Start with di/Vdx = 2, where y' = 1 when 
x = 2 (why?). /Ins. y = x a - 3x + 5.| 

6 . Determine the curve y = f(x) for which y"(x) is constantly -2 and for which 
the tangent at ( 1 , 2 ) has slope 2 . [/Ins. y = - x a + 4 x - 1 .] 

7. A ball is projected straight up from a point 128 ft. high with an initial velocity 

\V* d: (a) fo t rmu,as K ,v 'ng the velocity and the position of the 
ball relative to the ground as functions of the time; (b) when it strikes the 
ground in falling (assuming it just misses the edge of the roof as it falls); 
(c) the velocity with which it strikes the ground; (d) its maximum height 
and the time of attaining it. [.4ns. (b) 8 seconds; (c) 144 ft./sec.] 

8 . A body falls from rest from the top of a building 128 ft. high. When will it 
hit the ground? 

9 ’ b / 0<iy Exe f C, f. 8 is straight down with initial velocity of 

48 ft./sec. (instead of being merely dropped). When will it hit the ground? 

10. Show that if a body is projected straight up with initial velocity ft./sec. 
from an initial height of ft. above a specified level and is subject only to 
the force of gravity, g ft./sec./sec., its velocity at any instant is v = v 0 - at 
and its position is s = s 0 + v 0 t — hgt 2 . 

11. The accderatmn (ft./sec./sec.) of a particle moving along a straight line is 
given by a(t) - 1 - I2f. When t = 1 , its velocity is 10 ft./sec. and its position 
coordinate is 15 ft. Obtain its position function s(l). 

12. A weight slides down an incUne with acceleration constantly 4 ft./sec./sec. 
If the total length, 70 ft., of the slide is covered in 5 sec., find the initial 
velocity of the weight. [Verify the system do = 4 dl, v = o„ when l = 0 
5 = 0 when * = 0; find 0 = it + c„ , s = 2t a + o 0 t. Am. v 0 = 4 ft./sec.) 

13. In Exercise 12 how long did it take the weight to cover the first 16 ft. of the 
slide and what was its velocity at the end of that time? [,4«s. „ = 12.] With 
what velocity did it reach the foot of the slide? 

1 4. A superior runner starts with a handicap of 25 ft., and runs at a velocity 
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given by the formula r = 20 + 241 - 6< J . How far is he from the official 
starting line 4 sec. after the starter fires his gun? [An*. 119 ft.] 

1 5. Find the cubic polynomial p 3 (x) such that y = p s (x) has C.P. at (— 1 25) 
and (3, -7). [Start from dy = k(x + l)(x - 3) dx = k{x 2 - 2x - 3) dx 
Ans. y = x - 3x* - 9x + 20.] 

1 6. A cylindrical pail partly filled with water is revolved rapidly about its axis 
causing the water to rise at the edges and sink in the center. A vertical section 
cuts the surface of the water in a curve C. Find the equation of C referred 
to axes at the center-sink, assuming that along C we have dy/dx = kx, 
k = w / g, where o> is the angular velocity in radians and g is the acceleration 
of gravity. In the case that the pail is 2 ft. in diameter, the whirl is 1 revolution 
per second, and the outer depth is measured as 4 ft., find the depth at the 
center. [Ans. 4 — (2ir 2 /^).] 

7.4 The AntidifFerentiation Symbol 

Since antidifferentiation is the operation inverse to differentiation, it is 
appropriate to introduce the symbolt d~‘ inverse to the differentiating 
d to indicate antidifferentiationj. Thus 

0) ^ d-*[ f(x)dx] 

uses d' 1 as a verb commanding antidifferentiation of f(x)dx; in 

(2) , d-(/(x) dx] = F 0 (x) + c, c a parameter, 

d 1 is a noun: “the antidifferential of f{x)dx is the family F(x) = F„(x) 4 - c.” 
For example, 

d ‘[x 2 dx] = Jx 3 + c, c a parameter, 
which shortens previous wording. 

If the operations d 1 and d follow each other (in either order) in per¬ 
formance, the result can be no operation at all since each process undoes 
its inverse. For example, if we start with /(x) = $x 3 + c, c an arbitrary 
constant, then 

(3) d-[d(Jx 3 + c)] = d-[x 2 dx] = §x a + c 

and /(x) is unchanged. Such annihilating effect of iteration of d" 1 and d 
is symbolized by 

(4) (d-d) = (dd-) = 1, 

for 1 used as multiplier leaves the multiplicand unchanged. With (4) the 
reduction (3) can be written 

(5) d-[d(*x l + c)l = (d-d)[ix a + c] = l-(Jx 3 4- c) = *x 3 4- c 
without the mental effort of first differentiating and then antidifferentiating 
the result. 

This operational technique (4) permits rapid reversal of known differ- 

td _l is not the usual symbol for antidifferentiation. Relation of the process to another 
concept than inversion of d has led to the traditional symbol /. At an appropriate later 
moment we shall replace d _l by /; the instructor who wishes may do so in the present 
chapter without any other change. 

JUeread §6.5 discussing inverse processes and defending x =• as the function 

inverse to y - /(x). 
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entiation formulas into formulas of aniidifferentiation. Starting with the 
differential identity [of. (7.2.3)] 

- j iT kx" ' i r I n — 1. c a constant, 

(6 ) &'** md lr+T+ S , 

we operate on both sides of the identity with d' 1 : 

(7) d-[W dx] = «T'd)[^ + J = + C ' 


so thatf we have the direct formula 

(8) d-lkx" d«] = + c. » * “I. c a P“““«‘ er - 

Formula (8) immediately writes such results as 
d-V dx\ = Jx a + c Ik - 1, n - 5, n + 1 = 6] 

d-laT’dx] = *“7(-l)+c = “I/ 1 + c (n = -2, n + 1 --1] 

d"[VSdx] = d-[V^x‘d*] = V2x'/§ + c = iv^r' + c. 

The results may be verified by differentiation to produce the starling 
differential. 

Two maneuvers with d _l are fundamental. 

(i) d" 1 can be commuted (interchanged) with the multiplicative constant k in 

(9) d~'|A:/(x) dx\ = kd '[/(x) dx]. 

For, operation by d on the left side produces 

d{d-W(x) dx]) = (dd-')[*/(x) dx) - kf(x) dx; 
operation by d on the right of (9) gives (since d does commute with the 
constant k) the same differential: 

d{*d-[/(x) dx)| = A*(dd-)|/(x) dx) = kf(x) dx. 


Since the two families represented by the two sides of (9) thus have the 
same differential they must be identical (Theorem 7.1.3); this implies (9). 
For example, 

d-‘[llx a dxl = lld-[x*dx] = llj + C = jx'+t. 


Furthermore, the k in (8) can be dropped to leave 
. X"*' 

(10) d -l [x" dx] = x + c, n ^ -1, c a parameter, 
as the fundamental formula. 


The reader is expressly warned that it is only a constant which commutes in 
this way with d -1 . The variable x in /(x) dx never does so. As a horrible counter¬ 
example, we could then have the impossible 

Jx 5 -|4c = d~‘[x 4 dx] = xd~‘[x 3 dx] = x(Jx 4 + c') = }x s + c'x. 


tThe equality signs in (7) are justified by Theorem 7.1.3: the family of functions on 
the right must be identical with that to arise on the left because both families have the 
same differential (6); note that d(d _, (Ax" dr)| (dd _, )(A\r" dx) = kx * dx. 
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(ii) d 1 is distributive over a finite sum of differentials: 


(11) d-‘ [{/,(*) + f 2 (x) + • • • + /„(*)} dx] = d-I/,(x) dx J 

-f d l [f 2 (x ) dx] 4- • • • + d“'[/ n (x) dx\ -f c, c a parameter f. 
The proof is like that of (9). 


Example 1. d-flx 3 ' 2 - 4x ,/2 + ix" ,/2 | dx] 

- d-fx^dx] - 4d-(x ,/2 dx] + id“[*' ,/2 dx] 

= x 5/ 7l - 4x 3/2 /j -f }x ,/2 /i + c 

= fx 4/2 - fx 3/2 + x ,/3 + c 

= * x ,/2 (6x 2 - 40x + 15) + c; 
verification follows readily from differentiation of the result. 


hxample 1 requires antidifferentiation of only powers of x, Formula 
(10), after use of (11) and (9); but (11) and (9) apply to more general 
functions. Thus, we could plan to calculate 

by means of the equivalent 

3d "[ v/+ i dz ] “ 

written from application of (11) and (9). In the next section we extend 
our abilities to cover both of these antidifferentiations. 


7.5 Exercises 

1. Obtain each antidifferential and check: 


(a) d-V dx) = Jx 4 + c 
(c) d ‘[3x 2 dx] 

(e) d '[x -2 dx] = — x~ x -j - c 

(g) d 'I n/x dx] 

2. Prove the formula: 


(b)d - x )Vxdx) = jx 3/2 4-c 
(d)d-‘[5x\/xdx] = 2x*_ /2 4-c 
(0 d '(dx/Vx) = 2y/x 4- c 
(h)d-V dr] 


d-[(aox" 4- a.x-* 4- 


aox 


n+ 1 


4- dn-iX 4- a n ) dx] 

+ + • • • 4- - " 2 J + a«x 4- c 


= d“‘[a 0 x" dx] 4- d '[a.x" 1 dx] 4- • • • 4- d *[a n dx]. 
Hence state in words the information conveyed concerning the antidifferential 
(a) of a polynomial; (b) of a sum of powers of x. 


fNote that in practice we do not need to supply a parameter a , i = 1, 2, • • • , n, for 
each individual family on the right, but can supply merely one covering parameter for 
all, c = c, + Ci + • • • + c H , without loss of parametric generality. 
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3. Obtain each antidifferential and check: 

(a) d-Kx’ + 2* - 5) dx] = lx 3 + x 3 - 5x + c 

(b) <T‘[(I** - 1 + \x •*) dxl = x 1 - x + x +c 

(c) d-'[(l - V 2 x + 6x 3 - 11**) dx] 

(d) d-'Kax' + bx + c) dx) 

(e) d"'((x7 a + a/x 2 ) dx] = x*/3a - a/x 

(0 d~ l [(y/x - l/Vx)dx] . , I'm 

4. We have previously used “D” as the operator D = d/dx: “write the deriva¬ 
tive of”. Discuss using “D" 1 ” as operator-symbol for “write the antiderivative 
of.” What is D"‘(2x]? D -1 !**"* 1 ]? Is there an essential difference between 
d"‘ and D"'? 


7.6 Practicum of Antidifferentiation: The Power Law 


If u denotes a function (dependent variable) we know that 

(1) d {n+~T + c } = u * du ' n 96 ”1» c a constant, 

since the differential du pertains even though u is not the ultimate inde¬ 
pendent variable (Theorem 6.3.1). Pre-multiplication of both sides by 
d~* and a reversed reading produce 




( 2 ) 


d"'(u" du) - 


n + 1 


+ c, n ^ — 1, c a parameter. 


Formula (2) is called the power law or power formula of antidifferentiation. 
The previous 


d“V<te] = lx" 4 7(n + 1)| + c, #i * -1, (7.4.10) 

is included in (2) for u m x. More than this, since u can represent a de¬ 
pendent variable, a function u = u(x), the coverage of (2) is large. We 
point to the following examples. 


(i) If x + 1 = u, so that dx = du, then 

(3) d-‘l(x + l) 2 dx) - d" V du 1 

r 

conforms with the left side of (2) for n = 2. With the same u and n + 1 = 3, 
the right side of (2) supplies the continuation 

d _, [M 2 du] = ia 3 + c = §(x + l) 3 + c, c parametric. 

(«->♦!) 

We have found 

(4) d _, [(x + l) 2 dx] = §(x + l) 3 + c, c parametric, 

through an identification between the given differential and the form 
differential in (2). The result may be verified by differentiation. 


If the differential in (3) is first expanded we find 
(4') d-*[(x + l) 2 dx] = d-[(x* + 2x + 1) dx] = ir 3 + x 2 + x + c' 
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whereas the family on the right of (4) is Ji 3 + * 2 + * + 4 + c . The difference 
occurring only in the additive constant, is permissible by Theorem 7.1.2; the families 
are made identical if we write c' = c + £, involving no sacrifice of arbitrariness of 
the parameter. Such discrepancy as to constant in two distinct solutions is not 
infrequent, and is really no discrepancy at all. This second solution, by a method 
already known (§7.2), serves as check on the more elegant new method. 

(ii) If x* -f- 4 = u so that 2x dx = du, then 
(5) * [\7 x»+ 4 ] = d ~‘ 1(l * + 4 )~*(2i dx)| = d-'[u-'du] 

conforms with the left side of (2) for n = With the same u and 
n + 1 = j, the right side of ( 2 ) completes the antidifferentiation: 
d '[u'* du) = + c = 2 u J + c = 


2 V? + 4 -f- c, 


and we have the result 
( 0 ) 


^ ^ j “ 2y/x 2 + 4 + c, c parametric. 

This can be verified by differentiation. 

Suppose the multiplier 2 had not originally been present in the differ¬ 
ential, the requirement being 

(7) d^Kx* + 4)”*x dx). 

Lack of the entire 2x dx = du frustrates the complete identification of 

(7) with d ‘[u 1 du) as in (5). To attain the necessary conformity we 
insert the essential constant factor 2, multiplying also by J to compensate ; 
we then commute this \ with the operator d 1 . The maneuver is this: 

( 8 ) + 4)-‘i dx] = d-’lKx’ + 4)-‘(2i dx)] 

= id-((x* + 4)-'(2xdx)]. 

The right side of ( 8 ) continues as in (5) and ( 6 ), with half the result: 
d-'[(x 2 + 4)*‘(x dx)] = id-'Kx* + 4)-‘(2x dx)] = *d-V l du] 


(«-x»*4> 


l 2* dx-du? 


= }(2 u‘ + c') = (x* + 4)» + c, c = 4c'. 

Differentiation verifies this result. 

The method of antidifferentiation appearing in the preceding samples 
is that of complete identification (to within a multiplying constant) of 
the stated differential with the standard form (2). A multiplying constant 
k lacking for entire conformity can be inserted, compensated by its re¬ 
ciprocal multiplier k~ l which is commuted with the operator d~‘. A lacking 
but needed variable can never be supplied in this way since a variable 
cannot commute with d~\ Thus, if there is no x stated in the numerator 
of (5), the maneuver 

d-[(x J + 4)-‘ dx] = 4d- , lx-(x J + 4)-‘(2xdx)] 
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is of no avail because the compensatory variable, x" still '"‘“form 

identification with (2). Other methods than this are neede P 
the antidifferentiation set. 


Example 1. Obtain d _, ((x 3 - 4) 2 (7x 2 dx)]. 

Eyeing the power n = — 2 of the function x — 4 we set 

x 3 - 4 = u, (x 3 - 4)' 3 = u' 2 , 3x 2 dx = du. 

The stated 7x 2 dx is converted into the form 3x 2 dx = du required for exact con¬ 
formity with (2) by multiplication by 3/7; balance is preserved by further in¬ 
sertion of the reciprocal 7/3 as factor, this placed before the d . Thus we have 

d -'[(! 3 - 4)- 2 (7x 2 dx) 1 = W'K* 1 - 4)-’(3x 2 dx)] = 

I *»-4 — » 
l3*» ds-duf 

= + C) = -i(x 2 - 4)“ + c; 

this should be verified. . , .. 

Example 2. Requiring the antidifferential d ((ox + *>) dx] we choose (ox -+• b) — 
it, with (o dx) = du; we insert the missing ay* 0 as multiplier for dx to give the 
full form a dx = du; we compensate with the pre-multiplier a ; then 

d-'[(ax + by dx] - a" , d _, ((ax + 6)"(a dx)] = (T'd* V du] 

= °“[^+T + c ] = [(«* + + »1 + e, a^O, n* -1. 

The result, 

(9) d-‘[(ax + b)" dx] - ((ax + b)~7«(ii + 1 )] +c, a ^ 0, n / -1, 


can be used as a general formula; for example, 

d-[(2x - l) a/3 dx] - 0.3(2x - 1) 8/3 + c [a « 2, b - -1, n = J, in (9)]. 


After some practise the reader will be able to work without full display 
of the w-transformation, performing this mentally. Thus, the following 
telescoped antidifferentiations are readily accomplished: 

(a) d"‘ [5x ■\J / 3 - 2x 2 dx] -1 d _, [(3 - 2x 2 ) ,/2 (-4x dx)] 

= (3 - 2x 2 )' /2 + c 

(b) d-'[(x 3 - 6x + 5) 2 (x 2 - 2) dx] = 5d'[(x 2 - 6x + 5) 2 (3x 2 - 6) dx] 

= (x J - 6x + 5)*/12 + c 

« va- 1 - 2d ‘ ,[<1 + v:r ’ ( * d “ *»> 

--^—7= + c. 

1 + Vx 

Although many antidifferentials involving powers of functions are thus 
thinly disguised specimens of (2), subject to immediate, direct, trans¬ 
formation to that form by the method we have discussed, others cannot 
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dx 1 , 


be so directly transformed. Failure can be of two varieties. First, the value 
n = -1 is expressly forbidden in (2), so that, for example, 

‘"tfrl ‘"M HWfe _ 

cannot be handled in this way. Second, if n ^ -1, the method fails if 
the exact (except possibly for a multiplicative constant) differential 
du = u'(x)dz of the selected transformation u = u(x) is not present; 
thus, for example, we face failure of (2) in: 

d [x dx V x + 1 ] , u = x 3 + 1, du = 3x 2 dx; x dx lacks an x; 

d [x dxfy/x + 1), u = x 2 + 1, du = 2x dx; x 7 dx has an excessive x. 

Other methods will be available in most cases of failure of the power 
formula. 

7.7 Exercises 

1. Obtain each antidifferential and check: 

(a) d-[(x + 2)" 2 dx] (b) d-[(x 2 - 2) 3 x dx] 

(c) d-‘[(** + 5)*x dx] (d) d-'[(l + dx)] 


(e) d-'lVT^dx) 

(K) d~‘(8x(9 - x 1 )-* dx] 


(f) d-[2 dx/\yT^] 

(h)d-[(3i - 2y‘dx) 

I Ant. (a) -(x + 2)~' + c; (d) -(1 + *"')* + c; (f) -3(1 - *)l + c.] 

2. Evaluate d ‘((x* + 1 fx dx\ both by (7.6.2) and after expansion of the bi- 
normal. Reconcile the results. 

3. Evaluate and check: 

(a) d-*[(x - 2) dx/(x 2 - 4x) 2 ] (h)d-[(l - x 2 ) dx/ V18 - 3x + x :l ] 

4. Prove the formula 

d ‘[(ax 2 + b)"x dx] = [(ax 2 + b)' 4, /2a(n + D] + c, a * 0, n ^ -1. 
Can it be used for any of the parts of Exercise 1? 

5. For each antidifferential following explain why transformation to the power 
formula fails: 


(a) d“ 1 [dx/ V9 —x 2 ] 
(c) d"[(* + 1)- dx] 

(e) d-(« - 1)* dl/l) 

6. Evaluate and check: 

(a) d"[(a' - x'f dx] 
(c) d-[(«» +x-'f dx) 
(e) d~'[y/ax + b dx] 
(g) d-‘|(x 2 - 11) dx/x 2 ] 


(b) d"[(3x* - 2) dx] 

(d) d‘[(2x - 5) dx/(x 2 + 5)] 
(0 d"[d</(« + 3) 2 + 4]] 

(b) d''[(ax 3 + 6)V dx] 
(d)d-[(V^+ VaYdt/Vt) 

(f) d"'|x(a - x) dx] 


(h) d-[Vx 2 + 8x(x + 4) dx] 

7. Study and discuss the following as a general method of antidifferentiation. 
Consider the problem of obtaining 

(a) d-[ (x 2 + a 2 )’ 1 dx]. 

From our knowledge of differentiation, the given (x 2 + a 2 ) - * must have come 
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from a factor ( x~ -+■ a 2 ) - * in the desired antidifferential; accordingly, "C assume 
the result to be of the form 

(b) /(*)•(** +a 2 )'*, . 

where f(x) is an unknown function to be determined. Then the differential 
of (b) should be identical with that given in (a): 

/'(*)•(*’ + «V‘ - x(z 2 + aV'•/(*) = (x 2 + a 2 )"' 

(x 2 + a 2 )-'[/'(x)(x 2 + a 2 ) - xf(x)] = (i 2 + a 2 )' 1 . 

Hence /(*) must satisfy 

(c) + a 2 ) - xf(x) m 1 . 

By inspection, f(x) = a 2 x, for which f'(x) = <C 2 , accomplishes the require¬ 
ment (c). Hence (b) produces the desired antidifferential 

(d) <T'[(x 2 + a 2 )-' dr] = a'xtf + a 2 )’* + c 
which can be verified by differentiation. 


7.8 Practicum (continued): Transformations 

In seeking 


x dx 


=] = d-‘|x(x + I) - * dr], 


x > -1, 


it is fruitless to use the transformation 

* + 1 " m (dx = du) 


in an attempt to reduce (1) to conformity with the power formula (7.0.2), 
for the x given in the numerator of (1) is wholly excess baggage. Never¬ 
theless, some other transformation might be effective. In this case, the 
transformation 

(2) Vx + 1 = / 

would rationalize the denominator of (1). To complete the transformation 
of (1) from variable x to variable l, via (2), we need the further correspond¬ 
ences of the x and the dx in the numerator with t and dl; these are, from (2), 

(3) x = t 2 - 1, dx = 21 dt. 

Substituting the replacements (3) and (2) into (1) in the appropriate 


places, we have 



I di-H dll 


2d-‘l(< 2 - 1) dl] 
2d- , ]t , dt) - 2&-'{dl) 


(.-V77D = It 3 - 2t + c 

(4) = i(x + 1)» - 2(x + 1)' + c. 

We have found 

d “htfh] = i( * +1)1 ■ 2(x+ 1)1+c> 

which is readily verified by differentiation of the right side. 

Thus: although (1) is not a directly disguised form of the power law, 
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and hence, in the sense of §7.6, is not directly transformable into it, yet 
another type of transformation has changed (1) into a form to which that 
power law is applicable. 

The basic technique of antidifferentiation by transformation to a known 
form is a fruitful device, its validity resting upon 

theorem 7.8.1. If x = g(t) is a differentiable function on R(/) with 
single-valued inverse t = g~\x) on the associated range R(x), then 

< 5 > d-(F(x) dx] = <r’[f (rfQ| g\t) dt] 

under the transformation 

(6) x = f(0i dx = g'(Q dt, t = ,f\ x ), 

on the ranges indicated. 

To prove the theorem we simply note that the differentials of the families 
in (5) are identical on the associated ranges R, R: 

F(x)dx = F\g{t)\g\t) dt 

under the transformation (6), hence each member of the one family appears 
in the other (Theorem 7.1.3) if transformed through (6). In particular, 
if we can [as in (4)] find the family on the right of (5), then its transform 
through t = g~\x) is the family on the left. 

We return to the example (1) i n the li ght of Theorem 7.8.1, and question the 
event of Rising the inverse t = —y/x + 1 instead of the inverse (2) t * y/x+ 1 
of x = £ — 1. In this case we have x = £ — 1 , dx = 2 1 dt, t = — (x -f l) 1 ; then 

- It* + 2< + c = + J(x + 1)' - 2(x + 1)‘ + c 

to give the same result as in (4). So long as we keep to the inverse selected, the 
formal result is the same. 

We proceed to further examples. 

Example 1. Obtain d" , [xv / 2x — 1 dx). 

We set t = (2x — 1)* (this is t = p~'(x)], whence £ = 2x — 1, x = {(t 3 + 1) 
(this is x = dx = dt\ under such transformation, with unlimited range 
for each variable, we have 

d-[x(2z - 1) ,/J dx] = d-'IK* 3 + D M* 1 dt] = Jd ’K^ + < 3 ) dt] 

= * (*<’ + i<*) + c = ^ (2x - l)" 3 + ^ (2x - l)*' 3 + c 

(7) = H2 (2 * “ 1)1/1(81 + 3 > + c - 

The rather surprising result should be checked (cf. (7.2.13)]. 

Example 2. P'ind d _, [x 3 (x 2 - 9)‘ 3/2 dx], | x | > 3. 

We cannot identify the given expression with (7.6.2). We try the present method, 
replacing the complicating factor (x 2 — 9)* by t: t = (x 2 — 9)’, x 2 = £ + 9, 
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x dx = t dl, X s dx = x\x dx) = (t 1 + 9 )(t dt). Then. 

_ + 9)(« dtj j = d -. ((1 + gr 2 ) dl) 

= 1 - 9+ c = (X 1 - 9)‘ - 9(z’ - 9)'* + C 

= (x 1 - 9)'♦(** - 18) + C. 

Initial use of Theorem 7.8.1 is apparently experimental, trial and error 
with likely looking transformations. At this early stage it is best to leave 
matters in this wise. Later on, with more chances for antidifferentiating 
the right side of (5), we shall be able to predict success there in a variety 
of situations. 

One such definitive result of guaranteed success is 
theorem 7.8.2. In 

(8) d-[x-(ax- + b) p ,€ dx], a * 0, 

let p and q ^ 0 be integers. The transformation 

(9) t - (ax- + b) l/ ' 

will replace the differential in (8) by a finite sum of powers of t if m and 
n are such that 

(10) (m + 1 )/n is a positive integer. 

A sum of powers C,n j* — 1, can be antidifferentiated readily; the missing 
case leads to a logarithm (Chapter 10). From (9) we calculate 



Substitution in (8) yields the replacement 

( 11 ) d-'[ x m (ax- + b) 9/ 'dx\ - - *)i <— dt ] 

wherein k is a constant. If (m + l)/n > 0 is an integer, then 
[(m 4- l)/n] — 1 is 0 or a positive integer, and the power of (t q — b) in 
(11) can be expanded into a sum of a finite number of powers of t by the 
binomial theorem; thus, finally, the entire differential on the right of 
(11) is a finite sum of powers of t (times dt). 

Example 1 is the case m = 1, n = 1 , (m + 1 )/n = 2, so that success 
is assured by Theorem 7.8.2 under the transformation originally chosen 
merely to simplify. Example 2 is the case m = 3, n = 2, p = — 3, q = 2, 
(m + l)/n = 2. A more surprising example is 

Example 3. In 

d 'lx^ax 1 4- by dx] 

m = §, n = i, (m 4" 1 )/n = 5, so Theorem 7.8.2 predicts that the transformation 
t = (ax* 4“ b)^ will lead to a sum of powers of t. The reader should show that the 
transform is 

fcTM-Vtf - b) 4 dt] 

and complete the antidifferentiation. 
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Finally, we report that the reciprocal transformation 

da *-•-}. -r?-. 

is often effective if a power of a linear factor x - a occurs in the denominator 
of the differential set. 

Example 4. With the transformation x = \/t we find 

d" [*'*(** + l)'*rfr] = -id-‘|(l + t'r'Qtdt)] = -(1 + <»)' + c 

(*-!-•> (I-*-*) 

u , - V + D* + C 

by the power formula (7.6.2) The given antidifferential is not subject to Theorem 

7.8- since (m + l)/n = — J is not a positive integer. 

7.9 Exercises 

1. Show that under the transformation x 2 = t 

‘"[^] - 

and complete the antidifferentiation by means of (7.8.4). 

2. Show, with use of the transformation (2x 3)* = t, that 

d "C(2f + ij«] = U2 {2X + 3) ‘ (8 *’ ~ 181 + »»+<= 

and check by differentiation. 

3. Obtain and check each antidifferential: 

(a) d_, [^7]--5 (1 “ J W + ®+- 

(b) *"( VS^l] = To (2x + 1),(3l ‘ - 2x J + 2) + c 

(c) d-lx'd - z 1 )'" dx\ = ilj 0 - /T'W - x* - 5) + c 

4. Obtain and check each antidifferential: 

(a) d”'[**(l + 2x*)* dx J (cf. Example 7.8.3] 

(b) d" , [z J (x i + 2x*) f dx] [reduce to (a)] 

5. Apply Theorem 7.8.2 to each: 

(.) .-.[BjfidjJC*] . I (2 v;++ C 

(b) d-'[iV + b)-' dx) = 2a'W - ibtf + b'l* -b*) +c, 

C = ax + b 

(c) d-'[x- 2 (ai-' + 6)* dx) (d) d-'[*Ve* + 6)‘ dx] 

6. Explain the failure of Theorem 7.8.2 in each: 

(a) d'W - a')' dx] (b) d'W + x 3 )» dx) 

(c) A-'W^x - xT* dx) 
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7. Use the transformation (7.8.12): x = f”\ to reduce each antidifferential to 
workable form, and complete the work: 

(a) Exercise G(a) [i4rw. \a~'x~\x 7 — a 7 ) 3/ ~ + c.] 

(b) Exercise 6(b) [,4ns. — 3x~*(x + x ) t/: /8 + c .] 

'{svi+A = 


(0 d 


V + a 2 + c 


< d > d "L-vv + i] - s + ' 

•• » d i-^varr? ] = ^ + ‘ 

(b) a *'[(, + a) tv - J ’ « ^ 


x — a 


'x + a 

Prove each by setting <"* for the linear factor in the denominator of the differ¬ 
ential. 

9. Use the transformation t = x -+* k to prove: 

(1) d-[(x + h)(x + k)* dx| = (jt n + + k) 2 -- + (h - « + C ’ 

n 5 ^ — 1 , —2. 

10. Show that 


(2) d '|x\/ax + b dx) = 2(ax -f b)*(3ax — 2b)/16a~ -f c 
and use as a formula to evaluate 

(a) d-'[x V2x ~ 1 dx) (b) d-‘( V2* 8 + 3 1 1 dl] 

1 1. Show tliat__ 

(3) d '(x 2 \/ax + b dx) 

= 2(ax + b)*(16aV - 12abx -f- 8b*)/106a* + c 

and use as a formula to evaluate 

(a) d 'lx 2 \/aT+ 11 c/x) (b) d‘'|xVx* + 1 dx] (set x* — t). 

1 2. Derive formulas for 

d ''[xVax+ 6 dx], d~‘(x* y/ax 2 + 6 dx). 

1 3. Evaluate and check, making use of previous formulas developed in this list of 
exercises. 


(a) d" VVV 2 + 1 dx) 

(c) d _l x'W x 2 — 9 dx\ 

(e) d-f-- J 


-r 


dx 


;] 


(b)d L,V7T.. 

(d) d-[(x + 5)(x - 2) 10 dx] 
(f) d-'W* + 3 )- 3 dx] 


L(i — x) vT — x* 

14. Show that the method of “identification” of a stated antidifferential with 
the power formula in §7.6 is a special case of Theorem 7.8.1. 


7.10 Practicum (continued): Reversal of the Product Formula 
("Antidifferentiation by Parts") 

We turn now to another powerful general method of antidifferentiation, 
of wide application. If the formula for differentiating a product: 

d(iz-i>) = vdu + udv, 
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where w(x) and v(x ) are differentiable functions of x, be pre-multiplied 
by d _l : 

&~'l&(u-o)] = d’ l [vdu] -f- dT'\udv\, 
there results the formula 

(1) d"'(u dv] = u v — d"'[v du). 

This formula says that d"'[u(x) dv(x)] can be evaluated if d"'[t>(x) du(x)] 
can; in a large number of cases the replacement is fruitful. 

Example 1. Find d"'(x(x -f 1)”* dx], x > — 1. 

As we have seen (cf. (7.8.1)), the problem cannot be resolved into identification 
with the power formula, but has been solved in (7.8.4) by a transformation. As 
a matter of comparison, we now appeal to the new formula (1). We break up the 
stated differential x(x -f- 1 ) * dx into parts to correspond to m(x) and dv(x) in ( 1 ): 

(2) u(x) 3 x, dv(x) = (x + 1)"* dx, 
whence we have 

(3) du = dx, v = d ~ l [dv] = d“'[(x + 1)"* dx] = 2(x + 1)* + c, 
by the very power formula which we could not use in the first place when the 
excessive x was present in the numerator. Collecting the parts (2), (3), into their 
proper niches in formula (1), we have 

<*■'[*(* + 1)'* dx] = x\2(x + 1)' + c| - d-'I|2(i + 1 )‘ + c| dx] 

(4) = 2x(x + 1)* +cx - 2<T'[(* + D* dx] - cd~'(di]. 
Again by the power formula, the antidifferential in the third term on the right is 
— ^(x 4- l) 1 4- c’, and we continue (4): 

d"[x(z + 1)-* dx] = 2x(x + 1)1 + M _ i(x + 1)1 -CX + c’ 

(5) t = 2x(x + 1)1 - 4(1 + 1)1 + c'. 

The reader should carefully note that the result is obtained by the 
applicability of a known formula to the separate parts 
(0) d-[<H d “>(/!<], 

of the process, although the original expression could not be so handled. 
Because these parts (6) can often be calculated by known formulas although 
the original cannot, the method formulated in (1) is called antidifferentia¬ 
tion by parts. 

In studying the solution of Example 1 for future guidance, we first 
note that the parameter c appearing in the v of (3) has disappeared from 
the result (5). It is general that the parameter in v will never affect the 
result (1); if, indeed, we use v + c in place of v on the right side of (1), 
that side is 

u(v 4- c) — d“‘|(i> 4- c) du] = U’V 4 cu — d _, [i; du] — cd~ x [du] 

= u-v 4* cu — d x \v du] — cu 

and we promptly annihilate the terms involving c to return to the right 
side of (1). We omit from now on the parameter usually needed in finding 
v from dv. 

fAlthough (5) seems to differ essentially from the previous result (7.8.4): §(x + 1) ,/2 — 
2(x + l) 1 " + c, for the stated antidifferential, both forms are algebraically reducible to 
](x + l) ,; *(x — 2) + c”. Such reconciliation must occur, to within the additive con¬ 
stant (Theorem 7.1.2). 
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Finally, the question as to the choice of the “parts” u and dv of the 
given expression must arise. We have made one possible (and wor a e) 
choice in (2). Another choice, namely 

u = (x + 1)”*, dv = x dx, 
could have been made; then 

du = — l(x + 1)"* dx, v = }x 7 , 

and (1) becomes 

(7) d-•[*(* + 1)'* dx] = \x\x + 1)"* + Jd’V(* + 1)"* dx]. 

The new antidifferential on the right of (7) is worse than the one with 
which we started on the left (it could be handled by a transformation). 
The original selection of parts is the better. Often both possible separations 
will be workable; sometimes a combination of the results of both will 
effect the antidifferentiation set. 

Example 2. Obtain d"'(x 3 dx/<f* - x*]. 

If we set u = (4 — x 7 )~* the corresponding du = §x(4 — x 7 )~ 4/ ‘ dx will force 
upon us a worse d '(*> </nj on the right of (1) than the form already set for anti¬ 
differentiation. We determine, then, to try to include (4 — x 2 ) - * in dr. Anticipating 
the power law for finding v, we should include one of the x's from the given x 
in the numerator with the dx to have in dv the exact differential —2 xdx of (4 — x )"*. 
Thus, we set 

u - x 2 , dv = (4 - *•)-*(* dx) -J(4 - **)-‘(—2* dx), 

du = 2xdx, v = -3(4 - i 1 )*. 

Then (1) yields 

d“'[**(4 - x 1 )-' dx] -|x 2 (4 - **)« - Jd-1(4 - z 2 )'(-2 xdx) ]. 

Note that we preserve the exact differential — 2x dx in the new antidifferential 
on the right; by the power formula this is — (9/20)(4 — x)" /3 + c. We have, finally, 

d"[z'(4 - x'r' n dx] = x’(4 - X 2 )"* - ~(4 - X 2 ) 1 ' 3 + c 

= -0.3 (4 - x 2 ) 2/2 (x 2 + 6) + c. 

Example 2 exhibits the effectiveness of a canny separation into parts. In the 
next example we illustrate the continued, chain, use of the formula for antidiffer¬ 
entiation by parts. 

Example 3. With the natural separation 
u = x 2 , du = 2x dx; dv = J(2x + 3) § (2 dx), v = \{2x + 3)*; 
we start 

(8) d-[x 2 (2x + 3)‘ dx] = \x\2x + 3)' - Jd-[x(2x + 3)'(2 dx)\. 

The new antidifferential is [this time with u = x, du = dx, dv = (2x + 3)*(2 dx), 
v = |(2x + 3) s/2 , in (1)| 

d-[x(2x + 3) s/2 (2 dx)] = ?x(2x + 3) 3/2 - Jd“‘[(2* + 3) 3,2 (2 dx)] 

= ix(2x + 3) 3/2 - A (2x + 3) 7/2 . 

Substitution into (S) and reduction of the result gives 

d"'[x 2 (2x + 3)' dx] = (2x + 3)‘(5x 2 - 6x + 6)/35 + c. 
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7.11 Exercises 

'• Obtain each anti.lifferential by antidifTerentiation bv parts- 

(a) d yy - 9)-' dx] (use dr = (*’ - c,yi x ^ 

(b) d [x (4 — x )* dx) (use dr = (4 — x 3 )*x 3 dx) 

(c) Exercise 7.9.3c (d) Exercise 7 (| 4ft 

(e) Lxercise 7.9.2 ( f ) Exercise 7 9 3 h 

If the problem can also be worked by transformation/reconcile results. 

2. Carry out the antidifferentiation (7.10.7) and reconcile the result with (7.10 5) 

3. Solve Example 7.10.3 by transformation (cf. (7.9.3)] and reconcile results' 

4. Evaluate the antidifferential in Exercise 7.9.13(a). 

5. By an antidifTerentiation by parts, show that 

d-l X(X 4- nr dr] - ■ (X 4- «r* 

n+1 (n + 1 )(„ + 2 ) +c ’ n * -1 > ~ 2 - 

To reconcde th^s remit with (7.9.1), factor the right side an,I use the identity 

identity?) + + 2)a ‘ Can you mot,vate the construction of this 

6. Obtain (7.9.3) by antidifTerentiation by parts. 

7. Obtain (7.9.2) by antidifTerentiation by parts. 

7.12 Applications to Differential Systems 

Armed with the newly cultivated ability to antidifferentiate a variety 
of g.ven differentials, we return to applications which will involve us in 
the necessity for employment of this technique. The first examples of 
such applications were used in §7.2 to motivate discussion of the process 
ofantid'fferent.at.on, examples chosen from both geometry and physics. 
I he following set of further examples, typical of the scope and power of 
what we have accomplished, is only a very small beginning on a large and 
important phase of calculus. 

Example 1. A projectile is hurled with initial velocity in a direction making 
anple with the horizontal. Neglecting air resistance, determine the path of the 
projectile. 

Let (j,i/) be the position of the projectile at time t, relative to axes with origin 
at the starting point of the projectile (Fig. 7.12.1). The only force to be considered 
is the acceleration of gravity, which acts only downward. Hencef the coordinates 
x, y are subject to the equations 


: H _ _ 


di 

X = di = °- 


Moreover, the initial conditions are twofold: first, when t = 0, then x = y = 0- 
and second, when t = 0, then v = v 0 , with components x(0) = v 0 cos 0„ , i/(0) = 
v 0 sin 0 n . Thus we have two simultaneous but independent differential systems: 

di = x(0) = v 0 cos 0 O , x(0) = 0, 

®_ dy = -g dt , £(0) = Vo sin 0 O , y( 0) = 0; 

stfttemonts slem f rom elementary considerations of components of vectors, 
which the reader can easily appreciate here even without the intensive study to be made 
later. 
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we assume the existence of satisfactory solutions of these systems. From (1) an 
(2) we develop the sequence of results 

x(0 = C = * cos i(0 = -gt + c= -gt + *> 

x{l) = v„t cos do !f(0 = + Vot sm 6o ' 



Both functions x(t), y(t), do satisfy the originating systems. Thus parametric 
equations of the path of the projectile are 


(3) x = v 0 t cos 0 O t y 

where v 0 and 0 O are given constants. 
Elimination of t in (3) results in the Carte¬ 
sian equation of a parabola for the path: 
y — x inn d 0 — \gv 0 ~ 2 x 2 sec 2 0 O . 

Example 2. Find the equation of the 
curve passing through (3,4) if at any 
point on the curve the ordinate and the 
normal form with the x-axis a triangle of 
area 2 square units. 

In Figure 7.12.2, let C be the desired 
curve (assuming that there is one), at 
point P: ( x,y) of which we have drawn 
the ordinate FP = y, and the normal 
PN. Then the subnormal FN = y tan 0 
= V (dy/dx ), where 0 is the slope-angle 
therefore 

\ y ( y 2 ) = 2 - 


v 0 Is in 0 n — \gt 3 , 



of the tangent at P. The area condition is 
or 4 dx = y 2 dy. 


Hence we are led to the differential system: 

(a) 4 dx = y 2 dy (b) y(3) = 4. 

From (a) we find, under the usual assumption of a solution, the necessary form 
4x = I y* + c, or y 3 = \2x + c, c parametric. 
Condition (b) requires that 64 = 36 + c, c = 28, so that the curve required is 

y 3 = I2x + 28. 

This necessary form sufficiently fulfills the originating conditions if y ^ 0. 
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Example 3. What steady acceleration will increase velocity from 10 mph to 30 
mph in a rectilinear distance of 500 ft.? 

We can start with dv/dt = a, constant (ft./sec./sec.). But the data deal with 
distance rather than with time, and it is convenient to make the transfer 


_ dv dv dx dv 

dt dx dt ~~ dx V 

to bring distance into play. Hence, the differential system is 


a dx = v dv, v = 44/3 
we have converted according to the easy 30 mph 
form of solution is 


when x = 0; 

= 44 ft./sec. From this a necessary 


ax = \v 2 - 44718, 

which easily checks. Inserting in this relation the corresponding values t, = 44 
when x = 500, we calculate a from 

o00a = i(44)’ - 44718 = 8-44718, a = 1.72 ft./sec./sec. 

7.13 Exercises 

1. Find the equation of the curve C in each case: 

(a) C passes through (1.1) and has tangent-slope \/x at even' point (x.w). 

(b) C passes through (0,4) and has tangent-slope x /^~\ X at every 
point (x,y). 

(c) C passes through (0,a) and has tangent-slope (a - x)' 2 at every point 

(d) The rate of change of slope of C is at every point (*,;/), and C passes 
through the point (1,0) at an inclination of 45°. 

(e) The rate of change of slope of C is Gx at every point (x,y), and C is tan¬ 
gent to the line 3x — y — 7 = 0 at the point (1, —4). 

(f) C passes through (1,2) and (5, 8) with y" = x 2 at every point ( x,y ). 

2. (a) Show that the only type of curve for which rate of change of tangcnt- 

slope with respect to x is constant is a parabola with vertical axis. 

(b) Find the only type of curve for which tangent-slope at every point (x,y) 
is always inversely proportional to the square of the abscissa. 

3. (a) A body falls from a stationary balloon 2000 ft. high. How far does it 

fall during the first 2 sec.? When and with what velocity will it strike 
the ground? 

(b) If the balloon in (a) is rising at the rate of 100 ft./sec., answer the same 
questions as in (a). 

4. A Stone is dropped into a well. One and a half seconds later it is heard to 
splash. How far down is the surface of the water? 

5. A hoop is rolling on an inclined plane with an acceleration of 3 ft./sec./sec. 
directed toward the foot of the incline. If its initial impetus, imparted at 
the foot of the incline, is 20 ft./sec., is it rolling up or down after 7 sec.? 
What is its position then? 

6. A riveter is being hoisted to his scaffolding on an open platform which is 
rising at the steady rate of 64 ft./sec. Accidentally he kicks off his lunch 
pail at the instant that he is 192 ft. above ground. How long did it take the 
pail to strike the ground? (.4 ns. 6 sec.] 

7. The angular velocity (w = dO/dl, d = angle in radians, t time in seconds] of 
a certain flywheel in the process of stopping is given by « = 30 — 0.6*. If 0 
and t are both measured from 0 at the instant that power is shut off, find 
how many revolutions the wheel makes while stopping. [.4ns. 375/7 t\] 
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8 . 


9. 


10 . 


11 . 


The rate * at which a certain djemical Mwtiontata l*j» *£ ve *JZnU° 
differential equation dx/dl = C(k< ' ^ 

Solve this equation for the rate, if i - A./** "* en ' 0 m„ s . 

(a) Find the curves of which the subnormal is constant, say ■ 

(b) Find the*curves of which the subtangent is always inversely proportional 

to the ordinate. .. „ . on 

A ball rolls in a straight line across a level croquet Kround ^starting t W 
ft./sec., its velocity decreases at the constant rate of 10 ft./sec./se . 
far does it roll from its starting point? (Ans. 45 ft.) 

A particle in rectilinear motion with constant acceleration has velocities 
, v 3 , when x = x, , x, , are its distances from a fixed point. Show that the 
constant acceleration is 

(1) a = i(v’, - v])/(x, - *.) 

and that v and x are related by 

(2) (v 3 - - 1>D = (x - x,)/(x, - X,), X, * X, , V, * V,. 

Check these formulas in Example 7.12.3. 


Use the results of Exercise 11 to solve the folloiving problems. 

1 2. A vehicle slows down at the constant rate of 10 ft./sec./sec. from an initial 
velocity of 40 mph. How far does it go before stopping? (.4 ns. 172.1 ft.) 

1 3. For a certain particle in rectilinear motion, a is constant, v = 10 when x = 1, 
v = 50 when x = 4. Find v as a function of x. 

14. A body falls from rest at a height of so ft. Show that the velocity v at height 
s is v 2 = 2g(s 0 — s). 

15. A ball is thrown horizontally from the top of a tower 64 ft. high standing on 
level ground. If the initial velocity is 40 ft./sec., when and where will it 
strike the ground? (Initial conditions are i(0) = v 0 , y(0) = 0; or consult the 
results of Example 7.12.1 for 0 O = 0. Ans. Lands SO ft. from base of tower.] 

16. (a) A golfer hits a golf ball (on a level fairway) with initial velocity 128 

ft./sec. at an angle of 30° with the level. How far away will the ball 
land? [Cf. Example 7.12.1. Ans. 256 V3-) 

(b) If the golfer in (a) drives from a tee 16 ft. above the level fairway, how 
far along the fairway will the ball hit the ground? (Watch the coordinate 
system; according to^hat in Example 7.12.1, the ball lands at (x, —16). 
Ans. 64 V'S(2 + Vb).] 

(c) If the golfer makes his drive horizontally from the tee specified in (b), 
where will the ball land? 

(Further problems concerning a projected body will be found in Exercises 7.16.) 


7.14 The Differential Equation M(x, y)dx + N(x, y)dy = 0 

The mathematical translation of many problems leads to a differential 
equation of the form 

(1) M{x,y) dx + N(x,y) dy = 0. 

Indeed, the examples of §7.12 are very special cases of this form in which 
M or N is constant. 

We proceed now to less special cases of (1), although we are in no position 
to consider its general solution; even in these special events, the applica¬ 
tions are numerous and worth while. 



I. M(x) dx + N(y) dy = 0. 

We here consider the situation in which the coefficient of dx is a function 
of x alone and that of dy is a function of y alone—Me varialdcs are said to 
be separable. (The events of §7.12 are special cases of this, as noted before ) 
1 he following theorem is to be expected and is already, in a sense, at hand. 

THEOREM 7.14.1. If y = y(x) is a differentiable function of x such that 

( 2 ) M(x) dx + N(y) dy = 0, 

where M(x) and N(y) are continuous functions, then 

< 3 > dx\ + d-'[ N(y) dy) = c, 

c an arbitrary constant. [We “antidifferentiate both sides’' of (2).] 

Indeed, Theorem 7.14.1 is only a disguised form of the fundamental 
1 heorem 7.1.3: thus, since M(x) = -N(y) dy/dx, we are given by hypo¬ 
thesis the two equal x-derivatives M(x) and -N(y) dy/dx ; then, by 
theorem 7.1.3, the antidifferentials 

d '(M(x) dx) and d-'^-AT( y ) & dxj = -d^Affo) dy] 
differ only by an additive arbitrary constant. This yields (3). 

Example 1. A small body (such as a meteorite) of mass m lb. at a distance * miles 
from the center of the earth >s subject to a force of earth-attraction of magnitude 
A lb., where K (approximately -1000 miles) is the earth’s radius. If the body 
.s considered to fall directly toward the center of the earth, the falling force is 
F - — g(mR*/s ), in terms of the units mile and second, where g is the accelera¬ 
tion of gravity in miles/sec./sec. Taking the earth at rest and disregarding the 
attraction of the remaining matter in the universe, we obtain from Newton’s 
second law of motion ( F = ma) the equation 

(•*) — gmR 2 /s 7 = ma. 

Through the chain 


(5) 


dv 

T‘ v 

ds 


_ dv _ dv ds 
a dt ds dt 
we are led to the differential equation 

(G) vdv + k x s~ 2 ds = 0, k x = gR 2 . 

Now (6) is of form (2) with the variables separated. Application of Theorem 
7.14.1 yields the necessary form for i ;(*): 

d -, [t;di/] + k x d ds] = c 

\v 2 — k x s~ x = c 
or 


(7) — 2 k x s 1 + c, k x = gR 2 , c parametric. 

This is easily checked. 

In particular, suppose the body falls from a distance of 400,000 = 10 R miles 
from the center of the earth; then v = 0 when s = 10 R, and 

0 = 2k x /\0R + c, c = -2k x /\0R = -0.2gR = k 2 . 

Thus, for this situation, 


(8) v 2 = 2k x s~ l + , 


k x = gR 2 , 


k 2 = —0.2 gR. 



[199 


7l4 ] TO SOLVE MDX + NDY = 0 

In (8) we have the velocity of the body at any distance s ^ 10# from the center 
of the earth. It will, for example, strike the earth (s = R) with a speed given >y 

v2 = 64R 2 _ 64 R = 9 64 R 
5280 R 52800 52800 

mi./sec., or v = 6.6 mi./sec., approximately, if we use g = 32 ft./sec./sec. 

II. F,(x,y) dx + F„(x,y)dy = 0. 

We have seen that if F(x,y) = 0 and y = y(x), a differentiable function, 
then [cf. ( 6 . 10 . 18 )) 

(9) dF(x,y) = F x (x,y) dx + F„(x,y) dy = 0, 

wherein F x (x,y) is called the partial derivative of F with respect to x and 
is the collection of all coefficients of the differential dx obtained in differenti¬ 
ating F(x,y), while F w (x,y) is the analogous partial derivative of F with 
respect to y. 

Suppose, in reverse, that we are given an equation 

(10) F x (x,y) dx -f Ffx,y) dy = 0, 

of the form (1) but special in the sense that M(x,y) is recognizably the 
x-partial, N(x,y) the y- partial, of a known function F(x,y). Assuming a 
function y = y(x) satisfying (10) we can write 

(11) &F(x,y) = 0, for y = y(x). 

Such an equation is called an exact differential equation. 

. But in view of (10) the x-derivatives (F x + F w dy/dx) of F(x,y) and 0 
of k, a constant, are equal, so that Theorem 7.1.3 finds 

F(x t y) = k + c, , c, a parameter , y = y(x) t 
or 

(12) F(x,y) = c, c = k + c, a parameter, y = y(x). 

The result (12) is called the general solution of the exact equation (11); it 
can be obtained formally by premultiplication of (11) by d“\ 

Example 2. Since it is readily recognized that 

y dx + x dy = d(xy), 
it follows that the set of functions for which 

d(*y) = y dx -f x dy = 0 
is necessarily the family of hyperbolas 

xy = c, c a parameter. 

The result is readily checked. 

III. Equations Reducible to II. 

Often equation (1) is not immediately of form (10) but can be thrown 
into such form by rearranging terms or by multiplication by a suitably 
chosen function, or both. 

Example 3. Assuming a y = y(x) satisfying 

(*V - y)dx + (z 1 + x) dy = 0, 
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we first regroup the terms: 

x\y dx + x dy) + (x dy - y dx) = 0, 
the motivation being that the first parenthesis is now exactly d(xy). Multinlvimr 
by x , i^O, we have » ^ k 

03) (y dx + x dy) + |(x dy — y dx)/x 2 ] = 0 

wherein we recognize that the second term is 


x dy — y dx 


di« 

,x 


Hence the given differential equation is equivalent to 

d(*l/) + d (y/x) = d (xy + y/x) = 0 . 

Hence, 

xy + y/x = c, c a parameter, 

is the solution of the given equation (alternatively, we write xy -f- y — cx = 0 ). 
The reader should check these results. 


In Example 3 the multiplicative factor x' 2 introduced into the second 
term of (13) is called a factor of exactitude! of the inexact x dy - y dx since 
its introduction makes this into d (y/x) exactly. The reader should also 
show that y - is a factor of exactitude for the same x dy — y dx. In general, 
a factor of exactitude is a function E(x) y* 0 such that 

E(x)(M dx + -V dy) - d F(x,y) 

for some function F(x,y), thus rendering exact an inexact M dx + N dy. 
The factor E(x) = 2 is a factor of exactitude for x dx + y dy since 2x dx + 
2 y dy = d(x* + y 2 ). [Cf. also Exercises 7.15.11, 12.] 


Example 4. By an orthogonal trajectory of a family of curves |C] is meant a 
curve C' which intersects nil members of the family at right angles. We shall determine 
the orthogonal trajectories of the family of concentric circles C: x 2 + y = r *. 

Differentiating x 2 + y - r 2 , we have x dx + y dy = 0, or dy/dx = — x/y, 
y * 0 , the tangent-slope at an arbitrary point P : (*,»/), y 5 ^ 0 , of any of the circles. 
Then the orthogonal trajectory through P has tangent-slope dy/dx = y/x, x 5 ^ 0, 

the x, y, now the running coordinates of the trajectory. 
From this, the differential equation describing the 
trajectory is 

x dy — y dx = 0 . 

Multiplication by the factor of exactitude x~ 2 gives 
x dy — y dx 



dl« 

KX 


0 , 


whence 




y = cx, 


c a parameter , 


the family of straight lines radiating from the center of the circles (Fig. 7.14.1). 
The lines x = 0, y = 0, exceptional to the above work, clearly are geometrically 
allowable. Indeed, the result is easily foreseen geometrically, geometry here 
affording a visual check different from the easy analytic one. 

tUsually the name “integrating factor” is used, but we are not yet acquainted with 
the verb “to integrate.” 
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Example 6. For an adiabatic change of state of air it^is kno'^^ iona , to the 
change of p (pressure) with respect to v Mum^ s negative^ prop 
ratio of p to v. Find the equation of the adiabatic curve. 

The given information is symbolically 


-A: 2 . 

dv v 


v 7* 0, 


which leads to the differential equation 

(14) kp dv + v dp = 0. 

We assume a functional relationship between p and c which tlie 

A factor of exactitude of (14) is a*- (since it is a reasonably good go**that t'.e 
constant k in the first term came from differentiating v ); multiplication ( 
by/' 1 gives 

kpv k ~ l dv + v k dp = d(pv k ) = 0. 

This has solution 


pv k = c, c a parameter , 
which is readily checked against the requirements of the problem. 


The reader must be interested to know that there is a general test, which 
will decide whether or no (1) is exact; that every equation (1) has not 
only one factor of exactitude, but an infinite number; that there are 
numerous special devices for actually finding a factor of exactitude for 
special types of equations, to relieve us of the uncertainty of detecting 
these factors by inspection; but that there is no general method of so doing. 


7.15 Exercises 

1. Solve the following equations: 

(a) x 2 d x + y 2 dy = 0_ (b) y 2 dx - x 2 dy = 0 

(c) xVV + 1 dx — yy/x* + 1 dy = 0 (d) \/ydx -f y/x dy — 0 

2. Show that the equation M x (x).\f 3 (y) dx + A\ (x)N 7 (y) dy = 0 is always 
separable, M%{y) ^ 0, N x (x) 0. 

3. Determine the curve C which: (a) passes through (5, —4) and has tangent- 
slope x/y at each point (x,y) ; (b) passes through (0,2) and has tangent-slope 
— 9x/4 y at each point (x,y); (c) passes through (0.0) and has tangent-slope 
(1 — x)/(l -f- y) at each point ( x,y ). |i4»w. (a) x 2 — y" = 9.) 

4. Find the family of curves for which the subtangent at any point ( x,y) is 

5. Find the family of curves for which the subnormal at any point (x,y) is x/y. 

6. A bullet is fired into a block of wood, the retardation (negative acceleration) 
being equal to the square root of the velocity. If the bullet enters the block 
with a velocity of 25 ft./sec., when will it come to rest? [Ans. 10 seconds 
after entering.) 

7. Find the orthogonal trajectories of the system of straight lines y = mx. 
[For the lines, dy/dx = m = y/x; that is. eliminate the parameter m before 
changing point of view to the trajectories. A ns. x~ -f- if = c.) 

8. Following the directions given in connection with Exercise 7. find the ortho¬ 
gonal trajectories of the following systems. Picture both families of curves. 

(a) y = ax 2 (b) y 2 = ax (c) y = ax 3 

[Ans. (a) x 2 + 2y 5 6 7 8 = c; (c) 2x 2 + 3 y* = c.] 
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9. Find the orthogonal trajectories of 

(a) xy = a (b) x 2 - y 2 = a 2 . 

1 0. (a) Find the curves characterized by the property that the segment of every 
tangent cut off by the coordinate axes is bisected by the point of tan- 
gency. (.4 ns. xy = c.) 

(b) Find the curves characterized by the property that the segment of the 
normal between the point of normalcy and its x-intercept is bisected on 
the y-axis. (.4 ns. y 2 -f- 2x = c.) 

(c) Find the curves characterized by the property that the segment of the 
tangent between the point of tangency and its x-intercept is bisected by 
the y-axis. (Ans. y = cx. Use as the factor of exactitude either y/x 
or y~ 3 .) 

1 1. Prove that: 

(a) x n ~ l is a factor of exactitude of ny dx + x dy = 0; 

(b) x'" _l is a factor of exactitude of x dy — ny dx = 0; what known special 
case arises if n = 1? 

1 2. By means of Exercise 11, find a factor of exactitude for each of the following, 
and solve the equation. 

(a) 2y dx — x dy = 0 (b) 3y dx + x dy = 0 (c) x dy = ay dx 

(d) y dx — x dy = a dy (Use y a ; An*, x — cy + a = 0.) 

1 3. Find the orthogonal trajectories of 

(a) x H- \j + 2ax = 0 (Ans. x — cy + a = 0.] 

(b) x 2 + ay 2 = 1 [Ans.y = cx*.) 

1 4. The walls of a hollow cylinder undergo a radial stress S which is a function 
of the distance r from the axis of the cylinder. The relationship is given by 
the differential equation r dS -f- 2(S — k) dr = 0, where k is a constant. 
Find *S(r). (A ns. 5 = k + cr 2 .] 

1 5. Show that if F(x,y) = c is a solution of M (x,y) dx + A r (*,y) dy = 0, then 
F,/\f = F ¥ /N = E(x,y) and E(x,y) is a factor of exactitude of the equation. 

7.16 Summary and Miscellaneous Exercises 

Study of inverse processes in mathematics is an important element in the develop¬ 
ment of the subject. Certainly that of antidifferentiation, begun in this chapter, 
is no exception. The elementary applications (§§7.2, 3, and 7.12-15) to the solution 
of problems arising in terms of differential equations are ample evidence of the 
usefulness of antidifferentiation. Much more evidence, geometrical and physical, 
will accumulate in the next several chapters. To carry out these applications there 
is, of course, need to be able to antidifferentiate various types of functions rapidly 
and accurately. Such formal work was begun in §§7.6-11, and will progress further 
as the calculus of other functions is considered. 

Miscellaneous Exercises 

1. Antidifferentiate: 

(a) d“'[i(4i ! + 1)'* dx) (b) d-'[i(2 + 3x) dx] 

(c) d~ , [x"’(x 1 + 16)-' dx] [4ns. -Ax'Vx' + 16 + c.] 

(d) d"[xV + 1) 3/2 dx] [4ns. *(*’ + l)‘ /2 (5x 2 - 2) + c.] 

(e) d-Mx'dx/^T+^l (f) d-'\xdx/Vx + 1] 

( K ) d-( dx/Vax_+ b) (h) d-'KxVl + x 2 - 5x’) dx] 

(i) d-[(x+ Vx)dx/x] 0) d~‘[dx/ y/x (y/x — 1)*] 
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4. 

5. 


6 . 


7. 


8 . 


9. 


example is preserved here. __ . • * a 

2. The highest point of the path is given by 2 gx = v 2 sin -0 o , 9J 0 

attained when t = ( v 0 sin 0 o )/g. . .. an( i 

The range of the body [distance OR. where 0 is the or, gin of proj« * ^ 

is the point of return to the level of 0] is ( v 2 sin 20 o )/g, and tl 
when the firing angle = x/4. 

The total time of flight, 0 to R, is ( 2v 0 sin 0 o )/g- 

Find the vertex, focus, directrix, of the parabolic path of the body. Hence 
show that the focus is above, on, below, the horizontal plane according a. 
the firing angle x/4; and that the directrix is independent of ft.. 

[Ans. Focus: ((<$ sin 20 o )/2g, - (v* cos 2$ 0 )/2g\; Directrix y - v 0 /2g, tor 
Vertex cf. Exercise 2.J 

The body will strike a plane incline at angle a > 0 with the horizontal at a 
point distant [2v 2 cos 0 o sin ($ 0 - a))/g cos 5 a from 0 along the incline, |bolve 
line y = x tan a with equation of parabolic path.] 

A projectile is hurled from the top of a tower at an angle of 45° above the 
horizontal. If in 3 sec. it falls to the ground at a distance from the base of the 
tower equal to the tower’s height, what is that height? [Ans. 72 ft.] 
Specialize and discuss the results of Example 7.12.1 for the cases 0„ = */-» 
x/4, 0, — x/ 6, — x/ 2. What known cases are the first and last of these.' 

A boy standing on a tower 64 ft. above ground throws a ball to a companion 
on the ground 48 ft. from the base of tower, (a) If he throws the hall hori¬ 
zontally what velocity must he give it? (b) If he throws it directly toward 
the companion with velocity o^ 40 ft./sec., where will it hit the ground' 
[Ans. (a) 12 ft./sec. (b) 24/( V5 — 1) ft. from the base of tower.] 

1 0. A boat moves 20 ft./sec. A body is dropped from a point on its mast 64 ft. 
above deck. Find the angle at which the body will hit the deck. [Ans. angle = 
tan” 1 (-3.2).] 

1 1. A cannon has maximum range of 30 miles. What is the initial (muzzle) velocity 
of a shell discharged from it; how high docs the shell go; what is the total 
time of flight? 

1 2. A ball is projected vertically upward from a point 10 ft. above ground (neglect 
air resistance), (a) How fast is it moving when 26 ft. above ground? (b) Find 
v (velocity) as a function of x (ft. above ground), (c) How high does it go? 
(Ans. (a) 24 ft./sec.] 

1 3. A cylindrical tank of diameter 4 ft. contains water, 
which flows out through a small cylindrical tube, of 
diameter } in., emerging from the side of the tank 
where it joins the bottom (Fig. 7.16.1). The velocity 
of water in the jet is given by v = y/2gh, where h is 
the depth of water in the tank and g is the accelera¬ 
tion of gravity. Find h as a function of the time if 
initially h = 16 ft. (For random depth h of water in 
the tank, let V be the corresponding volume; then 
V = 4 nh (linear unit = 1 ft.). As V decreases, water 
fills the tube; if V*, h*, r*, are volume, height, radius, 
of the (random) contents of th e tu be, then V* = x*»o •« . out / 

— dV/dt and dh*/dl = v = \/2gh. which information leads to a differential 
equation for h. Ans. h = {t + Skf/2k, where k = — 192*/ y/2g.\ 


Fig. 7.16.1 
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1 4. A train on a straight track is accelerating constantly at 88/9 ft 
Its velocity is checked at 20 mph when it is * mile past station A. 
is it moving through station B, 4£ miles beyond At [Ans. 60 mph.] 
1 5. Show that if m + n -f- 1 ^ 0, 

A = d-'lu m (au + b) n du] 

= m + n + 1 ( u "“( aw + *>)" + n6d“'[u"(au + b) n ~' du]) 

[Write A = d _, [au + b)u m (au + b) n ~ l du] = a d -'[u m +\au + 6) 
b d («"(au -1- by 1 du], and antidifferentiate the first term by parts, 
on the accomplishment of this result.] 
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./sec./sec. 

How fast 


+ C. 

du] + 
Comment 


<( 8 )> The Definite Integral 


Introduction . 

The third basic tool devised in calculus for the study of functions is e 
definite integral of /(*) over a range a * x * b. The present chapter defines 
this concept, rooting the discussion in an attempt to compute the physical 
work done by a variable force, hence the area bounded by a curve. In tne 
development, important connection of the new concept with the notions o 
derivative and antidifferential will appear. The three tools will, then, merge 
into a unified subject-matter. 

8.1 Work and Area 

The physical notion of work done by a force acting in a fixed direction is a 
familiar concept. If a constant force of / lbs. is exerted through a distance of 
a feet, the work W done by the force is defined to be 
( 1 ) W = fa foot-lbs. 

Graphically, the work W is represented by the area f a of the rectangle 
(Fig. 8.1.1) bounded by the axes, the horizontal line y — / (constant) 
and the line x = a. 

The force may, on the other hand, be vari¬ 
able , a function f(x) of the distance x through 
which it is applied. We develop this situation 
in the following examples. 

Example 1. A tank in the form of a right circular 
cylinder of height 12 ft. and base-radius 3 ft. (Fig- 
8.1.2) is full of water. Find the work done in empty¬ 
ing the tank. 

The process of emptying the tank may be described fictionally as follows. 
Imagine a movable piston originally lying on and fitting exactly the bottom of 
the tank. As the piston is forced upward it will push the column of water resting 
on it over the top of the tank, which will be emptied when the piston has reached 
the top. The force needed to support the piston in any random instantaneous 
position is equal to the weight of water resting then on it. Suppose the piston has 
been already moved OP — * ft. from the bottom of the tank; the weight of water 
still above it is 

[ Vol . cylinder PT]- 62.5 lb. 

since water weighs 62.5 lb./cu. ft. Hence the variable force at work is 

fix) = 62.5[ir-3 2 -(12 - x)] = 562.5 t(12 - x) pounds. 

Note that this force is a decreasing continuous function of x, and is actually zero 
when x = 12 and the piston is at the top. To find the work done in raising the 


Y 

f y=f 


W-f-a 

X 

0 

a 


Fig. 8.1.1 
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piston from bottom to top of the tank we graph y = /(x)/562.5tt = 12 — x (Fig 
8.1.3), compute the area OAB bounded by the axes and y = 12 — x and multinlv 
this result by 562.5 jt: f * 

W = 562.5a-• (i(12)(12)J = 40,500* ft.-lbs. 


12 ' 


Fig. 8.1.3 

Example 2. A tank in the shape of a paraboloid of revolution of height 12 ft. and 
base-radius 3 ft. (Fig. 8.1.4) is full of water. Find the work done in emptying the 
tank. 

We conceive again of a piston—a magic one, this, which starts out as a nullity 
at the point 0 and expands as it rises parallel to the top of the tank, always to 
ht exactly the sides of the tank—which will be forced upward, eventually to spill 
all the water over the top. If already raised through OP = x ft., it then supports 
the cylindrical column of water directly above it. The force needed to hold the 
piston there is equal to the weight of this cylinder of water, namely, 

(2) fix) = 62.5 [vol. of cylinder PT] = 62.5(iry 2 (12 — x)) 

if y is the radius of the piston. But this radius y is (unlike the constant radius in 
Example 1) a function of x = OP. It is the ordinate y corresponding to x = OP 
in the parabolic section shown in the figure. With respect to the axes chosen there 
the equation of the parabola is y 2 = fx, and under this substitution, (2) becomes 

fix) - J(62.5)jt(12x - x 2 ). 

(Note that /(x) varies continuously from Oatx = 0 to 0 again at x = 12; this is 
reasonable in the problem.] We now graph (Fig. 8.1.5) y = /(x)/$(62.5)tt = 
l-x — x , planning to compute the area A bounded by this curve and the x-axis. 
whence W = J(62.5)ir A. 

But how do we compute such an area ? 

\\ hat we have done in these special examples concerning work, we 
can do in general. If /(x) is a continuous function representing a force 
applied over a distance along its line of application, say from x = a to 
x = 6, then the area bounded by y = /(x), y = 0, x = a, x = b (Fig. 
8.1.6), will represent the work done by /(x) over the distance ab. We 
have reduced the physical problem of work to the geometrical problem 
of area. Indeed, many physical concepts are reducible to “area problems,” 
a term which, therefore, we may take generically. Finding a numerical 
value for an area may then be translated (at the pleasure of the trans- 




Fig. 8.1.2 
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lator) into a variety of applications; it is thus a mathematical type-problem 

covering the many in the one. hpfore 

But the “area problem” is a new problem. The reader has ne 




encountered the necessity of calculating an area number for even the 
simple area in Figure 8.1.5. Here is a new calculus to be invented. 

To extend the notion of area we 
must lead off from known ground. 

In terms of the area unit of the plane 
content of a 1 X 1 square, the reader 
knows: 

(a) The area of a rectangle, the basic 
configuration ; the number a b for 
the area of a rectangle of dimen¬ 
sions (given in the same unit) a and 
b is an establishment of Euclidean 
geometry. [For irrational a and/or 
6 the formula is necessarily to be established by use of the limit process.) 

(b) The area of a parallelogram, triangle, and trapezoid, by extension 
from that of a rectangle; hence, of any rectilinear (i.e., bounded by straight 
lines) figure by a scheme of triangulation. 

This is the extent of his basic information. It is not fair to include here the 
familiar area of a circle; since that formula is derived in Greek geometrj' 
by a device (reviewed in §8.3, following) similar to the general one to be 
studied in the present chapter it would beg the issue to consider it a basic 
piece of information. 

Any extension, then, of the concept of area and calculation of area 
must of mathematical necessity be based on the fundamental area of 
rectangle. In a larger sense it can be pointed out that we actually need 
to define what is meant by the area enclosed by one or more curved arcs. 
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Such assignment of meaning in terms of square units presents difficulties 
1'he present goal is the invention of a suitable extended definition of 
area; the result will also furnish a calculus of its numerical value To be 
sure, it may be argued that the area (Fig. 8.1.5, for example) is visibly 
before us, a closed region of the plane; even if this logically unsatisfying 
viewpoint is assumed, the proposed calculus of its area-number is to be 
arranged. 

In what follows the reader should realize a parallelism between the 
formulation of the discussion and his introduction to the abstract definition 
of a derivative by means of the physical problem of velocity (Chapter 1 ). 
Many fields of mathematics have been opened up by specific scientific 
questions, abstracted into mathematical formulation, eventually to 
service many more situations than the original. 

8.2 Exercises 

1. A spring of natural length L is fixed at one end (Fig. 8.2.1); the force required 
to maintain an additional x units displacement lengthwise is /(x) = Mx, 
where M (Ib./unit) is the modulus of tension. If L — 10 and .1/ = 24 find 
graphically the work done 

(a) if the spring is stretched 5 in. from natural length (An.v. 800 in.-lb.J- 

(b) if it is stretched from 12 to 15 in. (Use the trapezoid bounded by y = 24x 
y - 0, x - 2, x - 5; Ans. 252 in.-lb.| 

Work (b) also by subtraction of two triangular areas. 



2. What work is done in compressing the spring in Exercise 1 from natural 
length to 5 in.? From 8 in. to 5 in.? 

3. If a spring of natural length 10 in. requires 200 in.-lb. of work to elongate it 
4 in., what is its modulus of tension? [Ans. 25 Ib./in.J 

4. A tank in the form of a right circular cylinder is 8 ft. deep and 4 ft. in diameter. 
If it is full of water, find the work done in emptying it. [Ans. SOOOrr ft.-lb.) 

5. If the tank in Exercise 4 is only half full of water, find the work done in 
pumping it dry- (First find the work to raise the half-cylinder of water into 
the upper half of the tank; then find the work done to empty this upper half¬ 
tank. Ans. G0007T ft.-lb.J 

6. For the tank in Exercise 4 find the work done (a) in removing 1/4 of the water 
in the full tank; (b) in emptying the water from the tank if it is only 1/4 full. 

7. A tank full of water is in the form of a right circular cone 12 ft. high and 6 ft. 
across the top. Following the argument of Example 8.1.2 show that the work 
done in emptying the tank is 62.5ir/16 times the first quadrant area bounded 
by y = 12 x 2 3 4 5 6 7 — x and y = 0; draw a graph. 
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8. A vertically hanging chain 50 ft. long and weighing 4 lb./ft. supports a oOO- • 
weight. Find the work done in pulling up the whole length of chain, l&r 
that the force holding the weight and x ft. of chain is /(*) = 500 -r 
Ans. 30000 ft.-lb.] 

8.3 Area and Perimeter of a Circle in Greek Geometry 

It is worth while to outline briefly the Greek way of defining area of a 
circle and assigning a value for it. Success of their method depended upon 
properties intrinsic to the circle; later, they computed area of a parabolic 
segment by methods peculiar to the parabola. Although dependent on 
the particular curve considered, these methods foreshadow the extremely 
general one of modern calculus. 

In the circle K (Fig. 8.3.1), center 0, radius r, angle O^aA O is one of 
the n equal parts of the total central angle. The chord T X T 2 joining the 



ends of the radii bounding 0„ is one side of a regular n-gon I(n) inscribed 
in K; triangle OT x T 2 is one of n equal triangles composing /(n). The 
tangents at T x , T 2 , are two sides of a regular n-gon C(n) circumscribing 
K; triangle 0Q x Q 2 is one of the n equal triangles composing C(n). The 
n-gons are similar. Their areas and perimeters can be expressed in terms 
of r and the apothem 6A = a; we use /(n), f(n), both for the n-gons and 
their areas. 

If 0 n is bisected, corresponding 2n-gons /(2n), C(2n), result. The area 
0T x T 2 of I(n) is increased to the area OT x T 2 + 0T 2 T 2 of I(2n). The 
area OQ x Q 2 = OT x Q 2 + OQ 2 T 2 of C(n) is decreased to the area (OT X Q[ + 
OQiTQ + ( OT 2 Q 2 + OQ 2 T 2 ) of C(2n). These statements, intuitive in 
the figure, can be provedf by strict Euclidean methods. A new halving 

fHereafter in this section the verb “can be proved” will be used descriptively, imply¬ 
ing that rigorous proof is available but is omitted in order to concentrate on essential 
ideas. 
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of angle and doubling of number of sides produces in the same way an 
7(2 n) > 7(2n) > 7(n) and a C(2 J ») < C(2n) < C(n). The process con- 
tmues indefinitely. 

Thus, there is an infinite sequence of increasing inscribed areas 
0) Kn) < I(2n) < • • • < 7(2*n) < • • • . 

Xo member of this sequence ever exceeds the area C(n); hence [cf. Theorem 
16.2.1] the sequence (1) approaches! a limit s*. Similarly, there is an 
infinite sequence of decreasing circumscribed areas 

(2) C(n) > C(2n) > > C&n) > • • - 

all greater than f(n); hence the sequence (2) approaches a limit S*. 

The limits s* and S* must be equal. The areas of the similar triangles 
0AT ' , 07 t Q, , are in the ratio a 2 /r 2 , so that by summation the areas 
I(n), C(n), satisfy 

/(n) _ C(n) - 7(n) r 2 - a 2 

C(n) ? ’ C(n) “ r 2 * 

Hence, 

(3) 0 < C(n) - I(n) = < C(3) 

where C(3) is the area of the circumscribing equilateral triangle, the 
largest of all the areas considered. But as n -» ® by the doubling process 
described, a —► r and the limit of the right-hand member of (3) is zero. 
Iherefore the entrapped C(n) — /(n) in (3) must approach zero, and 
s * = s *- 11 ca n be proved that this same limit S = s* = 5* is obtained 
no matter with what n ^ 3 we start. 

Since any conceivable definition of area for K must lie somewhere be¬ 
tween (\n) and 7(n) for arbitrary choice of n, the only reasonable definition 
is the common limit S = s* = X*. Area of a circle is defined to be the com¬ 
mon value S of the limits of the areas of inscribed and circumscribed regular 
polygons of the same number of sides, as this number of sides is indefinitely 
doubled. 

This is modern version of the Greek way.J That the definition invokes 
the limit of a sum of elementary (here triangular) areas is important to 
the future general definition of area. 

The preceding discussion is easily adapted to a similar definition of perimeter 
of the circle. If 7(a), C(n), are now read as perimeters of inscribed and circumscribed 
regular polygons and if the squares are removed from the r and a in (3) and else¬ 
where. the transcription is essentially word for word. Perimeter of the circle is 
defined as the common value P of the limits of the perimeters of inscribed and circum- 

tThe sequence cannot grow indefinitely because of the upper bound C(n) ; it cannot 
oscillate finitely (like 1, — 1, 1, — 1, •••) because of its ever increasing nature. Failing 
these impossibilities of having a limit, the sequence must, intuitively, have a limit. This 
is the gist of Theorem 16.2.1. 

JThe Greek g<*oineters looked upon the sequence 7(n) for increasing n as approximat¬ 
ing more and more closely to the visible circular area, gradually “exhausting” it; the 
method was called the melhotl of rjhauMion. With the aid of the C(n), bounds were 
obtained for the value of the circular area. 
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scribed regular polygons of the same number of sides, as this number is indefinitely 
doubled. 

The definition of circular area has not produced a formula for com¬ 
puting it. Consider two arbitrary circles K, K', of radii r, r', areas S, S', 
together with similar n-gons C(n), C'(n), circumscribing them. From 
the similarity it can be proved that 

(4) C(»)/r 2 = C'(n)/r’ 2 with S/r 2 = S'/r' 2 

as limiting value: the ratio of area to square of radius is the same for all 
circles. Defining this ratio to be the number »r, we have from (4) the formula 
S = irr 3 as the area of a circle. (Similarly, perimeter P = * d = 2tt r.) 
To compute ir, the recurrence relations 


/(2m) « \nyJ 2 - 2 yj { _ (2M) a , 
C(2n) = - »], 


can be established; from the areas of an inscribed and a circumscribed 
regular polygon of n sides these formulas (5) yield the areas of inscribed, 
circumscribed, regular polygons of double the number of sides. Working 
with a circle of radius 1, area tt (since ir is constant for all circles we use 
the easiest), we have 7(4) = 2, C(4) = 4. Using these in (5) we obtain 
7(8) = 2V2 = 2.8284 (approx.) and C(8) - 8(\/2 - 1) = 3.3137 
(approx.); tt lies between these values. We continue the process, com¬ 
puting successively 7(16), 0(16), 7(32), 0(32), ••• , eventually locating 
ir to any desired decimal accuracyf. 

The method of exhaustion, forerunner of what is now developed as 
the integral calculus, was essentially due to Eudoxus (408-355 n.c.) and 
was used most effectively by Euclid (365-275 b.c.), Archimedes (287-212 
B.c.) and Ptolemy (2nd century, a.d.). The perimeter and area of a circle 
were set as in the familiar formulas. The tracking down of n began. The 
inventors of 7 r, seeking vainly to express it in finite terms, were baffled 
by its intransigeant nature. Even in the medieval and early modern 
ages, whole lives of time were spent in finding more and more decimal 
places in the hope that the decimal expression would end or repeat in 
cycle and 7 r would be rational. That these attempts were foredoomed to 
frustration was finally settled by Lambert’s proof (1750) of the irrationality 
(noncyclic nature) of tt. I11 1882, Lindemann proved 7r transcendental 
(not a root of any polynomial equation with integer coefficients, as is, 
for example, the irrational y/2 a root of x 2 — 2 = 0). The interested 
reader may consult the monograph, “The History and Transcendence of 
7r,” by David Eugene Smith, in Monographs of Modern Mathematics, 
ed. J. W. A. Young, (Longmans, 1924). 

fStarting with n = 3, Archimedes located x on the range 3^ < » < 3y from regular 
polygons of 96 sides. In the sequence used above, we could find for n — 256 that 
3.1413 < ir < 3.1418. 
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8.4 Towards Calculation of an Area 

As in so many extensions of old notions toward new fields of conquest, 
we first review an old problem in which we know the answer, but seek a 
generalizable method of obtaining it. Inspiration for the following procedure 
springs from the Greek way with circles. In Figure 8.4.1 we seek the area 
OAB bounded by y = 2x, y = 0, and x = 3, using rectangles only (ob¬ 



viously, however, it is no furtherance of the project to use the fact that 
OAB = %OABC). We know the result to be 9. 

An approximation to the area OAB is first obtained. We divide the 
interval x = 0 to x — 3 on the x-axis into n equal parts, each equal to 
Ax = 3/n. At each point of division we draw a vertical line meeting the 
line y = 2x and extending above it; at each point P, of intersection of 
y = 2x and a vertical we draw a horizontal line extending to the left to 
meet the extension of the next vertical to the left. The resulting upper 
bounding curve joining O and B is the “step-function” OP[P l P' 2 P 2 • • • 
P' n - x P n -,P , n B instead of y = 2x. The area bounded by this step-curve, 
y = 0, and x = 3, we shall call S n ; S n is composed of n rectangles , and its 
area-number is well defined and calculable. We begin by finding a formula 
for 5. . 
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The abscissas of the points of division on the x-axis are 

Ax, 2 Ax, 3 A*, • • • , n Ax = 3 
and the corresponding ordinates to the curve are 

2 Ax, 4 Ax, 6 Ax, • • • , 2n Ax = 6. 

Since each rectangle composing 5, has base Ax and height equal to one 
of the succession of ordinates just given, we have immediately 
S m = 2(Ax) 2 + 4(Ax) 2 + 6(Ax) 2 + • • • + 2n(Ax) 2 

(1) = 2(Ax)*(l +2 + 3 + •••+»>• 

The quantity in parentheses is a simple arithmetic progression, of sum 

(2) 1 + 2+ 3+ + n= }n(n + 1). 

With this replacement, and that of Ax by 3/n, formula (1) becomes 

(3) S. = 2g)’.|n(n+l) = 9(l+i). 

If the horizontal through each P< is extended to the next vertical to 
the right, the step-function 0"P x P' x 'P t • • • together with 

y = 0, x = 3, bound an area composed of n — 1 rectangles. Calling this 
area s* and calculating just as before, we obtain the result 

(30 «. - i} - £)■ 

These S n , s* , approximate the area 0.4/?: if, for example, n = 100, 
then S x oo = 9(1.01) = 9.09, and s l00 - 8.91. 0.4/? is sandwiched between 
these values. As n is increased the approximations are bettered. The 
limiting process n —* « is intuitively suggested; the exact area 9 is 

(4) lim n _. S n = lim„_. $„ = lim„— 9(1 ± 1/n) = 9. 

Use of the limiting process n —► «> is almost automatic from the analytic 
point of view. What is the geometric analogue of the process? As n —► ® 
we are inserting more and more division points in the interval OA of Figure 
8.4.1. We take care to distribute the new points over all intervals Ax so that 
all the intervals Ax decrease in length toward zero. Then intuitively the 
successive step-curves approximate more and more closely the straight 
line y = 2x in position, tending to “smooth out” toward this limiting 
boundary. [The reader should visualize for himself on a large-scale diagram 
of his own the effect of successive bisection (a special way to insert new 
points) of the original Ax intervals, the better to see the jagged step- 
curves tend toward y = 2x.] Corresponding to these geometric events, 
the sequences of area-numbers | S m |, { s m }, computed as n becomes larger 
and larger, approach the limit-number which we accept as the required 
area OAB. 

This method of computing an area appears to be extensible: the con¬ 
struction of the step-curve in no way depended on the fact that the upper 
boundary was a straight line. 

So we proceed to try the new method on the area representing work 
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done in Example 8.1.2. Since the parabola y = 12x — x 2 of Figure 8.1.5 
is symmetric in the line x = 6 we shall work merely with the left half 
(Fig. 8.4.2) of the area to be computed, then double the result. 

We divide the interval OA = 6 into n equal parts each of length 
Ax = 6/ n. We construct the step-curve OP\P x P' 2 P 2 • • • P' n B exactly as 
in the preceding example of this section. We compute the area S„ bounded 
by the step-curve and the lines y = 0, x = 6. The abscissas of the division 
points are: 

Ax, 2 Ax, 3 Ax, • • • , n Ax = 6, 
with corresponding ordinates to the curve y = 12x — x 2 : 

12(Ax) - (Ax) 2 , 12(2 Ax) - (2 Ax) 2 , • • • , 12(n Ax) - (n Ax) 2 . 



Since each rectangle composing S H has base Ax and height equal to one 
of the sequence of ordinates just given, we have immediately 

(5) S m = Ax |[12(Ax) - (Ax) 2 ) + (12(2 Ax - (2 Ax) 2 ) 

+ (12(3 Ax) - (3 Ax) 2 ) + • • • + (12(n Ax) - (n Ax) 2 ]). 


By breaking (5) into two parts, one the sum of the first terms of the 
brackets, the other the sum of the second terms, we have 

s. « s: - S" 


where 

(6) S' n = 12(Ax) 2 { 1 + 2 + 3 + ••• +n) 

(7) S: f = (Ax) 3 (l 2 + 2 2 + 3 2 + ••• + n 7 \. 

The arithmetic progression in parentheses in (6) has sum Jn(n + 1), 
by (2); if we replace Ax by 6 /n we obtain 

s - = i2 © , 4 n(n+i) = 6J ( i+ 3- 


(8) 
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with k 
( 10 ) 


8 . 5 ] - 

To calculate S" we replace Ax by 6/n and make use of the formula! 

(9) l* + ** + 3* + ••• +k'= Jk(k + l)(2k + 1) 

1. ». yj. 

S'' = (®)’Jn(n + 1)(2» + J > = K 1 + n)( 2 + n)' 

The difference between (8) and (10) is 

<ii> iX 2 +JM>+3(v-3- 

Defining s. precisely as before (even with the same labels, see figure), 
we compute in the same way as above the value 

an *- - <K' - i )( 4 + »)• 

As n -» ® (and Ax -♦ 0) we have 144 as the limit of both S, 

More conclusively even that this, we find 


and s r 


S n - - 6’ 


6 2 


- 1 )] - 


which shows (as we expect) that 5, > s* for all n(>0) but that 

lim„_. ( S m - s„) = 0. 

Yet, from the intuitive geometry of the situation, any member of (*S n ) 
encloses the area OAB sought, while any member of |s*| is enclosed by 
this area. Thus OAB is caught between |S„| and |s*|, which sequences 
both approach 144; how, then, can we mistrust the appropriation of this 
common limit S = 144 as the definition of area and area-number? 

As an extensible method of calculation (with, as yet, obvious reliance 
on geometric intuition) the method discovered in this section would seem 
to hold high promise. The way has been paved for a general definition of 
area and area-number in the next section. Are the details of computation 
complicated, with obvious promise of terrifying complexities in more 
difficult situations? We shall find that they can be avoided to large extent 
in the future, supplanted by an amazing reversion to simple work with 
differentials. 


8.5 Exercises 

1. Use the method of §8.4 to compute the area bounded by y = 24x, y — 0, 
x = 0, and x = 5. (Cf. Exercise 8.2.1(a).! Work first with circumscribed, then 
with inscribed, rectangles. 

2. Use the method of §8.4 to compute the area bounded by y = 24x, y = 0, 
x = 2, and x = 5. (The abscissas of the n — 1 points inserted between x = 2 
and x = 5 are 

2 + Ax, 2 + 2 Ax, 2 + 3 Ax, • • • , 2 + (n — 1) Ax, Ax = 3/n. 

fProof of (9) is standard in work on Mathematical Induction in a course on College 
Algebra. See the author’s book, To Discover Mathematics, (Wiley, 1942), p. 28. 
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Show that S H = 24 [6 + (9/2)(l ■+• 1 /**)), and the trapezoidal area is 252. 
Cf. Exercise 8.2.1 (b).| 

3. Find the first quadrant area founded by y = 12 — x, using the method of 
§8.4. 

4. Find the area under the parabola y = x and above the x-axis, 

(a) between x — 0. x = 1 (b) between x = 1, x = 4. 

(Use (8.4.9). .4 ns. (a) §; (b) 21.J 

5. Find the area bounded by y = x 3 , y = 0, and x = 1. (Use the formula 

(1) . I s + 2 3 + 3* + • • • + k 3 - ($k(k + l)) 2 
to be proved by the reader in Exercise 7. Ans. 0.25.) 

6. Find the area bounded by y = x 4 , y = 0, x = 1. Use 

(2) l 4 + 2 4 + 3'+-+k 4 = *k(k + l)(2k + l)(3k 2 + 3k - 1). 

7. Prove Formulas (8.4.2), (8.4.9), (8.5.1), (8.5.2), by mathematical induction. 

8. Find the area lying in the first quadrant and bounded by y = 12x 2 — x 3 
and y — 0. What, then, is the work required in Exercise 8.2.7? (.Ins. 1728.) 

9. Find the area bounded by the curve y = 1 + i + and the lines y = 0, 
x = 0, and x = 1. (.4ns. 11/6 sq. units.) 

1 0. Find the closed area bounded by the curves y = x, y = x 3 . 


8.6 The Definite Integral of f(x) 

Over a closed range R(x): a ^ x ^ 6, let y = /(x) define a single value 
of y for every value cf x; we suppose that y £ 0 on R(x). In Figure 8.6.1 
we indicate a graph for such a function, noting that the hypothesis on 
f(x) asserts boundedness (i.e., finiteness) of the function, but does not 
rule out finite discontinuities. 



We partition the range R(x) by the insertion of (n — 1) points, not neces¬ 
sarily equally spaced; we designate these, ordered from left to right, by 
x t , x 2 , • • • , it , • • • , x n _ a , x n - x , and, for consistency of notation, use 
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a* as alternate for a and x„ as alternate for b. The range R(*) 1S thus 

covered by n non-overlapping intervals of lengths 

x, - x 0 = (Ax), , x a - x, = (Ax), , • • • ,*i- x<-i = • 

= (Ax , . 


— T. 


The tth interval x,_, g x £ x, is considered the generic interval; we shall 
use the symbol (Ax), to represent both the interval and its length, ana 
we shall conduct the discussion in terms of this generic tth interva wi 
the understanding that what is said about the tth interval is there >y 
said for all the intervals, i * 1, 2, 3, •••,». 

Let x* be any point (including the possibility of either end-point) o 
the tth interval (Ax), , and let /(x*) be its corresponding ordinate. Then 


(1) Ax), 

is the area of the rectangle R t having base (Ax), and height /(x*). We 
add the results of this construction and computation for all n intervals 
(Ax),, t - 1, 2, • • • , n, to obtain the area A n of a rectilinear figure bounded 
by a certain step-curve and the lines y = 0, x =* a, x = b: 


(2) A„ = /?,+*?,+ •• • + R< + • • - 4- R m 


- /(*1)(Ax), + /(x1)(Ax), + • • - + /(x*)(Ax), + • • • + /(*t)(Ax). . 


We telescope this sum into the convenient form 

(3) A. = E /(x*)(Ax), 

(-1 

which is to be read: “the sum of (^) all terms of the type of the generic 
ith term of (2), for i = 1, i - 2, • • • , i - n”; this is, of course, simply a 
pocket edition of the sum (2). 

The expression (3) is very general. Figures 8.4.1 and 2 show special cases 
of it. // /(x) is continuous and always rising, if the (Ax), are all equal, 
and if x\ is the final point of (Ax), ,i ■ 1,2, • • • , n, then A n of (3) is the 
area under the outer step-curve of either figure. The inner step-curves 
are special cases of (3) if x* is the initial point of each (Ax), . In view of 
these special cases and the way they were handled in §8.4, we should 
feel no hesitancy in attempting the following maneuver. 

We refine the partition of R(x) by inserting more points of division 
thereon to make n' > n points altogether, and compute the corresponding 

A .. = E /(x*)(Ax) ( 

• -I 


as we computed the A n of (3). This process we continue, to obtain a 
sequence of areas composed of sums of rectangles: 

A n , A m - , A m " , • • • . 

As we proceed, we take care that we insert the additional points in such 
manner that all the lengths (Ax), —* 0 as n —* co. It is certainly possible 
that, for a sufficiently well-behaved f(x), a limiting number will exist for 
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the sequence {A*} as one existed in the special cases of §8.4 which we are 
now generalizing. Symbolically, we seek 

(4) lim A m = lim j£ /(x*)(Ax)«j. 

(Ax).-O (Att.-O 

For usefulness, moreover, we should demand that the same limit be existent 
no matter the n and the particular (Ax)* we begin with, no matter the 
selection of x* , and no matter how new points of partitioning are intro¬ 
duced subject to the proviso that ultimately all (Ax), —► 0 as n —* co. 
These demands will be implicit in any future statement that the limit (4) 
exists. 

The name “definite integral” is assigned the important expression 
(4): formally we write the 

definition of definite integral. The limit (if one exists) 

(4) lim | £ f(x*)(Ax),j 

<A«>,—O 

in which the symbols have the meanings stated in the preceding paragraph , 
is called the definite integral of /(x) over the range R(x) : a ^ x ^ b. 

The noun “integral” and the adjective “definite” in this name are, at 
least at present, just words; reasons for selecting them will be suggested 
as we progress. Because the symbol (4) for definite integral, which will be 
encountered frequently from now on, is complicated to print we shall 
generally omit the summation limits on 2Z and the details n —♦ ®, (Ax)* —► 0, 
of the limit process, understanding that these always accompany the symbol 
precisely as printed in (4). 

Although geometrical considerations led to the construction of the 
symbol (4), this was the case only for the sake of prompt acceptance of 
it by the reader as a symbol bearing tangible meaning. The symbol can be 
regarded as an abstraction, its structure in no wise dependent on considera¬ 
tions of geometry or physics although it has wide interpretation and 
application in those fields, as we shall see. From the abstract point of view 
we simply assume a function /(x) defined and finite for all x on a closed 
range R(x), but now not necessarily positive on R(x); we partition R(x) 
into n non-overlapping but covering sub-ranges (Ax), , i = 1, 2, • • • , n; 
we select any x* on (Ax), , together with its corresponding (defined) func¬ 
tional value /(x*), i = 1, 2, • • • , n; and we write down (4) with the agree¬ 
ment that it is to be considered only if the indicated limit exists. Then we 
have a tool for the extraction of certain mathematical information from 
and about the function /(x), a tool to be developed mathematically, 
interpreted geometrically and physically. That one such interpretation is 
bound up with area and area-problems such as work done by a force is 
apparent from the introductory ground work of this chapter. 
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The definition of the definite integral just given is due to the German 
mathematician Riemann (1826-1866). A function /(*) for whicrit 
limit of a sum (4) exists is said to be integrate in the sense of 
(or R-integrable) over the range a g x £ b. The definite Integra . 
number , dependent both on the function f(x) and the range a = x — 
for which the definition is built up. Meanings for this number will i>e 
searched out later. 

8.7 The Definite Integral and the Area Problem for a Continu¬ 
ous Function 

A limiting value for the expression (8.6.4): 

(1) lim £/(x*)(Ax), 

defining the definite integral of f(x) on a | i ^ 6 may not exist for certain 
functions or types of functions. For the large and important class ot 
continuous functions, however, the limit (I) can be shown always to exist 
over a range of continuity. 

theorem 8.7.1. // f(x) is a continuous single-valued function on the 

range R(x) : a ^ x £ b, then the definite integral 

(1) lim {E/toXAa:).} 

(AM)i -O 

exists; the symbolism is that of §8.6. 

The importance of the theorem is manifest: we shall know that there is a 
unique number giving the value of (1) merely by finding continuous the 
f(x) on which (1) is based. Such knowledge of existence is a valuable 
prelude to an attempt to evaluate (1). Moreover, many of the functions 
in elementary mathematics (to which problems in science are most often 
referred) are continuous; for these, Theorem 8.7.1 asserts a final value 
for the definite integral so useful as a tool. [It is interesting that continuity 
of f(x) on a range is a sufficient condition for the existence of the definite 
integral of f{x), although it is not sufficient for the existence of the de¬ 
rivative }'(x) at a point of the range.] 

Proof of Theorem 8.7.1 is a delicate matter which we shall avoid at 
this point, its length and subtlety interfering with the forward march of 
important events. Perhaps instinct for the meaning of continuity will 
make the theorem seem reasonable. Perhaps the development now to 
follow will offer some intuitive evidence of the validity of the theorem. 
In any case we accept the fact of the theorem and reach for its consequences. 

Example. Consider the function 

y = f(x) = I2x - x 2 
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on the range 0 ^ x ^ 6 [§8.4, Fig. 8.4.2). We partition (Fig. 8.7.1) the segment 
of the x-axis from x = 0 to x = 6 into n parts (Ax), i = 1,2, • • • , n; we select 

any point x* on the tth part, t = 1, 2, • • • , n; we form the product /(x*,)(Ax), 

for each part; we sum these products and consider the possibility of limiting value 
for the result 

(2) lim £ [12z* - (*D*](A*) 4 



Fig. 8.7.1 


in conformity with the definition (1). Since /(x) = 12x — x is continuous and 
single-valued on the range 0 ^ x ^ 6, Theorem 8.7.1 asserts that a unique value 
exists for (2), regardless of mode of partition of the range or of selection of the 
x*. . Hence, this value can be obtained from any convenient partition and choice 
of x* . In §8.4 we computed the value 144 for (2) for equal partitions (Ax)* and 
choice of x* as either the initial or the final point on (Ax),- . Therefore, 144 is the 
value of (2). 

This example, evaluating the definite integral (2) to the number 144 
calculated in §8.4 as the area bounded by y — 12x — x 2 , y = 0, x = 0, 
x = 6, suggests that the definite integral of a continuous function /(x) 
should be central in defining the area bounded by the graph y = /(x) 
and above a range of continuity. 

definition of area. If it exists, the limit 

(3) lim {E/(zWA*),]> 

(A*) 4—0 

is the area bounded by the graph of the continuous non-negative function 
y = f{x) ^ 0 over a ^ x ^ b and the lines y = 0, x = a, x = b; and the 
value of the limit is the area-number for this area. 

To justify the definition we impose an arbitrary partition on a ^ x ^ b. 
On the closed subdivision (Ax), the continuous function assumes both 
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a maximum value (M, for x = X.) and a minimum value (m for■*£ 
authority being the Theorem 4.11.1 of We.erstrass. Th « 

area Mr (Ax), formed for x* = X, is not less than the reetangular area 
f(x*,) (Ax), formed for any other choice of x* on (Ax). , hence (h g. ) 

S n = g Af<(Ax), ^ g"/(^)(Ax), 

•’■1 • • 1 

no matter how x* is chosen. Similarly, 

s . = £ m.(Ax), £ /(x*,)(Ax), 

.-I *-l 

for arbitrary choice of x* . Thus, for any x* on (Ax), , 


(4) 


s. 5 £ /(x*)(Ax), § S. . 


.-1 



Any definition of area under y - /(x) must surely produce an area-number 
A between the underestimation s n and the overestimation S n ; this should 
occur not only for each individual n, but for all n, hence as n —♦ ®. Now 
the definite integral (3) of continuous /(x) has a unique value (Theorem 
8.7.1) achieved independently of choice of x* . If x* = X { this value is 
given by lim S n ; if x* = x, this same value is given by lim s n . Since the 
flanking members in (4), containing between them any reasonable defini¬ 
tion of area under y = /(x), approach the same value as n —► this 
value should be taken as the area; and this value is, from the form of the 
central member of (4), the definite integral (3). The definition is justified. 

To compute area under continuous y = /(x) ^ 0, above a ^ x ^ 6, 
between x = a, x = 6, we are required to evaluate the corresponding 
definite integral (3). In the special cases of §8.4 this was accomplished by 
choosing either the initial or the final abscissa of (Ax), as the x* and 
taking the (Ax), all equal.t The resulting algebra was then manageable, 

tSince the functions of §8.4 were always increasing we were using the limits of s„ or 
Sn in (4). 







222] 


THE DEFINITE INTEGRAL 


[®*® 


but too complicated to augur well for the future. In the next section we 
establish a fundamental result which permits evaluation of the definite 
integral of fix) over a ^ x ^ 6 from knowledge of an antidifferential of 
f (x). Since such knowledge is available for most elementary functions, 
the method is powerfully useful. 

8.8 The Fundamental Theorem 

The tool of greatest usefulness in evaluating a definite integral is the 
following extraordinary 

THEOREM 8.8.1, THE FUNDAMENTAL THEOREM OF CALCULUS. 

If fix) is single-valued and continuous on a ^ x ^ 6, and if Fix) is an 

antidifferenlial of /(x): 

F{x) - d-L fix) dx), 

then the definite integral of f{x) over the range has the value F(b) — F(a ): 

(1) Hm { E /(x*)(Ax)A = F(b) - F(a). 

w— V.-l ) 

(Ai)i-O 

The notation in the definite integral on the left side of (1) is that of the 
last several sections. An amazing link between the independent concepts 
of definite integral and differential, this theorem. If we know F{x) = 
d '[/(x) dx], then the definite integral built as limit of a sum has the 
simple value F(b) — F(a), the value of F(x) at the end of the range minus 
the value of F(x) at the beginning of the range. That there is a value is 
assured by Theorem 8.7.1. Thus, for the function and antidifferential t 

/(z) - z/ vV + 9, F(x) = Jd 'Kz’ + 9)-‘(2zdz)l = Vx 1 + 9, 
the definite integral I of /(x) over the range 0 g x 2 * 4 has the value, 
according to Theorem 8.8.1, 

I = F(4) - F(0) - V7T9 - Vtf~+9 = 5-3 = 2. 

This simple calculation is to be contrasted with the probable difficulty 
of direct computation of the defining 

/ = Hm E [z*/ V(z*,)’ + 9)(Az), , 0 S z g 4. 

The following proof of Theorem 8.8.1 is based on the Mean-Value Theorem 
6.12.1. Let 

F{x) = d '[f(x) dx], d Fix) = fix) dx. 

Thus, Fix) is a function possessing derivative, F'ix) = fix), and this derivative 
is continuous over the closed range of its definition. Fix) clearly satisfies all the 
hypotheses of the Mean-Value Theorem on the whole range or on any part, (Ax)< , 
of it. Expressed in terms of the ith interval (Ax), of a usual partition, the conclusion 
of the Mean-Value Theorem states that for some x* on (Ax),- we have 

Fix,) ~ Fix ,_,) = (Ax).-F'(x*) = (Ax),*/(x*), x.-, < x* < x.- . 

tin writing the antidifferential F(x) we omit the family parameter c; this is discussed 
following the proof of Theorem 8.8.1. 
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From this generic formula we write the result for each i, i = 1,2, • • • > n < ol)tain 
>(*,) - F(x o) = /(*D(Ai), , *o < *1 < *. 

F(x 2 ) - F(x.) = /(x* 2 )(Ax), , *. < *' < *» 

(« ; 

F(x„-,) - F(x„_ 2 , = /(*;.,)( Ax).-, , x -2 < X-*-. < *— 

./■(I.) - F(x„_,) = /(x‘)(Ai). , x.-, < x* < x„ . 

Adding the n equalities in (2) and noting the telescoping which occurs on the left 
side of the sum, we find 

(3) F(x.) - F(x„) = F(b) - F(a) = £ /(x*)(Ax). . 

l — l 


Because /(x) is continuous its definite integral over a ^ x ^ 6 exists, lienee 
can be computed from arbitrary choice of x * on (Ax), . The sum on the right of 
(3) is the defining sum of the definite integral for the particular x* specified in 
(2) by the operation of the Mean-Value Theorem. The limit, then, of this sum as 
n—► , (Ax), -♦ 0, must be the value of the definite integral on the left side of (1). 
But this limit must be the constant F(b ) — F(a) since (3) holds for all n as the 
limit process is carried out. Thus, (1) and the Fundamental Theorem are established. 


The set of antidifferentials F(x) = d _, [/(x) dx\ is, of course, infinite 
in number because of the presence of an arbitrary constant c. Suppose 
F(x) = F*(x) + c, c arbitrary. Then 

F(b) - F(a) - [F*(6) + c] - |F*(a) + c] = F*(6) - F*(a). 

Thus the difference F(b) — F(a) required in the theorem is independent 
of which one of the antidifferentials is used. Since any c which is used 
will automatically disappear from the important difference, it is conveni¬ 
ently standard to use c = 0, that is, to suppress the constant c altogether, 
in applying Theorem 8.8.1. 

Consider now the application of the Fundamental Theorem to the area 
problems of §8.4. 

Example 1. Let /(x) = 2x, a continuous function on any piece of the x-axis. The 
area number of the triangle (Fig. 8.4.1) bounded by y = /(x) = 2x, y = 0, x = 3, 
is set up as the definite integral I in 

(4) / = lira |£2 x*(Ax),| 

after the usual partitioning of the range 0 ^ x ^ 3 and arbitrary selection of 
x^ on (Ax), . Since /(x) is continuous a unique value exists for (4) by Theorem 
8.7.1. Since/(x) is antidifferentiable to F(x) = x 2 , Theorem 8.8.1 asserts that the 
value of (4) is given by F(6) — F(a) = F(3) — F(0) = 3 2 — 0 2 = 9. As a schema 
for this calculation we might write 

/(*) = 2* F{x) = x 2 

F(b) = F(3) = 3 2 = 9, F(a) = F(0) = 0 
I = Fib) - F(a) = 9-0 = 9. 

Contrast with the involved computations of §8.4. 

Example 2. The area bounded by y = /(x) = 12x — x 2 (a continuous function 
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for all x) and the lines y = 0, x = 6 (Fig. 8.4.2) has the value given by the definite 
integral (cf. (8.7.2)] 

(5) / = lim I E U2z? - (x*) 2 ](Ax)<|. 

By the Fundamental Theorem the value of (5) is now to be calculated by the simple 
tabulation: 


/(*) = 12x - x 2 F{x) = 6x 2 - *x a 

Fib) = F(6 ) = 216 - 72 = 144, F(a) = F(0) = 0 
/ = F(b) - F(a) = 144 - 0 = 144, 
the required area. Contrast with the intricate solution in §8.4. 


The obvious dependence of the Fundamental Theorem on antidiffer¬ 
entiability of /(x) is to be remarked. It has no application to evaluation 
of the definite integral of a function which cannot be antidifferentiated 
(there are such, as we note later); for these we must try to find other 
computing devices. But where it applies, the theorem is potent, so much 
so that we next devise a better symbolism for calculating integrals, and 
devote much time later to the special art of antidifferentiation. 


8.9 Exercises 

1. Show that each function following is ^ 0 on the range indicated. Set up the 
definite integral defining the area bounded by the curves y = /(x), y = 0, 
between the ordinates at the extremities of the x-range. If the Fundamental 
Theorem 8.8.1 applies, use it to compute the value of the area, following the 
model used in Examples 8.8.1 and 2. 

(a) y = /(x) = 24x, 0 ^ x £ 5 (Exercise 8.2.1] 

(b) y = /(x) = 12 - x, 0 ^ x ^ 12 (Example 8.1.2] 

(c) y = /(x) = x 2 , 0 ^ x ^ 1 (Exercise 8.5.4] 

(d) y = /(x) = x 2 , 1 ^ x ^ 4 (Exercise 8.5.4] 

(e) y = f(x) = 12x 2 - x a , 0 ^ x g 12 (Exercise 8.5.8] 

(f) V = fix) = 500 + 4x, 0 £ x £ 50 (Exercise 8.2.8] 

(g) y = f(x) = x*, 0 ^ x ^ 1 (Exercise 8.5.6] 

(h) y = fix) = l + x+x.O^x^ 1 (Exercise 8.5.9] 

2. Compute each definite integral on the range indicated (if you use the Funda¬ 
mental Theorem make sure that its hypotheses are satisfied): 

(a) lim | E (at)~*(A *).>. 

(b) lim | E ** V / 4 - (*•,)* (Ax)<), 0iiS2 

(c) lim I E U + xD'kAi),!. 0SiS7 
[Ans. (a) 2/3; (b) 8/3; (c) 9/2.) 

3. Find the value of lim Z[x*/ Vxf + l](Ax), ,0 ^ x ^ 1. 

4. Explain why Theorem 8.8.1 does not apply to each definite integral on the 
associated x-range: 

(a) lim E (^r'(Ax), , -1S*S1 

(b) lim E x*Vi - (x*)» (A x), , 4 g x g 5 

(c) lim E W)W(x*f - 9 (Ax), , -3iiS3 
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c Pror^h 1 / - fix) = I x I — 1 < X ^ 1, and compute geometrically the area 
5. Graph y — JW I 1 I* — . 7 . ,. _ . 1 T) oeg the Fundamental 

ttSSlX?*' l-j Can on stt up ^djJJ. ^ 

to each of which the Fundamental Theorem does apply, and whose 

give the area specified? 

8.10 The Symbol /$ f(x) dx for the Definite Integral 

The defining symbol 

lim (e/^KAx),} 


( 1 ) 


(4*)c 


^ x ^ b is cumbersome. 


for the definite integral of /(x) on the range a 
It is standardly replaced by the symbol 

(2) f(x) dx 

which is to be considered as suggesting the same set of operations as (1). 
The /(x*) (Ax)< is comparable with the simpler /(x) dx of (2), which 
readily suggests the antidifferentiation process d”‘[/(x) dx) = F(x) used 
in calculating (1) if the Fundamental Theorem pertains. The sign / is an 

5 (“S” for “sum” was originally used in place of £) elongated to suggest 
that (1) is something more than a sum, namely, the limit of a sum. Thus, 
/ represents the combination “lim X” of 0)* Attachment of the lower 
limit a and the upper limit b of the range a ^ x ^ b to the lower and 
upper extremities of the ft specifically indicates that range, which is 
indeed not actively displayed at all in (1). 

In the definite integral symbol (2) the sign f\ , integral sign, is an operator. 
In general, it tells us to form the basic sum of (1) according to the scheme 
of §8.6 and then to find the limit of this sum, if possible. If f(x ) is continuous 
on a £ x ^ b and has the antidifferential d 1 (/(x) dx) = F(x), the operator 
JS tells us to find this antidifferential and compute the difference F(b) — 
F(a), this special command by virtue of the Fundamental Theorem. In 
either case, the general or the special, the operation on fix) over a ^ x £ b 
commanded by J* f(x) dx is called integration of /(x) over a ^ x ^ b; a and 

6 are called the lower and upper limits of integration, respectively; /(x) is 
called the integrand. 

In the most frequent situation that /(x) is continuous and antidiff- 
erentiable and the Fundamental Theorem applies, it is customary to carry 
out an integration according to the schema: 

(3) J‘ fix) dx = [F(x)]‘ = Fib) - Fid), 

where F{x) = d" l [/(x) dx). The single line (3) is equivalent to the longer 
model set in Examples 8.8.1, 2, and is even shorter than that already 
abbreviated pattern. Indeed, in case the Fundamental Theorem applies, 
the three symbols 


(4) 


lim Y. /(**)(Ax), = f fix) dx = Fib) - Fid) 
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are synonymous; and we shall find that in solving many problems we think 
the first symbol of (4) to set up the problem, we write the second, but 
we calculate the third. 

Example 1. The area bounded by y = /(x) = 12x — x 2 , y = 0, x = 6, has already 
been defined by the symbol 

(5) lim | £ (12xT - (**)■](Ax),). 

Our thinking was in terms of this limit of a sum of rectangular areas. Now we urrite 
the compact formulation 


£ (12i - x') dx 


for (5) in terms of the new symbol for the definite integral. Finally, since /(x) 
subscribes to the conditions of the Fundnmental Theorem, we calculate according 
to the schema: 

/ (12x - x 1 ) dx = [6x* - Jx'i; = [6(6’) - i(6*)| - (6(0)’ - J(0)'] = 144. 

Example 2. To calculate the area bounded by y = x 3 , y = 0. x = 1, x = 4 
(Fig. 8.10.1). 


y-x> 


.(xT)’ 



x i-i x . x . 

Fig. 8.10.1 


_ 1 ±!_ 

B X 


Fig. 8.10.2 


We first partition the range 1 ^ x ^ 4 in the standard manner, form the rec¬ 
tangular area /(x*)(Ax), = (x*) 3 (Ax), on the ith division, and define the area by 

(6) lim (E(^)'(Ax).| = j' x'dx. 

A unique value exists for (6) because/(x) = x 3 is continuous on the range 1 ^ x ^ 4; 
and since F(x) = Jx 4 is an antidifferential of /(x), we call on the Fundamental 
Theorem to give the area 

.4 = J' x* dx = [Jx 4 i; = i(4‘) - i = 63i. 


Example 3. The function 


/(X) - J* + >• 


x > 0 
x < 0 


m = 
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is finitely discontinuous at x = 0 (Fig. S lO^ and the 

does not apply over the complete range -1 ^ x S 1 . It aoes f 

however, to the constituents 

(8) /,(x) = 1+1 on 

(9) /,(i) = —x on — 1 S x £ <2 . „ , 

where c, > 0, «, > 0, are small numbers which cut out the discontinuity..If £ 
is the definite integral of (8), U that of (9), on the respective ranges, we calculat 

/, = j' (x + 1) dx = l}x* + x]|. = § - (i‘? + «■) 

/, = J ’(-x) dx = |—= - W + i- 

Since lim.,_o /. = I and lim. /, = J, it is natural to take the sum of these 
limits as the value of the definite integral of (7): 

I = [' /(x) dx = lim f ' (x + 1) dx + lim f (-x) dx = 2 
J— | O Jit * 

In corroboration of this evaluation we note that the area AA'OCB’B of Figure 


8.10.2 is 2 by elementary geometry. 

8.11 Exercises 

1. Evaluate each integral: 

(a) J 24x dx 

0 

(b) £ X ’ rfx 

r l2 

-50 

(c) J n (12x 3 -x s )d* 

(d) J (500 -+ 4x) dx 

(e) ^ (l+i + x *) dx 

2. Compute: 


(a) / x" a dx (b) / xVT 

— x 2 dx (c) / (1 + x)-* dx 

• w W - 

(Compare with Exercise 8.9.2.) 

3. Compute 

[ xdxfy/lc -f- 1 (cf. Exercise 8.9.3). 

4. Compute: 

__ 

r 3 

(a) J y/x -+- 10 dx 

(b) / x -3 dx 

(c) f xdx/y /16 + x 2 

(d) f \/9 + x dx 

.'o 

5. Work Exercise 8.9.5 by evaluating 

f (-X) rfx + 

(xrfx= »• 

Explain. 



6 . Given the curve y = f{x) = x 3 — 3x 2 — 9x -+- 10. Write the area bounded 
by this curve, the x-axis, the y-axis, and the ordinate to its point of relative 
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maximum, (a) as a definite integral in the form of the limit of a sum, (b) in 
the notation of §8.10. Compute the value of the area. (.Ans. 13$ sq. units.) 

7. Compute the first quadrant area bounded by the curve y = 3x* — x and 
the x-axis. [Ana. 6 } sq. units.) 

8 . Find the area below the curve 

V = /(X) = F + 2 - 

lx + 1 , x < 0 

above the x-axis, and between x = — 1, x = 1. (Ana. 17/6.J 

8.12 Area 

By the definition of §8.7 the area bounded by the continuous and 
non-negative function y = /(x) ;> 0, y = 0, x = a, y = b, is given by the 
definite integral 




We seek now to extend our abilities to computation of more general areas 

than the type considered so far. 

Let y = U(x), y = L(x), be two 
functions which are single-valued 
and continuous (not necessarily ^ 0) 
on the range a ^ x 5* b. Let the 
graph of y = U (x) lie never below that 
of y = L(x )—the symbols U and 
L are meant to stand for “upper” 
and “lower” curves, respectively (Fig. 
8 .12.1). Let (Ax)* be the ith division 
of a partition of the range a ^ x ^ b, 
and let x* be an arbitrary point 
of it. Then C/(x*), L(x*), and 

I/(x*) — L(x*) are well defined and 
U(x*) - L(x*) £ 0 



Fig. 8.12.1 


(in the figure, PQ = U (x**) and PQ' = 
L(x*), with Q'Q = Q'P + PQ = 


— L(x*) + U(x* t ); watch the directed line segments). Then the non^negalive 
number 

(C/(x*) - L(x*)]-(Ax)* 

is the area of the generic rectangle, and the positive number 

A„ = if IWW) - L(x*)] (Ax)* 

* -1 

is the total area, of a figure based on the given partition and contained 
between two step-curves bordering the given curves in the fashion of 
§ 8 . 6 . 

It is instinct to use 


lim { £ lUix*) - L(x^)](Ax)*| 
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AREA 
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to define the area bounded by y = U(x),y L(x), and1‘he hnes x a 

and x = 6. Indeed, if y = L(x) is y = 0 and U(x) 0 on a S x 
the expression (1) reduces immediately to the dehn.t.on of the spec.a 

are s1ne n e § ( 8 l) 6 'is the definite integral ft W(x) - L(x)] dx of the function 
f(x) = U{x) - L(x), we have the formula 

( 2 ) 


A = J lU(x) - L(x)) dx 


for the area bounded by y = U(x), y — L(z), x 
U(x) ^ L(x) on a ^ i | 6. 


a, x = b, where 


Example 1. Find the first-quadrant area bounded by y — x*, y — 2 + x 2x , 
and y = 0 (Fig. 8.12.2, area OQ'AQB). 

By algebraic solution of y = x 3 and y = 2 + x - 2x 2 simultaneously, the curves 
are found to intersect in A: (1,1), C: (-1, -1), D: (-2, -8). From this and other 



information (for example, intercepts and relative extrema and concavity) the 
curves are drawn as in Figure 8.12.2. From this figure the area OQ'AQBO emerges 
as the one to be calculated; moreover 

y = U(x) =2 +x- 2x\ 


y = L(x) = x\ 
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on the range 0 ^ x ^ 1, as we see in the figure and argue from the inequality 
(3) (2 + x - 2x 3 ) - x 3 m (2 + x) - x\2 + x) 

= (2 + x)(l - x 7 ) ^ 0, 0 £ x £ 1. 

Then by (2) the area >1 in question is 

A = l [2 + x - 2** - i 1 ] dx = [2x + |x* - §x 3 _ J X *]J 

— (2 4- $ — | — }) ■* ItV (sq. units). 

Example 2. To find the total area enclosed by the curves of Example 1. 

The figure reveals that the area enclosed by the curves consists of two distinct 
parts: 4, = CO ABC pertaining to the range -l$i| 1 and A, = DCD per¬ 
taining to the range -2 £ z £ -1. For 4, , U(x) = 2 4- x - 2x 7 L{x) = x 3 

“ in ?* a ™P ,e 1; f ° r “ x ’’ L < x > = 2 4- x - 2x’, as the reader can prove 

from (3). Then a twofold application of (2) yields 

A = A,+ A, = f (x’ - 2 - x + 2x*) dx+ j (2 + x - 2x 3 - x 3 ) dx 
= [}x 4 - 2x - \x 3 + |x*]:J + |2x + \x 3 - §x 3 - }x*]l, 

I2 + 12 = 3 12 (squnlt8) - 

Example 2 shows that if the 
curves bounding the area intersect 
on the range of z-extent, the roles 
of “upper” and “lower” boundaries 
are reversed as the point of inter¬ 
section is passed (Fig. 8.12.3). In 
such cases formula (2) must be 
written separately for each of the 
several separate areas. For the area 
in Figure 8.12.3, for example, we 
would compute 

A - A, + A, = I. |/,(x) - /.(x)] dx + J' Lf,(x) - /,(x)J dx. 

Note that the tempting but incorrect over-all 

f [/.(*) - Ux)) dx = A, — A t , 



the difference of the areas. 

Suppose now (Fig. 8.12.4) that the curves x = R(y), x = L(y), are 
given by the continuous, single-valued functions R(y) } L(y), such that 
for any y on the range a ^ y ^ 6, R(y) ^ L(y); “ R ” is to signify “right- 
hand” curve, “L”, “left-hand” curve. The reader should have no difficulty 
in defining the area bounded by x = R(y)> x = L(y), y = a, y = b, by 

(4) A = lim | £ [/?(>,*) - £,((/*)](At/), | = [/?( v) - L(y)j dy. 
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If the bounding curves intersect on a ^ y ^ b, formula (4) must 
carefully for each of the several separate areas. 
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be arranged 



Example 3. Find the total area bounded by y 3 = 4x and 2x — y — 4 = 0. 

We first find the points of intersection (4,4), (1, —2), of the curves and con¬ 
struct Figure 8.12.5. We choose to employ (4) with x = i(j/ + 4) a R(y), 
x = \y 7 sa L(y), over the range — 2 ^ y ^ 4. The area is calculated from 


(5) 


” L (j^ + 4) - i y '] dy = [\ y2 + 2y ~ T 2 y, ]. 2 


9. 


We defend the partition of — 2 ^ y ^ 4 
and use of horizontal rectangular strips 
rather than partition of 0 ^ x ^ 4 and 
use of vertical strips: in the case of ver¬ 
tical strips the lower curve changes from 
y= —2 Vx on0 ^ z ^ 1 toy = 2x — 4 
on 1 ^ x ^ 4, so that two separate inte¬ 
grals would be required instead of the 
single (5), namely, 

A, = f ' [2x‘ - ( —2x')] dx 

Jo 

for area OP x S x O 

A, = J' [2x* - (2x - 4)] dx 

for area P X P 2 S X P X . 

The reader should show how each part of 
(6) is arranged, and should tally their 
evaluation with the result of (5). He 
should note, too, that A, of (6) could be 
written as 2 (2x*) dx because of symmetry of y 2 = 4x in the x-axis. 


( 6 ) 
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In general, the choice of horizontal or vertical strips for use in solution 
of a particular problem is one of convenience—one integration instead of 
several, or perhaps an easily antidifferentiated function rather than a 
difficult one. A figure is necessary to the choice; and the choice is an im¬ 
portant one since the fundamental thought process is in terms of the limit 

The methods of this section obvi¬ 
ously rely on knowledge of the equa¬ 
tions of the bounding curves. More¬ 
over, for use of the Fundamental 
Theorem we need to cultivate ability 
at antidifferentiation. For example, 
the area enclosed by the ellipse 
(i/ - *)* - 4 - j 2 (cf. Fig . 8.12.6) 
is, since y = x + y/4 - x i m U(x) 
and y - x - y/4 - x 2 b L(x) on 

“2 ^ i ^ 2, 

(7) A " L[ 1(1 + vT=“?) 

- (x - V4 - x*)] dx 

- 2 J** y/4 - x 2 dx; 

yet d '[ y/4 — x 2 dx) is not known 
to the reader. [A shrewd dodge can 
help here: y = V4 — x 2 is the equa¬ 
tion of the upper semicircle, radius 
2, center 0; the integral on the right of (7) is its area; and twice the integral 
is the entire circular area, 4x. This number, therefore, is the value of the 
integral (7) and the area of the ellipse. In general, the definite integral 

(8) 2 J Va’ - x’ dx = ira ! 

by the same argument. It is interesting to have used a known area to 
yield the value of a definite integral without benefit of antidifferentiation.] 

8.13 Exercises 

1. Find the area bounded by the curves y = x and y = x; do two ways, one 
using vertical rectangular elements, one using horizontal elements. [Ans. 
1/6 sq. unit.] 

2. Find the area bounded by 16?/ = x , y 2 = 16x. [Ans. 256/3 sq. units.] 

3. Find the area bounded by y = x and y 2 = x. 

4. Find the area bounded by x — 4y — 4 = 0, x — 2y + 2 = 0. [Ans. 9 sq. 
units. Explain why vertical strips are easier to use than horizontal.] 

5. Show that the area bounded by y 2 = 4x + 16 and y 2 = — 4x + 16 is given 

by 2-J [(16 - y 2 ) - G f - 16)] dy = §-4 3 . 

6 . Show that the area bounded by y = f(x) ^ 0, x = a, x = 6, is given by 
A = ~ Stfix) dx. 


ot a sum ot rectangular strips. 



Fig. 8.12.6 



WORK 
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7. 

8 . 
9. 

10 . 

11. 

12 . 

13 . 

14. 

15. 

16. 

17. 

18 . 


WORK ‘*33 

Find the area bounded by y = x 3 and the lines y = 0 , x = — Z, x — — L 
Find the area included between y = x -\- 2x — 3 and the x-axis. [Ans. 1 f •) 
Find the area between x = y 3 — 3 y 2 and the y-axis. 

Find the total area included between y = x and y = x. (Ans. 1/2.] 

Find the total area between y = x 3 — 3z and 2x + y = 0. 

Find the total area between y 2 = x and y* = x. [Ans. 4/15.] 

Given the curve C :y = x V4 — x 7 ] (a) find the first-quadrant area between 
C and the x-axis; (b) find the first-quadrant area between C and the line 
y = y/2 x. [Ans. (a) 8/3.] 

Sketch the curve y = 3x/ W + 2. and find the area between it and the 
line 3x — 2 y = 0. [A ns. 9—6 V2.] 

Find the closed area between y = x* — 8x 3 and the x-axis. 

Find the area enclosed by x* + y* = a* and the coordinate axes. [An*, a /6 .] 
Find the area between y = x — Zx and y = 5x — x 3 . (./Ins. 16.] 

Using the known area of a circle and the area interpretation of J * /(x) dx, 
show that 


2 J Vo a — x 2 dx = j y/a 2 — x 7 dx = ^ 


ira 


8.14 Work 

The considerations of area in §8.12 automatically service the solution 
of problems in work, for in §8.1 we reduced the latter to the former. It 
is well, however, to discuss the matter again, in view of the study of the 
definite integral recently made. 

Suppose that the single-valued continuous non-negative function f(x) 
on a £ x £ b represents a force applied in the direction from x *= a to 
x =* b, b > a, on the x-axis. Let a particle move from a to 6 under action 
of f(x). Partition the interval a £ x £ b into n parts, with x\ a point in 
(Ax), . Consider /(x*) as a constant force applied over (Ax), to do the 
element of work 

(1) W< = fix*) • (Ax), . 

On the basis of (1) we write the definite integral 

(2) W= Urn {Z f(xl) ■ (Az) ,} = /_* f(x) dx 

for the definition of total work done by fix) over the distance x = a to 
x = b. The connection of the problem with area is apparent. 

If the particle P moves in direction opposite to that of application of 
fix), then the negative of (2) is taken to be the work done against fix). 

Example. The force with which a unit positive charge of electricity at x > 0 
is repelled by a charge of (+m) at O is given by/(x) = m/x. What is the work done 
if the unit charge is moved from its initial position to a point half as far from 0? 

Here the force fix) = mx~ 7 works from 0 to x, while P moves from a to |a in 
the opposite direction to that of application of the force. Hence, we use the negative 
of ( 2 ) to give the work done against fix): 

W = — f mx~ 2 dx = — [—mx“']l a = m(2a ' — a ') = m/a, a > 0. 
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8.15 Exercises 

1. The modulus of tension of a certain spring is 100 Ib./in. Find the work done 

in compressing the spring 3 in. after it has already been compressed 5 in. 
(.4 it*. 19f>0 in.- lb.) r * 

2. If a body moves from x = 2tox= 10 under action of a force F = T W7 2 4- I 

find the work done. V X + 4 ’ 

3. The repulsion (R dynes) between a positive electric charge c at O and a 
unit positive charge at z > 0 is given by R= ex' 2 . If the charges stand 4 cm. 
apart, find the work done in forcing the unit charge to a distance of 2 in 
from O. [Arts, e/4 dyne-cm.) 

4. A tank in the form of an upright right circular cylinder is 18 ft. deep and 
12 ft. in diameter, and stands 25 ft. from the ground. How much work is 
done in filling the tank with water from a source at ground level? 

5. A particle of mass m moves along the x-axis under action of a force directed 
m the positive sense of the axis. If the time-position of the particle is given 
by x = t + t , t in seconds, find the work done by the force in the two seconds 
from t = 1 to / = 3. (F = ma = mx = m{£x/d?).\ 

6. If a particle moves on a path making angle a with the direstion of application 
of the force F, then only the component of F along the path does work on 
the particle: the effective force is F cos a. (a) If a mass of 100 lb. is dragged 
along the x-axis by means of a rope pulled in direction a = 60°, find the work 
done in moving the mass 10 ft. horizontally, (b) If a mass of 100 lb. is moved 
10 ft. in the direction making angle 60° with the horizontal, find the work 
done against the force of gravity, (c) Show that no work is done against 
gravity if the mass is moved along the horizontal (neglecting friction), (d) A 
particle P moves along the x-axis due to a force F acting along the line y = x 
and proportional to the cube of the distance from O along this line. Find 
the work done by F as P moves from 0 to x = 10. [A ns. (a) 500 ft.-lb.: (b) 
500 \/S ft.-lb.) 

7. Hooke’s Law states that the force F required to stretch a bar of length L a 
distance x is F = EAx/L, where E is the coefficient of elasticity of the material 
and A is the cross-sectional area of the bar, both assumed constant. Find 
the work done in stretching a bar of wrought iron from 12 to 12.5 in. if it is 
0.5 in. in diameter and E = 3* 10 7 for this material. 

8 . The force of gravity is assumed to vary inversely as the square of the distance 
of a body from the center of the earth. Find the work done by gravity upon 
a body falling to the earth from a distance of 5-10* miles from the center of 
the earth, if the body weighs w lb. at the surface of the earth. (Use 4-10 3 for 
the radius of the earth. .4ns. 3996.8 w mile-lb.) 

9. A trough is 8 ft. long, with vertical cross-section an inverted isosceles triangle 
3 ft. high and 2 ft. across the horizontal top. Find the work done in emptying 
a trough full of water. (A ns. 1500 ft.-lb.) 

1 0. If the trough in Exercise 9 has vertical cross-section a parabolic segment 3 
ft. high and 2 ft. across the top, and with vertical axis, find the work done 
in emptying a trough full of water. (.4 ns. 2000 ft.-lb.) 

11. A ditch is to be dug 20 ft. long, 3 ft. wide, and 5 ft. deep. Find the work done 
in removing the earth, assuming the material to weigh w lb./cu.ft. 

8.16 Properties of the Definite Integral 

The following important properties of the definite integral are immediate 

consequences of its definition. 
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I. Suppose that f(x) is integrate on a ^ i | 6. Then 

( 1 ) ^ f(x) dx = — ^ f(x) dx. 

This result asserts that reversed of the limits of integration changes the sign 
of the integral. It follows from the fact that fix) dx is formed as limit 
of a sum 2 /(**)( Ax), exactly as is JI fix) dx, but with each (Ax), in 
the latter replaced by — (Ax)< because the range is being read from right 
to left instead of, as usual, from left to right. 

In complement to (1) we define 

(2) f' f (») = °- 

II. From a similar argument with basic sums we obtain 

( 3 ) / k- f(x) dx = k-J fix) dx, k a constant, 

since the constant multiplier k can be removed as factor from each term 
of the sum 

E l*-/M)l(Ax), - *E /MX Ax), 

and is not affected by the limit process leading to (3). Formula (3) asserts 
that a constant factor of the integrand mag be moved outside the integral 
sign. 

III. Next, suppose that /,(x) and / 2 (x) are both integrate on a £ x £ b. 
Then [/,(x) =fc / 2 (x)| is so intcgrable, and 

(4) J‘ I/,(x) ± /,(x)l dx = J* /,(x) dx ± j' f,(x) dx. 

The assertion is that the integral of an algebraic sum of functions is equal 
to the sum of the integrals of the separate functions. The result follows from 
a natural splitting of the defining sum 

E l/.M) ± /.(**,)](Ax), = E /.MXAx), ± E/.MXAX), . 

Since the limit of each term on the right exists as a definite integral, 
that on the left also exists and (4) is established. The result extends to 
more than two functions. 

Example 1. Using II and m, we have 

J* i\2x - x 2 ) dx = f* i\2x) dx - [ o x 3 dx 

= 12 j' x dx — J x 2 dx 
= \2[ix 2 ]l - [Jx J ]S = 216 - 72 = 144. 

IV. Let a < c < b. If fix) is integrable over a ^ x ^ b, then it is in¬ 
tegrate over each sub-interval a^x^c, c^x^b, and 


/.' /<*) 


dx and 


j ;«.) 
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both exist. If in forming 

J a fix) dx = lim 1 £ /(x*)(Az),| 

we choose c as one of the points of partitioning of the interval a ^ x ^ 6, 
we must have 


( 6 ) 


^ f(*) d* + 



f(x) dx 



f(x) dx. 


The relation (5) holds even if c is external to the interval a ^ x g 6, 
because of the property (1); thus, if a < b < c, we have, understanding 
the differential f(x) dx with each integral sign, and assuming each integral 
to exist, 


/> /: - 1: - r - {/:+/;} - 1: - /:■ 


V. THE MEAN-VALUE THEOREM FOR INTEGRALS (THEOREM 
8.16.1). If fix) is continuous over a ^ x ^ b, then there exists some 
value x = x*, a < x* < b, such that 

(6) J' f(x)dx - (b - 

The theorem is natural from a geometric point of viewf, as we readily see. 

In Figure 8.16.1 let the graph of the continuous 
positive function y = fix) be drawn. The area 
bounded by y * /(x), y *= 0, x = a, x = b, 
is given by the left side of (6); the right side 
presents the area of a rectangle (shaded) with 
base (6 — a) and height /(x*), where the 
ordinate fix*) is so located that the two areas 
are equal. The Mean-Value Theorem asserts 
that such an ordinate can be located. The 
required ordinate fix*) is called the average, 
or mean, value of fix) on a ^ x 6. 

tAn analytic proof stems from (8.7.4). If m, M, are the absolute minimum, maximum, 
of f(x) on a £ x £ 6 (existent by Theorem 4.11.1), m, , Mi , those on (Az)< , then 

mib - a) ^ 2 ™.(Ax)< ^ X /(x*)(Ax)< g £ A/.(Ax)< ^ M(6 - a). 
Hence the existent integral jj /(z) satisfies 

mib — a) ^ J fix) dx ^ Af(6 — a) 

and must be equal to 

fix) dx = nib — a), m ^ n M. 

i 

But, again by the continuity of /(x), every value between m and 3f must be taken on 
by f(x) for at least one value of z in a g x g b (Theorem 4.11.2). Hence, there exists at 
least one z - x* for which /(z*) = t i, and substitution of this in the last display completes 
the proof. 
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-f (hW 2 4- • • • + dntDn 
W| + W 2 + • • • + w H 

is the “weighted average” of n elements a, , weighted with the numbers w { , 
i = 1,2, • • • , n. If (6) is written in the form 

(7) /(**> = /_* /(*) <** = lim £ /(*1)(A*)< , 

the numerator on the right side is the limit of the sum of ordinates f(x*) weighted 
with the associated interval-lengths (Ax)< , the limiting average being taken 
with respect to the sum (6 — a) of the weights. Thus, /(**) in (7) and (6) is a 
generalized average value of f{x) on a g i | 6 (this idea is developed in §9.16). 
Example 2. Find the average value of /(x) = i _I on 1 ^ x ^ 3. 

The Mean-Value Theorem asserts that a value x* on the interval can be found 
such that 

(3 - l)(x*)-’ = f x- dx = [-*-]? = |, 

whence (x*) -2 = J = /(x*), the average value. 


VI. Finally, it must be fully appreciated that the variable of integration 
may be symbolized by any letter or mark that we wish. For example, since 

Jf (t)’ d\ = | [(t)*U - 

where t may represent x, t, 0 , or any other letter, we realize that 
/>*-/>-/>.-1 
regardless of choice of the letter of integration. In general, 

f fix) dx = J' f(9) de = f' /«) dl = F(b) - F{a) 

if the Fundamental Theorem applies. For this reason the variable of in¬ 
tegration is often referred to as a “dummy” variable. It may be changed 
at convenience. 


8.17 The Indefinite Integral 

Let /(x) be continuous over a range R(x) including x = a. Then for 
any x on R there exists the integral 

(l) l‘ fit) dr, 

we use the dummy t to avoid confusion with the variable upper limit 
x of the integral. Variation of x will produce corresponding values for 

(1) , which is therefore a function of the upper limit x: 

(2) f‘ fit) dt s V(x). 

This function U(x), hence the integral, is called an indefinite integral of 
J(x). This indefinite integral represents the area bounded by y = f{x), 
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y = o, x = a, x = x , growing from 0 when X = a to £/(x) when x = x , pro¬ 
vided that /(x) ^ 0 over the range. 

If a different lower limit a, is chosen we have a second indefinite integral 
of f(x), 

f fit) dt - U t (x). 

By property (8.16.5) we can break the integral (2) into 

(3) U(x) = f f(t) dt + f fit) dt = c + £/,(*), 

where the definite /;• /(t) dl = c, a constant. From (3) we read the con- 
elusion: 


THEOREM 8.17.1. Any two indefinite integrals of fix) differ only by an 
additive constant. 

A fundamental property of the indefinite integral is stated in 

THEOREM 8.17.2. The indefinite integral Uix) = fl fit) dt possesses a 
derivative for all x on R, and 

(4) U'(x) - f x f /(t) dt - /(x): 

differentiation of an indefinite integral of fix) returns fix) itself. 

The difference-quotient for L\x) is 

[T«« -M 

= (Ax)/«) dt + jT*“ /(0 dt - I' J(t) dt] 

= (Ax)- JT* 4 ’ /«) dt 

- (Ax)~*[(Ax)*/(x*)], x < x* < x + Ax, 
by the Mean-Value Theorem 8.16.1. Thus, 

(5) t (T + 'S = l < x + Ax. 

As Ax —► 0, x* —► x, and the continuity of fix) causes fix*) —► fix) on 
the right of (5). Hence, the limit f/'(x) of the difference quotient on the 
left of (5) exists and is equal to fix). Theorem 8.17.2 is proved. 

In immediate consequence: U (x) is continuous on R since it possesses 
a derivative there. An indefinite integral of fix) is a continuous function 
of the variable upper limit . 

In differential form the result (4) is 

d J‘ /(t) dt = /(x) dx 


31B] THE DEFINITE AND THE INDEFINITE INT 

independently of the lower limit a. If this is written as 
(6) f' M dt = d-[/(x) dx 1 

the conclusion is: the family of anlidifferentials of f(x) dx ******* 
tfamily (obtained by varying «he lower limit a) 

/•(X). Theorem 8.17.1 is in proper line with this remarkable link b 

the integral and the antidifferential. 

Suppose F 0 (x) is an antidifferential of f(x). Just as 

d - l \f(x) dx] = F 0 (x) + c, 


we can now write 

(7) J }(t) dt = F 0 (x) + c. 

Evaluation of the integral by the Fundamental Theorem would merely 
change the arbitrary constant. Because of this, (7) is usually indicated by 

(8) j /(*) dx = F„(x) + c. 

The unadorned integral sign j in (8) is standardly used instead of the previous 
d ~ l to indicate antidifferentiation] from now on we shall generally conform to 
this practice. The sign J could still Ik* read antidifferential; “indefinite 
integral” is another name, the limits a, x, being mentally supplied; usually, 
however, J is merely read integral. Then the process (8) is called integration 
instead of antidifferentiation. 


It appears, then, that the word integration and the sign / for integral are in 
double usage. Lest these be confused, the reader must take care to understand 
each in its own proper setting and in its ultimate link with the other. Of the two 
integration processes, 

^ f(x) dx, J }(x) dx, 

the former was defined (§8.6) as the limit of a sum, the latter is synonymous with 
d~ l [f(x) dx], the inverse of differentiation. These concepts are completely different. 
They are connected in two ways. The indefinite integral /'/(<) dt stems from the 
definite integral but develops into an instrument accomplishing the job of anti- 
differentiation. Secondly, the Fundamental Theorem now reads 

J' fd) dt = [/ f(x)dx]\ 

useful if an antidifferential / f(x) dx can be supplied. It is in this last form that the 
reason for using the same sign for both processes is perhaps finally revealed. We 
integrate f(x), substitute the limits a, b, of integration, to evaluate the definite 
integral. 


8.18 The Definite and the Indefinite Integrals 

Previous (and future) formulas for antidifferentiation now appear as 
formulas of indefinite integration. All the formulas developed in Chapter 
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w'ilPbe found° Uld ^ re "' riUen in terms ° f the new ^bol; among these 

(1) /u-du = + C, nj< -1, (Power Law) 

( 2 ) / u dv = uv - J v du. (Integration by Parts) 

In terms of / the definite integral is to be computed as 

(3) l /to dl = [/ /to dx] = F(b) - F(a) 

if F(x) = J /(x) dx = d ' lf(x) dz\. 

In spite of the apparent simplicity of (3), some questions of interpretation 
and at least one new development arise when the formulas of indefinite 
integration are used in evaluating definite integrals. The points will he 
illustrated with the integral 

(4) 


f o x(4 — x)~ h dx. 


(i) Integration by parts, in accordance with the basic (2), is a popular 
weapon to use on (4). In terms of a definite integral formula (2) is written as 

(5) J u dv — (H'li - [ vdu, 

in which the limits x = a, x = b, are set for the independent variable 
x in the functions u, v. In the case of (4) we might set 


u = x, du = dx, dv - (4 - x)-‘ dx, v -2(4 - x)* = f (4 - x ) 

to find 

J a x < 4 - *)'* dx = (— 2x(4 - *)•]* + 2 j* (4 - x)‘ dx 


-1 


dx, 


-6 


1(4 


x ).,”=-6 + f 


(ii) Change of variable is a second way of evaluating (4); and it is in 
connection with this method that we uncover a new result. If we obtain 
the complete indefinite integral, through the substitution t = \/4 — x 
x = 4 — t 3 , dx = — 2 1 dt, we have 

/ x(4 - x)-* dx = -2 J (4 - (’) dt = — 2 ( 4 * - 

= _ 2 VT=~x [4 - |(4 - x)] = -§ VT=~x (8 + x); 

[ *(4 - *)~* dx = -|[ y/T=~x (8 + x))l = -|(U - 16) = 

But we can save the step which returns from the variable t to the variable 
x by making the substitution directly in the definite integral 

r*“* 

I WA _ 
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changing the limits as well as the integrand into terms of t. Thus, from 
l = \/4 — x, we have t = 1 when x = 3 and t = 2 when x = 0; and it 
is reasonable to expect that 

(6) j‘" x(4 - I)'' dx -2 J' ‘ (4 - f) dt - 2 J * (4 - ?) dt 

by use of (8.16.1). Indeed, we evaluate the last integral: 

2 jf( 4 - A* = 2 [ 44 - I 43 ]! = 2 [( 8 - I) " ( 4 " I)] “ T* 

attaining the previous result in verification of (6). Thus the easiest cal¬ 
culation of (4) under a substitution is carried through in the form 

f x(4 - I)' 1 dx = -2 f‘{4 - f) dt = 2 f* (4 - t 1 ) 

- *[*' 1 - f 




The governing theorem (just used) on change of variable in a definite 
integral is the following 

theorem 8.18.1. Let f(x) be continuous on R(x) : a £ x ^ b. In the 
definite integral ft f(x) dx let the substitution x = h(t) be made, subject to 
the assumptions: (i) a, 0, are values of t such that a — h(oc), b = h(0)\ 
(ii) continuous change in t from l = a to t — 0 implies continuous increase 
of x from x = a to x = 6; (iii) h'{t) is continuous on the range from a to 0. 
Then : 

(7) j f(x) dx = f f[h(t)] h'(t)dt. 


In the preceding example, x = h(t) = 4 — t 7 \ a = 0, a — 2; 6 = 3, 0 = 1; 
and h(t) =4 — t 3 increases on 2 ^ ^ 1 with continuous derivative 

— 2 1. The conclusion (7) then asserts the equality of the two integrals 
in (6). 

To prove Theorem 8.18.1 we compare elements in the sums of which the integrals 
in (7) are the limits. Let (AO. be the generic division in a partition of the (-range 
between a and 0, with (Ax), the corresponding division of R(x). By the Mean- 
Value Theorem 6.12.1 (for derivatives), applied to x = h(t) on the (-range, we have 

(Ax). = A'(ft)(A0, » ** in (Afli • 

Let x* = h(t*), hypothesis (ii) ensuring that x* is in (Ax), . Then we have 

(8) /(x*)(Ax), = mm-wfWMi . 

But the two sides of (8) are the generic elements in the sums leading to the integrals 
in (7); since these elements are always equal and the limit of the sum of the left- 
hand elements exists because /(x) is continuous, the limit of the sum of the right- 
hand elements exists, the two limits are equal, and the theorem is proved. 


As a corollary we find that if x = x((), y = */(0> and similar conditions 
to those on h(t) in Theorem 8.18.1 pertain to these functions, then 





f[x(t),y(t)]x'(t) dt. 
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Formula (9) is clearly useful in finding area bounded by a curve given 
parametrically, as in Example 2, below. K 

Example 1. Under the substitution l = (l — x 3 \l 


r* 

dx r l 



- [i *■ - 1 *■ 

Y 


0 

, (OlN/f-l.O) 
_ /. X 


A / 1 

-1 

/ 


Example 2. Find the fourth-quadrant area 
bounded by the coordinate axes and the curve 

V = 21 
be found 


' - —-“-‘W mill till 

, (O.V?-1.0) given parametrically by * = y/T+~l - t 
t/ (Fig. 8.18.1). 

f —*-* The area A required (see figure) can b 


by evaluating 


A 


r—Vi-i 

- / ydx. 

Jm-0 


[(—1;0.—2) 


Fig. 8.18.1 


The reader should explain. Using the x and y of 
the parametric equations as in (9) we continue 
this as 


A = -2 l < 1(2 + 0 -** 

- - s: 


l nder the substitution z = V2 + t, we find 


Idt 

V 2 TV 


2 [ y/ ' 2 (3 ~ 2 ) - (3 ~ 2 )] = § (■* V2 - 5) = 0.4 approx. 


8.19 Exercises 

1. Show that: 


(a) £ (x + 2)- J dx = 1/6 (b) J* (1 + *-)•*-* dx = 3367/384 

(c) l xVx' +9 dx = 98/3 (d) J (1 - x)-' dx = 5/24 


2. Obtain 

(a) / dx v/jx 1 + 9, 

J O 

3. Obtain 

(a) / x \/i - x dx, 

Jo 


(b) x dxfy/2x — I. 

(b ) J x 2 \/\ — x dx. 
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dx 


(a) ^ (2x* -f l) 1 *" 1 dx [Exercise 7.9.5a) 

(b) J dx/(x + l)\/x 2 — 1 (Exercise 7.9.8b) (c) J x ^3 — x 

(d) x*(x* + 1)* dx (e) dx/x'Vx i + 76 

5. Show that: 

(a) jT x(x + I)'* dx = 14.1 (b) jf'* x(x + I)"' dx = 1328/21 

(c) ^ xV + *V' dx = (3 - 2 v/2)a/\/2 

(d) ^ xV - i 1 )' dx = 2a 1 /15 

6. Use the change of variable x = — fon /?, /(x) <fx in each integral, to show that 

(a) j * x 3 dx = 2 J x 2 dx (b) J x* dx = 0 

(c) f | x | dx — 2 J xdx. 


7. Prove that 


8. Prove that 


(' * 4 + x 4 [' x*dx 

J-i r+T' dx 2 J 0 FT?- 


^ /(x) dx — J f(b — x) dx, whence: 

r r/9 -r 

(a) cos xdx - J sinxc/x; (b) J cos x dx = 0. 


9. Use the Mean-Value Theorem 8.16.1 for integrals to find the average value of 

(a) f(x) = x 1 on 0 S x S 4; (b) /(x) = -x** on 1 £ x =£ 3. 

M«- (a) 16; (b) 4/27.] 

1 0. Use the Mean-Value Theorem for integrals to show that 

- < r dx . <- ? 

65 < J F+7 < 9‘ 

ITheinequalitiescorne from the decreasing nature of (1 + xT‘ on the range.] 
Use (8.16.0) with c — 3 to obtain the better approximation 


1 1. Show that 


j. + ± < r dx I . 

65 ^ 28 ^ J, 1 + x 1 < 28 + 9' 
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8.20 Approximating a Definite Integral: The Trapezoidal 
Method. 

In many cases a proposed indefinite integration (antidifferentiation) 
cannot result in a closed expression in terms of elementary functions; a 
closed expression means a finite number of terms which together make up 
a complete analytic formula. Such simple requests as 

/ Vsh Ttdt, J dx/\og x, J Vl + x 8 dx, 

fall into this category!- In such event a corresponding definite integral 
cannot be evaluated by appeal to the Fundamental Theorem, even though 
a value exists because the integrand is a continuous function. Methods 
using infinite series (an unclosed form) can be proposed (Chapter 13). 
The approximating formulas of this and the next sections are likewise 
available. 

The basic sum in the definition of definite integral is an approximation 
to the integral if the partitioning is fine enough. Better than this is a 
sum based on trapezoids: in Figure 8.20.1 we show the usual partitioning 



Fig. 8.20.1 


of the closed interval a g x g b, but instead of the rectangle x t . l x i Q i P i _ l 
in the definition of integral we use the trapezoid x,. l x i P,P i . l . This area 
being 50/.-I + //.)(Ax). . we have the general approximating sum 

0) S | (y.-t + y.)(Ax), , y = fix). 

In general, there is no obligation in connection with (1) to use equal 
(A-f). throughout the range a g x g b. In fact, it might often be useful 
to choose narrow strips over a rounding part of the curve, broader ones 
over a rather straight section, the idea being to accommodate the upper 

tThis statement does not mean merely that so far every effort to attain evaluation of 
the antidifferentials in elosed form has failed, but rather that there exist proofs of the 
impossibility. The proofs an- of difficult advanced analytical nature. Due originally to 
Liouville and Abel, the investigations arc ably reported in J. F. Hitt, Integration in 
Finite Terms (Columbia University Press, 1948), especially pp. 48, 49. 
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line Pi-iPt of the trapezoid as nearly to the curve as possible. However 
this may be, we can achieve a neater formula than (1) if ' ve take equa 
partitions of the range. Then, for n divisions, (Ax), = (b — a)/ n f° r eac " 
i, and (1) becomes 

b - a 1 . . 

L. 9 KVi-i 4 - y.) 

a \\^ y ° \^ J* 


n 


n 


giving the trapezoidal rule 

(2) [ f(x) dx = b - a Ihyo + y, + y 2 + ••• + 7,-i + (approx.) 

for approximating the value of a definite integral. Although we devised it 
from graphical considerations we do not need the graph of y = f(x) 
to use the formula; indeed, we need know only the ordinates /(x) for a 
sufficient number of points on the range. 


Example 1. Approximate to the value of /*' \/sin x dx by using (2) with 10 
divisions of the range 0 £ x £ . 

We hav e (6 - a)/n = x/20, y 0 = 0, y x = VsHTd*, y 7 = Vain 18°, .... 
•Jn-t — Vsin 81°, i/n = y/ sin 90° = 1. To compute y x we use log, 0 y\ = h log 
sin 9°, whence (from an ordinary table of logarithms) y x = 0.3955; we carry four 
places for a final round-off to three. Proceeding similarly, we compute the table 


y 0 = 0.0000 

y 3 = 0.6738 

- 0.8995 

y 9 = 0.9938 

y x = 0.3955 

y< = 0.7667 

y 7 = 0.9438 

\y\o ~ 0.5000 

y 2 = 0.5559 

= 0.8410 

y* = 0.9752 

7.5452 = total 


-—-- x/20 gives the value of the integral as 1.185 to 

three places. Note that we have evaluated a definite integral with assured value 
because of continuity of the integrand, without the antidifTerential which doesn’t 
exist. 

Example 2. An application of the trapezoidal rule to compute an area bounded 
by a curve without functional expression 
is worth while. In Figure 8.20.2 we picture 
the indicator diagram for a cylinder of a 
steam engine. Let OS be the distance 
traveled by a piston; let the pressures p\ 
p" (Ib./sq. unit) be measured, p' on the 
out-stroke, p" on the in-stroke; let p', 
p" t be represented by P\ P”, respectively, 
on a scale vertical to OS. As the piston 
moves from O to S and back to O, a pointer 
traces a closed curve C: 0 , P'S'P"0' which 
is the indicator diagram of the motion. 

The work done by the steam on unit 
area of the piston is represented by the 
area enclosed by C, the difference between 
area OO’P'S’SO = work done on out- 

cantr'T? °°" P " S .' SO = ?™* done on in-stroke. This area enclosed by C 
can be found by measuring vertical chords p* = p' - p" of the area at equally 



15" 

~. - ’ ~ 

“ 

Fig. 8.20.2 
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spaced intervals of OS and applying the trapezoidal rule (2). If C represents this 
area and A is the area of the piston, then 


AC=A-J p* ds 


is the work done in one complete stroke of the piston. 

Using the pressure differences ;>* measured graphically as written in on the 
diagram at distances 1.5" apart, for a circular piston-head 12" in diameter we 
have the work done given by ' 

W = ?r-6 2 f p* ds 
Jo 

= 36,r {|| U5 + 51 + 52 + 47 + 43 + 40 + 38 + 25 + 18 + 13 + 0] j 

= lS46Kir in.-lbs., approx., with the use of the trapezoidal rule. 

I In engineering practice, the area enclosed by the indicator diagram (and many 
other appearances of an area problem) is measured by a mechanical instrument 
called the planimeter, devised so as to record the area by tracing the bounding 
curved 6 


8.21 The PrismoicJ Formula and Simpson's Rule 

Consider again (Figure 8.21.1) the continuous graph of y = f(x) over 
a £ x £ b; partition the range as before into n equal parts each of length 



Fig. 8.21.1 


Ax = (b - a)/n. In the trapezoidal rule we approximated the area of 
each strip by that of a trapezoid whose upper boundary was the straight 
line y = Ax + B joining the two top-points of the ordinates bounding the 
strip. It is natural to attempt to generalize from the linearity of 
y = Ax + B. The quadratic y - Ax 7 4- Bx + C represents a parabola 
with vertical axis, and its three essential constants A, B, C, could be 
determined uniquely by prescribing three non-collinear points to lie on 
it; the clear suggestion is that we find the parabola through the first three 
consecutive points P 0 , P x , P 7 , of Figure 8.21.1 and use the area under it to 
approximate the area of the first two strips of area under y = /(x), con¬ 
tinuing across the figure for a total approximation. Procedure according 
to this plan will lead us to 

A. The Prismoid Formula. Let the dotted curve K in Figure 8.21.1, 
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passing through P._, , P, , , be the parabola with vertical axis, known 

to be uniquely determinablet by the three points. Referred to the origin 
at Xi and the y'-axis along y, , this parabola will have equation 
y = Ax' 2 4- Bx' 4- C, A, B, C, constants. From the three points P. : 
(0, y t ) t Pi-i : (-Ax, y,_,), P i+I : (Ax, y,*,) f these constants are easily 
found to satisfy the system 

y. = c, y = A(Ax) 3 - B(Ax) + C, y,., = A(Ax) 2 + B(Ax) + C, 
with solutions 

(1) C = y, , B = (y,., - y,.,)/2(A*), A = (y,_, - 2y. + y,.,)/2(A*)’. 
But the area S.- under the parabola between y,_, and y.., is readily given by 

S, = f ‘ (Ax' 3 + Bx' + C) dx' = | Ax[6C + 2^(Ax)*]. 

J-Am o 

Inserting the values (1) we obtain the prismoid formula: 

(2) S, = $(Ax)(y._, 4 4y, 4- y.o). 

B. Simpson’s Rule. We now use (2) on consecutive pairs of strips across 
Figure 8.21.1 to approximate the area under any continuous curve y = /(x) 
passing through all the points P< , hence to approximate the definite integral 
Jo f(x) dx. To do this we need an even number of equal divisions, say 2n, 
of the range a £ x £ b, each of length Ax = (6 - a)/2n. For the first 
pair of adjoining strips we have i — 1 in (2) and the approximating para¬ 
bolic area is 5, = }(Ax)(y 0 4 4y, 4 y t ). For the next pair we use y a as 
central ordinate: S 3 =* J(Ax)(y, 4 4y., 4 y.). We continue in this way, 
the last area being = J(Ax)(y 2w _, 4 4y*.., 4 y,„). The total approxi¬ 
mating area is then the sum of all these: 

S = §(Ax)|y. + 4 y. + 2 y 7 + 4y, + 2y. + • • • + 2y„_, + 4y a .., + y„). 
This result is better written as 

(3) J. f(x) dx = ~ [}y„ + 2y, + y, + 2y a + y 4 + ... 


+ 7a—* 4- 2y a „_, 4 |y 2fl ], approx., Ax 


2 n 


for ready comparison with the trapezoidal rule. Formula (3) is Simpson's 
ule. We shall illustrate it later, after we indicate a way to estimate the 
error involved in its use. 

C. Estimation of Error in the Prismoid and Simpson Formulas. It is 
natural to raise the question of finding an estimation of the maximum 

error caused in f a /(x) dx by the use of Simpson’s Rule. We state without 
prooft the covering 
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theor EM 8.21.1 .Lei f(x) be a function with finite fourth derivative 
f (x) on a S x 5 6, with fl fix) dx = I; let S as given by (3) be the 
Simpson Rule parabolic approximation to 1. Then (in the notation ac¬ 
cumulated in this section) the numerical value of the difference between 
l and o is estimated by 

(4) I I - s I < M«".(b - a).(A,)V'180, A, = (b - .)/2n 
where M is the greatest value of \ f"ix) \ on a g x g 6 ( or any 
greater number). u 

D. Examples of the Work of this Section. 

Example 1. Apply Simpson’s Rule with 10 partitions to approximate 

I' dx/(.l + x J ). 

= <> ± />:■. we tabulate the aecom- 


the result 


x» 

- 

0 0 

\y* 

- 

Id) 


0 500000 

Xl 

- 

0.1 

2 Vi 

- 

2(1 01)-' 

- 

1 980108 

X, 

■ 

0.2 

y« 

- 

(1.04)-* 

- 

0.961538 

X* 

- 

0.3 

2 y. 

- 

2(1.09)-* 

- 

1 831862 

x« 


0.4 

y« 

— 

(1.16)”' 


0.862069 

X* 

" 

0.5 

2y» 

- 

2(1.25)-* 

- 

1.600000 

X, 


0.6 

y« 

— 

(1.36)"* 


0.735294 

XT 

- 

0.7 

2yr 

— 

2(1.49)-* 

- 

1 342282 

X« 


0.8 

i/« 

— 

(1.64)“* 

- 

0 609756 

X* 

- 

0.9 

2y# 

- 

2(1.81)"* 

* 

1.104972 

Xio 


1.0 

lyio 

" 

i(2)-» 


0.250000 






Total 


11 780971 


f 1 

dx 






J 

1 

0 

1 + x* 

0.7853981 


approx. 


anuamerentiai j rfx/(i + j ) = tan"' x so t w.t »i. A 
proposed integral has the value tan ' (1) - tan ' (0) = ,/ 4 . Hen"; the "rose t 
approximation would give tt = 4(0.7853981)= 3.1415924; this is remarkably 
accurate, since tt = 3.14159265 to eight places.| emarkably 

To demonstrate the workability of the estimate (4). we obtain M ,4> = 24 from 


£.a + xv 


24 


ox* - 10x ! + 1 


(1 + x') s 
240x( 1 + xW - 3)(3x 2 - 1) 


/“”(*) 

for, arguing from 

/"’Or) 

• * X 

we find the only relative extrema of /'"’(x) on the pertinent range 0 ^ x < i 
occurring for x = 0, x = 1 / y/3, so M ,4i must occur for one of these valued or 
for the end-point x = 1 ; since 

0) = 24, /"•'( 3-*) = -81/8, /“*>( 1) = _ 3) 

we have M *' = 24. Then the estimate (4) is 

_ I i-s | < 24 1 (0.1)7180 = 0.000013, 

,We J h “ ve U3cd Table VI f ° r Rm P rocals - The Macmillan Logarithmic and Triaono- 
metric 1 able*. * 
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a guarantee of accuracy which we bettered considerably in the original Simpson 
evaluation. 

Example 2. Using Simpson’s R ule wi th 10 divisions and the ordinates //, of 
Example 8.20.1, we compute JJ' Vs in x dx = 1.1890, which is extremely accurate 
and considerably better than the trapezoidal result in the former exam ple. The 
estimate (4) cannot, however, be used, for the derivatives of Vs in a; involve 
negative powers of the sine and hence do not remain finite at x = 0. 


8.22 Exercises 


1. (a) Evaluate ff x~ 2 dx by both the trapezoidal rule and Simpson’s Rule with 

8 divisions, and compare with the v alue obtained by standard integration, 
(b) Find the value of /jj x Vi) — x 2 dx by the Fundamental Theorem and 
compare the approximation by means of Simpson’s Rule (6 divisions). 

2. Use Simpson’s Rule on the integration required in Example 8.20.2, and 
compare the result with the trapezoidal result of that example. 

3. The integral/£ (1 -f- x) 1 dx has the value 0.693; obtain this value by Simp¬ 
son’s Rule with 4 divisions, and show that this is accurate to the three digits 
given by using th e estim ate of Theorem 8.21.1. 

4. Show that {’' 3 Vcos x dx = 1.20 approximately. 

5. Evaluate /J V9 -f z 2 dx by both the trapezoidal rule and Simpson’s Rule 
(with 6 divisions) and compare results. 

6. Show that with 4 divisions /« V1 + x a dx = 1.111 (Simpson), 1.117 (trape¬ 
zoidal). ^ 

7. Obtain the following approximations: 

(n) !' sin x dx/x = 1.852 (Simpson, 6 divisions) 

(k) dx/ V4 + i 1 (Simpson, 8 divisions) 

(c) f V~l + x* dx = 1.09 
• 0 


8 ' f act ? on . a in to* direction of its rectilinear motion, being 

measured at intervals of 5 ft. in displacement x according to the accompanying 


* (ft.) 

0 

5 

10 

1 

15 

1 20 

25 

30 

35 

40 

^ 0b.) 

t tat . 

100 

92 

86 

74 ! 

66 

50 

I 40 

1 

32 

18 


-- oo * vanes irom u to 4U. 

9 ‘ fnT p f urp0ses of cons tf>icting a dam across a creek soundings are taken even- 
depth as "recorded "di the Uble" d,Sta " Ce ’ a " d * " the corres P°"<<'"K measured 


x (ft.) 

0 

10 

20 

30 

! « 

50 

60 

d (ft.) 

. J il . . • i 

o 

12 

22 

28 

1 

16 1 

2 

0 


find the sectional area (draw a graph of the section) 
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1 0. The length of one quarter of the arc of the ellipse x = cos 6 v = 2 sin 6 is 
Riven by the (elliptic) integral v/2.5 + 1.5 cos 2 6 d’e. Compute the 
integral by bimpson s Rule with 6 divisions. 

1 1# , be *. Polynomial of degree less than four. Show from the estimate 

(8.-1.4) that Simpson s Rule evaluates the integral J‘/(x) dx exactly regardless 
of the number of divisions used. Hence, from the prismoid formula (8.21.2) 
the case 2n = 2 of Simpson’s Rule, show that * 


( 1 ) 


/ f(x) dx = J(b - a)( f(a) + 4f{J(a + b)| + f(b)] 


is the exact value of the integral of a polynomial /( x) of degree less than 4. 
Formula ( 1 ) is called the mid-point formula. Illustrate this result by finding 
the area bounded by y = 2x + x 2 - x 3 , y = 0, x = 1 , both by integration and 
by the mid-point formula ( 1 ) for an exact tally. 


8.23 Summary and Miscellaneous Exercises 

Ranking with the derivative as a principal tool in the study of functions, the 
definite integral of f(x) over a range has been defined in this chapter. Devised 
originally to define and compute area, the definite integral will be found in exten¬ 
sion to define and compute physical entities which reduce to “area problems ” 
problems centered about the limit of a sum of elements/(x)- (Ax) whatever meaning 
may be attached to the variables x and /(x). 

In terms of chronology, conception of the definite integral preceded that of 
the derivative. The Greek method of approximating an area by exhausting it 
with a succession of rectilinear figures is close to the spirit of the integral, whereas 
initial approach to the derivative was not to come until the sixteenth and seven¬ 
teenth centuries. The two concepts are basically so different that their ultimate 
connection is remarkable. In a vast majority of cases the definite integral of /(x) 
can be evaluated by substitution of the limits of integration in an antidiffercntial 
of /(x)— the Fundamental Theorem 8.8.1. That very antidifferential is an indefinite 
integral of the function. The governing Theorem 8.17.2 that the indefinite integral 
of a continuous function always has that function as derivative, is so basic that 
it, too. is often called the fundamental theorem of calculus. The two theorems 
are, in fact, equivalent.f It is noteworthy that the definite integral of a continuous 
function always exists (Theorem 8.7.1), but a derivative need not exist even 
though the function be continuous. 

Applications of the definite integral to problems in area and in work have 
pointed the theoretical formulations and discussions, also acting as forerunners 
of further applications (Chapter 9) in geometry and in physics. 


Miscellaneous Exercises 

1. Sketch the curve y = ax/ Vx 2 + a*, showing that y = =fca are asymptotes. 
Find the area between the curve and the line y = $a. [Ans. y/Za /2 ) 

tlf F(x) — d _, [/(x) dx 1, /(x) continuous, then Theorem 8.8.1 has 

I' /(') - fW’ £ l‘ /« dt = £ F(x) = /(x), 

which is Theorem 8.17.2. Conversely, if ( d/dx) /Z /(/) dt = /(x), then 

/'* f(t) dt = d-[/(x) dx] = F(x) + c; 

w hen x = a we find c = —F(a) since ft f(t) dt = 0, and Jz /(/) dt = F(x) - F(a ); for 
x = h this gives Theorem 8.8.1. 
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2. Find the area bounded by the curve C: y = x/(x + 1)* and the x-axis, be¬ 
tween the maximum and minimum ordinates of C. 

3. Find the area between y = 2x — 3x* and the x-axis. 

4. I^t/(x) | 0 on (i ^ x ^ 6. Prove that the area bounded by the curve y = /(•<-) 
and the verticals x = a, x = 6 , is given by 2 J* v//(x) dx. Apply to find 
the area enclosed by (a) the parabola y 2 = 8 x and the line x = 2 ; (b) the 
curve ’/ = x \/4 — x 2 ; (c) the loop of >f = x 2 (n — x). 

5. Find by integration the area of the triangle bounded by 2 y = x, y = 3x, 
and x -f- 3 y = 10 ; check by analytic geometry. 

6 . Find the area between the parabola (y — 2x)* = Ox and the line x = 4. 
(A/w. 32.| 

7. Sketch y = a — 6 (x — c)*, a, 6 , c, all positive, and find the area between 
this curve, the tangent at its point of inflection, and the x-axis. [Ans. a*/4l?.\ 

8 . Find the area between the x-axis and the curve y = a. — b(x — c)l, a, b, c, 
positive. 

9. Find the area bounded by the curve of Exercise 7 and the axes. 

1 0. Find the area between the parabolas y = ax and x 2 = by. [Am. §«/>.) 

1 1. Find the total area included between the parabola y = 4x and the curve 
27 U = 4(X — 2) 3 . (The latter is the “evolute” of the former; cf. Ex. 12.8.13, 
I‘ig. 12.8.2. Ans. 352 x?2/l5.] 

1 2. A hemispherical tank of diameter 6 ft. is full of water. How much work is 
done in emptying the tank? (.4 /m. 126o.625r ft.-lb.) 

13. A cistern has an open hemisphere 12 ft. in diameter as base; its side is the 
curved surface of a cylinder 20 ft. high fitting on to the hemisphere. Find 
the work done in emptying the full cistern of water. 

1 4. The resistance R for an electric current flowing a distance x through a (homo¬ 
geneous) conducting substance of cross-sectional area .4 is given by R = kx/A , 
the constant k depending on the substance, (a) Find the resistance if the 
current flows through a cylindrical wire 10 ft. long and 0.25 in. in diameter; 
t , ,, c re f ,stance . ,f the current flows from the inner to the outer surface 
of a hollow sphere of inner radius 5 and outer radius 10. (.1 /m. (b) A/40r.) 

15. Using the Mean-Value Theorem for integrals, prove that if m, M, are the 
minimum, maximum, values of fix) on a g x £ b, and <p(x) > 0 on this 
range, then 

m ( **r) dx S | f(xMx) dx S M ? *(*) dx. 

What special case is the Mean-Value Theorem ? 

1 6 . From the result of Exercise 15 show that 


fV'i 

2 “ V2 £ ^ x 2 (l -f x 2 )' 1 dx £ V3 (2 - y/2). 

Let f{x) = x. 

17. Prove that ir 2 /48 ^ /;'• x sin x dx £ y/2r a /4S 

' 8 ‘ hair tho'work P » e r„ C , al U 2 k .t" of J iqu l d is ,0 «*■ One man does 

whenfW i , fin, f he t‘ How far from the ^ is the level of liquid 
when the first man finishes his half of the job? (.4/m. r(l - •>"*) l .l 



<(9)> Applications of the 

Definite Integral 


9.1 Volume of Elementary Solids 

The unit of volume is the contents of the cube of unit edge. In terms of 
this unit we know basically the volume, V = l-wh = Bh (B the area of 
the base) of a right rectangular parallelepiped (Fig. 9.1.1a), and, by halving, 
that of a right triangular prism (Fig. 9.1.1b). Hence we know the volume 
of any right prism with polygonal base (Fig. 9.1.1c), by splitting it into 




triangular prisms. The volume of each of these solids is V = Bh,B the 
base-area, h the height. In each solid we start with a plane polygon, erect 
a perpendicular of length h to the plane at one point of the polygon, and 
let the point trace the polygon; its attached perpendicular then generates 
a surface while its other end, h units vertically from the original polygon, 
traces a polygon congruent to that original; the three surfaces contain the 
solid. 1 he adjective “right" connotes the perpendicularity of h to B. 

In terms of the known volumes of these solids we are obliged to define the 
volume of any other solid. 

I. Right Circular Cylinder. Let a circle C (radius r) in a plane p be 
given. Perpendicular to p at a point P of C erect a line of length h. As P 
traces C, the attached perpendicular generates a curved surface, its other 
end traces a duplicate of C. The curved surface and the two circles enclose 
a right circular cylinder . Because we know the volume of prisms with 
polygonal bases only, we must resort to a limiting process to define the 
volume of this solid with a curvilinear base. 
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9.1] VOLUME OF ELEMENTARY SOLIDS 

To C attach (Fig. 9.1.2) both an inscribed and a circumscribed regular- 
polygon of n sides. A perpendicular of length h to p at a tracing point o 
each polygon will generate an inscribed and 
a circumscribed right prism in the given 
cylinder; if b n is the base-area of the inscribed 
prism, B n that of the circumscribed prism, 
the volumes of the prisms are, respectively, 
v n = b n -h and V m = B n h. But the area B = irr 2 
of circle C was originally defined (§8.3) as the 
common limit B = lim b m = lim B m , as n —► <»; 
since h is constant the same limit process gives 

(1) lim„_. b m h = lim_ B m -h = B h. 

We define the volume of the cylinder to be 
this common limit (1) of the volumes of the right prisms of n faces inscribed 
and circumscribed in the cylinder: V = B • h — *r 2 h. 

II. Sphere. If the semicircle y = Vr 2 — x* is rotated (in space) about 
the x-axis, there is generated the sphere with center at the origin and 




Fig. 9.1.3 

radius r (Fig. 9.1.3 shows essentially only one-half of the right hemisphere). 
To define and compute the volume of this hemisphere we act upon our 
experience with the problem of area. We partition the z-axis from (0, 0, 0) 


««] 
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to (r 0, 0) into n parts by insertion of the points with abscissas x. , 

' ’ n ~ } f' v * th *' ” r > x " ~ these are not necessarily equi- 

™ eSym (A f>' - ** “ *<-. . *’ = 1, 2. • ■ , shall denote 

both the ith interval and its length. Let x* be any point x._, £ , r * g x , on 

(A.r), . Through the points x,_, , x* , x, , we pass the planes p , p* v 

respectively, perpendicular to the x-axis; these planes cut the sphere always 

in circular traces. Let -4(x*) denote both the circular trace in p* and its 

area. We project .4(x*) onto the planes p.., , p. , by means of rays parallel 

to the x-axis. This projection creates a right circular cylindrical solid disc 

of hase-area -l(x*), height (Ax). , and, by (1), volume V. = A( x ») (Ax), . 

The stack of such elemental discs, * = 1,2, - • • , n, has total volume 

< 2 > V = '£v,= E -4(x*)(Ax). ; 

.-I .-I 

and, if each (Ax), is small enough, this volume (2) seems a reasonable 
approximation to a suitable volume number for the hemisphere. Indeed, 
it is now easy to accept the expression 


~ { £ AfxtXAx).} 

(if it exists) as the definition of the volume of the hemisphere, and its calculated 
value as the volume number of the hemisphere. The definite integral (3) is 

general enough in form to cover many situations similar to the present 
one. 


.l(x*) in the present cas e is the area of a circle , centered at (x* 0 0) 

and of radius = Vr 5 - (x*) J if (x* , y*) is a point on the semicircle 
y - Vr — x in the x//-plane; see the figure. Hence, 

Mx*<) = *(y*y = ir[r a - (x*) a ] 

and (3) turns into 


(4) * lim | £ (r a - (**)*)(Ax),| = >r f (r 2 - x 7 ) dx - \irr\ 

Jo 6 

'fhe double of this result gives the total volume of the sphere: V = 4 tt r 3 /3. 

That the definition (4) or, more generally, (3) is a “good” one for the volume 
of the hemisphere can he argued precisely along the lines of the justification in 
» s - 7 for t,,e definition of area in terms of a definite integral. Such an argument 
should, of course, always be supplied when a new definition is arranged. We shall 
avoid repetition, not only here but elsewhere in the present chapter, of a discus¬ 
sion already possessing a model. 


HI. Circular Cone. Figure 9.1.4 shows a cone with circular base B of 
radius r, aiul with height h; h is not necessarily (but may be, in the special 
case of the right circular cone) along the axis OC of the cone. To define and 
determine its volume we proceed as in the case of the sphere. We put the 
vertex of the cone at O of a rectangular coordinate system, with the altitude 
h along the x-axis. We partition the x-axis as before, using the notation by 
now standard. Every plane section of the cone made by planes perpen¬ 
dicular to the x-axis is a circle; let that one cut by the plane p* have area 
4(x!) and radius r*. Projecting A(x*) onto p^, , p. , by rays parallel to 





Fig. 9.1.4 

required volume. In the present case the area .1 (x*) is given by (cf. Fig. 
9.1.4) 

_ (r*y _ <pp*y _ mpy = wy 

8 r (OP)* “ (OQ)* h* ' 
so that A(x*,) = B (x*y/h*. Then (3) becomes 

lim I Z M)*(*r),| = £ JT* rfx = fl j = | B-h, 
which supplies F = $wr 2 A. 

IV. Pyramid. A pyramid is a solid enclosed by a plane polygon (its base 
tf) and the plane surfaces formed by the lines joining every point of B to 
a fixed vertex not in its plane vertex at O. Let h be its altitude; lay h along 
the x-axis, vertex at O. Plane sections by planes perpendicular to the 
.r-axis are all polygons similar to B. By a procedure exactly analogous to 
that used for the cone, the volume of the pyramid will be defined by (3) 
and computed as V — j B h. 

9.2 Volumes by "Slicing" 

Common to the definition and computation of volume for the sphere, 
circular cone, and pyramid, by the method just uncovered in §9.1 was the 
fact that sections of any one of the solids by planes perpendicular to some 
line-segment of the configuration were all of the same variety of closed 
geometric curve: these were circles in the case of sphere and cone, similar 
polygons in the case of the pyramid. From this fact it resulted that the 
plane area of the sections was a function of distance measured along the 
line-segment: when the line was the x-axis, plane sectional area was a 
Junction A (x) On the ith partition of the segment the method built up an 
element of volume, or “slice,” in terms of a random sectional area on the 
partition whose value was already defined and computed —a right circular 
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cylinder or a right prism in the cases cited. The limit of the sum of these 
elements over the whole interval was a natural definition of the new volume 
sought; when the line-segment was the x-axis from a to b, the definition 
was set up as 

(!) v = lim | £ -4(x*)(Ax) i ) = j‘ A(x) dx 

provided the limit existed. 

lhe method just outlined is certainly general enough to cover many 
more cases than the elementary volumes considered in §9.1. We proceed 
to an organized discussion and exemplification of such cases. 

I. Solids of Revolution. If a plane area is revolved (in space) about a 
straight line which is a boundary of the area or lies wholly outside it, there 
results a solid called a solid of revolution. The line is called the axis of 
revolution. The sphere of §9.1 is an example, obtained by revolution of a 
semicircle about its bounding diameter. If the axis is a boundary of the 
area, all sections of the solid made by planes perpendicular to the axis are 
circles , and the elemental right circular cylinders or discs (cf. Figs. 9.1.3, 
above and 9.2.1, below) are approximate “slices” of the solid. If the axis 
is outside the area, all sections of the solid by planes perpendicular to the 
axis are circular rings bounded by circles concentric on the axis, and the 
elemental *‘slices’’ are right circular hollow cylinders like cored slices of 
canned pineapple (cf. Fig. 9.2.2, below). In each case the method outlined 
above is patently applicable. 



Example 1. Find the volume of the solid of revolution obtained by rotating the 
area bounded by y = x 2 , y = 0, x = 1, about the line x — 1 (Fig. 9.2.1). 

Partition the axis of revolution x = 1 (or the y-axis, parallel to it) from y = 0 
to y = 1; let (Ay), = y, — y._, be the ith interval, with y*. any point on it. Let 
A(y*) be the circular area cut from the solid by a plane p\ through (1, y*) per¬ 
pendicular to the axis. Its radius is 

r . = p.y * =]_*? = !_ 
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where (x* , y*,) satisfy y — x 2 , and its area is 

(2) A(y*) = t( 1 - (y*)*] 2 - 

The element of volume, formed by projecting .-!(»/*) onto the planes p,-i , P. » 
by rays parallel to the axis, is the predicted elemental right circular disc, of volume 

(3) A(y*)(Ay), = x[l - 

and the volume of the solid is defined as 

(4) TlimfEU - (!rt)‘)'(Av) ( | = x j' (1 - j,')’ dy. 

[Alternatively, since (2) suggests the continuous, hence intcgrable, area function 

(20 A(y) = x(l - v*)’, 

it is customary to write the element of volume as the differential 

(30 . dV = x(I - 

which is immediately suggestive of the defining integral 
(40 V = x ^ (1 - y 1 ) 2 

the same as in (4). It should be remarked that in doing this we are anticipating 
the integral (4')—hence we must really think in the former way—which, in indefinite 
form, has the differential (3').| From (4) we now find 

v l (‘ - *** + V) <h/ - <r[v -1 V 1 + \ V 1 ]] = | *• cu. units. 

Example 2. Find the volume of the solid obtained by rotating about the x-axis 
the area enclosed by the parabolas P, : y* = x P. • y = x 2 
The Parabolas intersect in (0. 0) and (1,1), their enclosed area ,1 lying as shown 
in Figure 9.2.2. Revolution of this area about y = 0, 0 ^ x ^ 1 , produces a cup- 

Y | 
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like solid, the outer surface of which is generated by P, the inner hv P t>i 
sections of the solid by planes perpendicular tn tke r * ; e mner b y • I lane 

™, fi8U i re ' £ orres P° n<lin S **• (A-r). are the ordinates Y* , '.^pp'' 

respectuely. The cross-section area A(*j) is the difference of circular are^ ’ ’ 

Then , = X|(y ' )J “ = -KX*) - (X*)']. 

1 lien we define the volume to be 

F = x lira | £ [x* - (x*) < )(Ax),| = x [ ( X -x')dx = 0.3x. 

[The element of volume is dV = T (x — x 4 ) dx.) 

° f ^ v!ui!mt ° f Cross-Section. Solids may sub- 

r"" .he f C r" d A t,0n 0f having 11,1 ! ' lyarta "' <'JW Of cross-section 

2e?ion h Th r “ ml ^ f § w,t 1 hout solids of revolution, with circular 
sections. 1 he next two examples are illustrative of a large class. 

Example 3. Find the volume common to two right circular cylinders of hnso 

g ^ a, ° ne ^ ^ thG ° Lr (C ’> 



The cylinders have equations C t : y 2 + z 2 = r 2 , C 7 : x 2 + z 2 = r 2 , respectively. 

1 ne configuration being symmetrical in all three coordinate planes, we need 
consider only that part of the solid in the first octant [ABDEO in the figure] and 
multiply its computed volume by 8. Every section of the solid ABDEO by planes 
perpendicular to the z-axis, 0 ^ * < r is a square S, the forward edge being an 
element of C 2 , the nght-hand edge lying in C, . Accordingly, we partition the 
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z-axis, Og zgr. For random z on this segment the ^rear) edge of S is 
responding y in the equation of the quarter-circle K:y + z ; n 

y = and the area of 5 is A(z) = S - z . Since A(z) is continuous m 

we write dV = {r - z) dz (the element is a slice of square sandwich bread;. 
Hence 

V = 8 f' (r* - z*) dz = s[r’z - | **]' = f r' cu. units. 


In the previous examples the cross-section area was a familiar geometric 
one (a circle, a circular ring, a triangle, a square) so that /l(x) was easily 
written down. More generally, it may be necessary to compute the generic 
A(x) by the method of §8.12 of finding areas. This we illustrate in 

Example 4. Find the volume of the solid contained by the surface z = 2 x(y ■+■ x) 
and the planes x = 1, y = 0. 

To construct the surface (Fig. 9.2.4) we note that its tracef on the .w-plane 



fThe reader who needs review of Soli 1 Analytic Geometrv for this and other exerches 
of tins present chapter may profitably study the first several sections of Chapter” 
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^ 

( f . . . . , ** “ 2x *(« + **>. x* a parameter. 

of which one is shown shaded in the figure Thus thp i i 

• t(X *) = 2 /". (V + x*)' dj, 

= jj V2^ |(y + I*) 1 -) 0 -.. = | V2 (x*) 1 ". 

In e o ™| g H e8ted fUnCti ° n -?. (x > = •» V* x s/ ’/3 » continuous on 0 £ , s 1 so the 
general discussion is applicable; hence “ a 1 80 t,ie 






dx 


§1 V2 [x"’]i 


§;V 2 


cu. units. 



Fig. 9.3.1 


9.3 Exercises 

'• In COnnection with the ««• / - X in Figure 0.3.1 find the volume of the 

solid of revolution generated when 

(b) OR (c ™QP? P ' S rOt,lt0,, ab ° Ut (a) 0Q ' 
(ii) the area OPR is rotated about (d) OX 
(e) RP, (O QP.WMa) Jtt; (b) 4r/5; (c) gr/15; 
(H) Jtt; (e) r/6; (f) 7ir/l5.| 

2. Obtain the volume of (a) the cone with base the 
circle + i/ =9 and vertex the point (3,1,5): 
(b) the right prism of height 10 and base the 
triangle with vertices (0,0), (2,0), ( 1 , 5 ). 

3. Find by integration the volume of the circular 
cone resulting when the triangle with vertices 

• . , . (0*0)• (0,3), (2,0) is rotated (a) about the 

vnlumi. of 0b ° Ut t ‘ e tf 'T S - ChcCk th ® results ' vith the known formula for 
volume of a cone of revolution. 

4 ‘ thnt ralrt ofTe S*f '’h* 81 "'- 1 b >’ rotati "K ^out the x-axis 

that part of the circle x + y = 6* lying between x = a and x - 6,-6 < 

?. ah + 26 )-l Specialize the problem and answer for 

a — u, a — — n, a = 

5. A spherical tank 50 ft. in diameter is filled with liquid to a depth of 15 ft 

Compute the amount of liquid. F n * 

6. Find the volume generated by the rotating about the x-axis the area enclosed 

(a) y = x\ y 1 = x (b) y = x, y 2 = x’ 

(c) y = 2r. x = 2. y’ = x’ (d) x’ + y' - 6 x = 0, y 1 = 4x 

[Am. (c) 20r/3; (d) 4x/3.) 

7. Find the volume of the solid generated by the rotation of the loop of v = 
x (1 — x) about the x-axis. (.!».«. ir/12.] 

8 ‘ Find the t ^ t “ l volume of the ellipsoid of revolution obtained by rotating 
the eHipse x + l.j _ 4 about (a) its major axis; (b) its minor axis. Generalize 
both ,» ts to the ellipse bx + aV = aV (o a 6). [Ana. (a) W/*; (b) 
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on EXERCISES 

9 - 3 j 2 i 2 __ 25 

9. The base of a certain solid is the first quadrant of the circle ^ ^ 

and every section of the solid by a plane perpendicular to the x a 
isosceles right triangle. Find the volume of the solid. [An*. 1- /• -J 

1 0. Work Exercise 9 if the triangular section is replaced by a square sec ion. 

1 1. Find the volume of a solid which has as base the area bounded by t ic para 
bolas P, : y' = x, P, : y = x 2 , and so constructed that every 
perpendicular to the x-axis is an equilateral triangle with one ol its 'erwit. 
on each of P, , P 2 . [Am. V = J § V3 Jj (x 1 - x 2 ) 2 dx = 9 V 3/280.) 

12. Work Exercise 11 if the triangular section is replaced by a square section. 

13. Find the volume generated by revolving the area bounded by the parabola 

y = 4 px and its latus rectum about the latter. (4ns. 32wp /15.) a 2 

1 4. The area between the parabola 2a y = 3 b*x and the ellipse b 2 x 2 + a y — « b 
is rotated about the x-axis; find the volume of the solid generated. (.Ins. 
19jra/> 2 /48.) 

1 5. Find the volume of the wedge cut from a right circular cylinder of base- 
radius r by a plane through a diameter of the base and inclined at 30° to the 
plane of the base. (Ana. 2r 3 /3 v^3.J 

1 6. Obtain the volume of the solid generated by revolving about the x-axis the 
area bounded by the parabola x* -+• i/* = a* and the coordinate axes. 

1 7. Find the volume of the solid bounded by the coordinate planes and the 
surface x* -f- !/ 4 + ** = a*. (Use the method of Example 9.2.4. An*. a 3 /15.| 

1 8. Find the volume of the solid (frustum of a right circular cone) formed by 
rotating about the y-axis the trapezoid bounded by the coordinate axes, the 
line y = h, and the line joining (r, , 0) with (r 2 , h) where r, , r 2 , h, ^ 0. (.4 ns. 
irb(rf + r,r, + r§.) 

1 9. Find the volume of the spherical wedge cut from a hemisphere of radius r 
by a plane through a diameter of the base which makes an angle 6 with the 
plane of the base. (.4 ns. §« 3 0, where 0 is in radians. Note the case 0 = ir 
radians. A section of the wedge by a plane perpendicular to the diameter is 
a circular sector.) 

20. Find the volume of the solid generated when the hypocycloid x* + !/* = 
is rotated about the x-axis. (Ana. 32wo 3 /105.J 

21. After a dam is constructed across a creek, cross-sectional areas of the reservoir 
are measured (cf. Exercise 8.22.9) and recorded for even* 15-yd. distance 
from the dam, as in the table: 


x (yd.) 

0 

15 

30 

45 

60 

75 

90 

A (sq. yd.) 

120 

138 

102 

94 

62 

20 

8 


Compute the volume of water in the reservoir by (9.2.1) and Simpson’s rule. 

22. Volumes of Prismoids. A “prismoid” is defined to be a solid with polygonal 
bases B x , B 2 , in parallel planes, whose lateral faces can be triangulated with 
bases and vertices as sides and vertices of B x , B 2 . Included are cubes, prisms, 
pyramids; cones, cylinders, spheres, etc., are limiting cases (§§8.3 and 9.1). 
Suppose the bases are placed perpendicular to Ox, B x at x = a, B 2 at x = b. 
The cross-section area of each prismoid by planes parallel to the bases is 
given by a polynomial .4(x) of degree less than 4; see (9.1.4): .4(x) = ic(r 2 — x 2 ) 
for the sphere generated by revolving the circle x 2 + xf = r about Ox. Then 
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the mid-point formula ( 8 . 22 . 1 ), which is the prismoid (arm,da (8 21 2) eivcs 
the exact value of the volume of the prismoid ' Bl ' e! ’ 

( 1 ) 


V ~ S. A(x) dx = | ~ “MS. + + B,\, 


ttom Fot thespher^previoi«ly B ment^oncd|,4 (— —'/I'fr)'*— C q" 

M= MO) = xr‘. and (1) yields T = *(/-(_ r ),j 0 + W + 0^ = ' 

Chec k these statements. Show how ( 1 ) gives the known valuator the ™lumc 

I,y rcVO, '' inK l " C riRht trianRlC "' lth "*«• (0,0)! 

9.4 Definition of Arc Length. Length of o Smooth Arc 

Although an arc of a curve, such as arc AB in Figure 9.4.1, seems 

obviously possessed of a “length-property,” it is 
necessary to define this property in terms of the 
known concept of length of line-segment (com¬ 
pare the similar situation concerning area and 
volume). We shall set up the definition as the 
1 1 m 1 t-of-a-sum of line-segments, generalizing the 
previous definition (§8.3) of circumference of a 
circle. 

On the arc AB (Fig. 9.4.1) we choose n - I 

... . , .. * ’ n A, P „ a B, which we join 

seriatim b y the line-segments P 0 P t * AP , , />,/% ... p p 

=> P..,£, to form a broken line L m = P 0 P t P 7 ••• P i . l P i ... p 
inscribed in AB. The length of this line is well defined, and we write 

- Z r~p.. 

i-i 

It is now instinct to increase the nu mber of points, at the same time 
decreasing the length of each segment P,-,P, . hoping for a hetter and 

better approximation to an appropriate length-number for AB. Thus we 

are led to define the length (and length-number) of Til by the limit 

(1) s 



J? { E vTT] 


if such limit exists. 

A n arc for which the s in ( 1 ) exists is said to be a rectifiable arc, the adjective 
connoting association, through (1), with length of right (Latin: rectum) or 
straight lines. Xot every “curve” has length. A smooth (§5.1) arc, however, 
can be shown rectifiable: 


theorem 9.4.1. A smooth curve is rectifiable. 

Therefore, we confine our attention to smooth curves only. Theorem 9.4.1 
is to be proved by translating the definition (1) into the form of a definite 
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integral of a continuous function, the continuity of the integrand stemming 
from the smoothness of the curve. 

We assume a smooth curve AB , graphed (Fig. 9.4.2) from the smooth 
function y = f(x), single-valued and with continuous ?/ = / W 0,1 



a £ r £ b. We partition the interval a £ x £ b with the points x 0 = o, 
*•»••• .*<-1 ,*<, • • • .X.., ,x„ - 6, with (A.r), = Xi - x._, f t - 1,2, • • • . 
n, and erect perpendiculars to the x-axis at each point, extending to the 
corresponding points P n = A, I\ , • • • , P.. x , P { , . . . , - /^, 

on the curve. We inscribe the broken line AP X • • • P m . x B in the curve, in 
the fashion used in Figure 9.4.1 and the definition ( 1 ). This definition then 
gives the length s of the curve; it remains to translate it analytically and 
to show that the required limit exists. 

Thro ugh P (generic as usual) we draw a horizontal line meeting the 
vertical x. P, in Q, ; the triangle is right. With (Ay), representing 

the length Q,P„ we have 

PZ,K = V(Ax)f + (Ay)? , 

where we agree on the positive square root in order to have positive 
lengths. Hence, if a length s of the curve exists at all, it must be given by 
(2) (s =) lim^rrTTT-. £ V(Aj)? + (Ay)J 

_ = £ Vl + |(Ay), ’(Ax),]' (Ax), 

since P ,_,P, and (Aar), approach zero together. 

The second form in (2) begins to suggest the shape of a definite integral, 
and, needing only to mold the quantity under the square root sign into 
better form, we next seek some replacement for (Ay), which will involve 
us most neatly with /(x). This is not hard to come by: the smoothness of 
/(x) allows use of the Mean-Value Theorem for Derivatives: there exists 
some point x* on (Ax), such that 

(Ay), = /'(x*)(Ax), , x* on (Ax), . 
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Hence, (2) becomes 

(2') (* =) lim ( £ Vl + l/ , (**)]*-(Ai),|, x* on (Ax), . 

Thi s last confo rms to the definition of the definite integral (of Fix) = 

Vl + [ /W) 

(3) (s =) f Vl + [/'(x)l’rfx. 

Finally, since the integrand in (3) is continuous on a S x S ft because 
/'(•'') is assumed so, we know (§8.7) that the integral (3) exists. Therefore 
the length of the curve exists and is 

(4) s(a,b) = | vr+ [f'(*)T dx = £ vr+j yi dx. 

where the second form, using y' for /'(x), is easier to write than the first. 
Theorem 9.4.1 is not only established, but the length-number of the curve 
can be found by actual evaluation of (4). The differential ds = VT+~ 7* dx 
can be taken as the clement of arc. 

Example. Find the length of the arc of the curve y = Jx 1 ' 4 extending from the 
point with abscissa 1 to that with abscissa 16. 

The arc P X I\ is smooth since/(x) = Jx 5 ' 4 is single-valued on 1 £ x £ 16 and 
f'(x ) = x* is continuous there. From (4) we then have 

-4 

(1 + x 4 ) 1 dx = 2 ^ z(l + z) k dz [Put x h = z\ 

2 ”1* 2 r 4 

= ^z(l 4- «)* (1 4- 2 >* dz [Integrate by parts) 

= 12(1 + 2 )‘ “ ^ 0 + z )* /2 ], ■ y|(50 y/5 - 2\/2) units of length. 

If a curve is given through the function x = g(y) t with g(y) single¬ 
valued and with continuous derivative x' = g'(y) on the range a £ y £ b 
then the formula 


s(a,b) = I 


x 2 dy 


can be derived in precise analogy with the derivation of (4). 

Definition, theorem, and formulas (4), (5), for arc length of a smooth 
curve can be used sectionally on piecewise smooth curves. 

9.5 Differential of Arc Length 

For a smooth curve given by y = /(x), the length of arc from arbitrary 
x = a to variable x is 

(1) s(a,i) = J' Vl + [/'(*)]* dx. 

This indefinite integral can be differentiated (§8.16) to yield 


% = Vl + [/'(x)] 5 


dx/ 
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From (2) we find the differential of arc length: 

(3) ds = V(dx ) 2 + (dy) 2 . 

This formula (3) is a differential Pythagorean Theorem. According to the 
relation, the differential ds associated with a 

point P of the curve is the hypotenuse-length y ✓ 

along the tangent at P, the legs of the right / T 

triangle being the usual dx and dy associated / s' 

with the point (Fig. 9.5.1). dy 

The first product of the important relation (x,y) 

(3) is -f; dx J 

| 

THEOREM 9.5.1. Let P, , P 3 , be distinct ! ? _ ■' * 

points of a smooth curve y = /(x). Then 0 

the limit, as P 2 —* P x along the curve, of the FlG Q5l 

ratio of the arc P x P 2 to the chord P,P 2 is unity. 

Let s represent arc length of the curve, measured positively from an 

arbitrary fixed point; then As can represent P X P 2 . Let (x,y) be the co¬ 
ordinates of P x ; let (x + Ax, y -f Ay) be those of P 2 ; then P X P 2 = 
[(Ax) 2 + (Ay) 2 ]*. We write 


Fig. 9.5.1 


^ 1^2 _ As _ Ax_ 

Ax [(Ax) 2 + (Ay) 2 ]* : 

= —.11 -4- I 


^.r, + (&)'V 

Ax L \Ax/ . 


- ^’(l + |/'(x*)) 2 ]-», x < x* < x + Ax, 
by the Mean-Value Theorem. As P 2 —*P X , Ax —♦ 0, and 

lim ai " lim 11 + l/'WIT* = U + I/'WIT 1 ■ 


lim II + l/'MIT* - |1 + I/'WIT* “ g, 


the latter limit written from the continuity of /'(x). The theorem follows 

from (4) and these limits: lim P X PJP X P 2 = (ds/dx) • (dxds) = 1. 

The next development of (3) follows upon the observation that we can 
retrace steps from (3) to 

ds = VT + y ' 2 dx, 

and thence to the standard formula of §9.4: 

s(a.b) = I <l.i = I Vl + y " dx, 

* « ■« 

provided, of course, that the function (1 + y /2 )* is an integrable function 
of x on a ^ x ^ 6. In exactly the same way we could find from (3) that 
ds = V\ + x'* dy, x' = dx 'dy. 


s(a,6) = / ds = f VT + x" dy, 


whence 

(o) 
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provided that (1 + x' 2 ) s is an integrable function of y on a ^ y ^ b 
Now, formally, we follow the same pattern to 

= VJshT/dty + (dy/dt ) 2 dt, 

whence 


assuming integrability of the integrand on the range a £ l £ f 3 . Formula 
((») calculates arc length of a curve given parametrically : x = x(l), y = y(t) t 
where x'(t), y’(t) are continuous and the curve is smooth in the variable t. 
1 he formula can be derived from first principles according to the scheme 
of §9.4. 

The three formulas for arc length 

(7) [v //vTTT-*,. fj( 

will give positive lengths so long as we carefully keep to the positive square 
root (see Example 2, below) and see that the lower limit of integration is 
less than the upper. Passage is made from the central 

(8) ( ds) 2 = (dx)’ + (dy) 2 

to that one of (7) which best services the problem at hand. Sometimes one 
of the first two leads to an easier integration than the other. 

There is added advantage in the parametric form. Parametric equations 
which are single-valued in / can trace a curve which is not single-valued in 
x or y. Moreover, the defining parametric equations may be smooth in l 
but lack smoothness in x, y at certain points. These remarks are illustrated 
in 

Example 1. Find the arc length along the curve 

x = e t 3y = p - 3l, 

from t = — x /3 to t = -f y/%, the entire loop in Figure 9.5.2. Here the parametric 
equations are smooth, but the Cartesian form lacks smoothness at the point 0 
of vertical tangency and at the node (3,0); moreover, the curve is single-valued 
in t but not in x or y. 

From dx = 2 1 dt, dy = (P - 1) dt, formula (8) has (ds) 2 = [4P+ (t 2 — l) 2 ) (dt) 2 = 
(t ■+■ 1) (dt) , and formula (6) gives 

s (~~ \/3) = J (l 2 4- 1) dt = t 3 + t J = 4v / 3 linear units. 

The next example illustrates the importance of watching the positive¬ 
ness of the square roots in the integrands of the arc integrals (7). 

Example 2. Find the length of the curve x = t 2 , y = P, from t = — 1 to t = 1 
(Fig. 9.5.3). 

We have x' = 21, y' = 3P, so that d 2 = (4p + 9P) (dt) 2 = P(4 9p) (dt) 2 . 

Now if we write 


i 


1 


i 


1 



9 . 6 ] EXERCISES [267 

we have evaluated to zero a patently non-zero length (see figure). The trouble 
lies in using t as y t 2 on the interval — 1 ^ t < 0 , whereas —t is the positive 
square root on this range. To perform the computation properly, we should use 

= £ IV 4 + 9? dt + I (-0‘y/T+9?dt. 




Better yet (and this is a general point of instruction) use should be made of sym¬ 
metry: in the present example, 


s(-l, 1) - 2 s(0,l) = 2 J tV 4 + 9 e dt = 2(13 \/l3 - 


8)/27. 


9.6 Exercises 

’ 1. Find the length of the arc of y = x* extending from the origin to the point 

/ on the curve with abscissa 4/3. [An*. 56/27.) 

2. For the upper branch of the curve - x 3 find the lengtli of arc extending 
(a) from the origin to (*, k); (b) from the origin to (4 k, 8 Jc); (c) between the 
points with abscissas \k, 5k. 

/ l Ans - (a > *03 v'13 - 8)/27; (b) 8Ar(10 vTo - l)/27.j 

V3. Find the length of the arc of the curve 6y = x 3 + 3x'' extending between 
the points with abscissas 1 and 2. [Arts. 17/12.) 

4. Show that the length of arc of day 2 = x 2 (x + 3a) from (-2a, 2a/3) to (0, 0) is 

Z*o 

2 “ ‘ J-,. (x + 4a)(x + 3a) ‘‘ dx = 5 («V3 - 4)a. 


«/ 


5. A particle P mov^ in the xy-plane so that the position (x,y) of P at any time 
:; 18 glv , en by x — t ,y — 2 r (l in sec., x.y in inches). How far does the particle 


move from t = 0 to t = 5? 


6. Find the length of the curve given by x = 5 1\ y = 4 1\ from t = 0 to t = 1. 

7 ' “ c “ rv * C Parametric form i = *((), y = yW . Prove that if *' = 

/(0 (af -f- 6), IJ — /(<) (,cl -)- d), then the arc length of C from t = 0 to t = t, is 

S(0,<,) = L m ' /(a ‘ + c ' )( ‘ + 2(ab + crf ) < + I'' 2 + <?) dl. 
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8 ' f F rZV he nT'l ° f I ; xercise 7 show «“* the "C length of *=«’„= f' 

from f = 0 to * = <, is given by ’ y 1 * 




= y o VS" + lp? + n 2 dt. 

Apply this formula to the curves C, : x = t 2 , y = f c 2 • x = t A = t r> 

9. From the fact, that (a) the trace of z = 2</’(l + t 2 ), ‘ _ /, jl w( . , . 2 , 


r dt 1 

A,r+? 2 T * 


9.7 Limiting Cases of the Arc-Length Integrals. Introduction to 
Cauchy Integrals 

The hypocycloid of four cusps ( astroid) 

x* -f- y* = a* 

has the graph partially shown in Figure 9.7.1, completed by symmetry 
in both axes. It is intuitive that the finite arc from A: (0 ,a) to B: (a 0) 
unbroken and strictly decreasing and smooth (except at A) as it is, should 
be assignable a length-number. 

But when w e comput e y' = — y h x~ x , 0 < x g a, 

(2) ds = vTT y' 2 dx = Vi~+ yi x -i dx - a*i'* dx, 0 < * g a , 
which are not finite at i = 0, we realize that we cannot pass from (2) to 
the anticipated integral for the arc length AB , 



(3) 


5(0,a) = a* J x~* dx: 


the function x _l is not integrable on 
the closed range 0 £ x £ a associated 
with the arc length AB because of its 
lack of finiteness at x = 0. Indeed, 
for this very reason the symbol (3) is 
at present unthoiU meaning . 

On the other hand, we notice (still 
impelled by intuition that we must 
be^able to supply a length-number for 
AB) that both y' and ds are defined 
and continuous on the closed interval 
« ^ x ^ a, no matter how small the 
0 < « < a may be taken. The con¬ 
tinuity of y' on this new range ensures 
the smoothness of the arc from A': («,y.) to B and the continuity of a*x’» 
in (2) on^this new range ensures integrability of ds there. Hence, the arc 
length A'B is given as usual by 

M) «(«»«) = J x~ k dx = | a*(a f — €*). 


Fig. 9.7.1 
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In these circumstances it is entirely natural to define the arc length 
AB by means of 

( 5 ) s(0,a) = lim,-o s(«,a). 

This limit indeed exists in the present case: 

(6) lim._o s(e,a) = lim.-o || «*(«* ” «*)} = 2 °* 

Then the combination of (5) and ( 6 ) yields AB = \a\ and four times this 
is the total length 6 a of the entire hypocycloid. 

Following the lead of (5), we shall keep, for convenience, the symbol 
(3), defining it as 

(7) a* J dx = lim ja* ^ x~ h dxj, 

a limit existent by ( 6 ). The integral on the left of (7) does not conform to the 
Riemann definition with which we have worked so far since the integrand 
has an infinite discontinuity at a point of the range of integration. Its defini¬ 
tion by the limiting process on the right of (7), the limit of a Riemann 
integral, is to be properly regarded as an extension of the concept of integral. 
This new type of integral (of which (7) is a special example) is called a 
Cauchy Integral (of the “Second” kind). (It is frequently called an “im¬ 
proper” integral, apparently on grounds of its "impropriety” of behavior in 
the Riemann sense. We shall avoid this derogatory terminology for a 
reasonably defined new type of integral.) We shall in the next section carry 
on a general discussion of this new Cauchy integral. 

We uncover a Cauchy integral of a different (“First”) kind if we re¬ 
consider the arc length AB of the first-quadrant quarter of the hypocycloid 
when the curve is given parametrically, say by 

(8) x = a(l + t'y', y = at{\ + t'r*. 

From the derivatives x' = 1 + t 3/ *)~ s/ *, y' = a(l + 1 2/3 )~ 0/2 f we 

compute 

ds = vV* + y n dt = ar'(l + <'r 2 dt, t > 0 . 

But equations (8) trace the curve in the sense of increasing t from B: 
(0; a, 0) to A : (co; 0 , a), and the /-range of integration associated with 

BA is an infinite range. The formal symbol 


(9) BA = s(0,cd) = a £ r‘( 1 + <')- 2 dt 

is devoid of meaning: not only is its integrand infinitely discontinuous 
at Z = 0, the type of Cauchy integral already discussed, but the infinitely 
extended range of integration cannot be partitioned as a basis for con¬ 
structing a Riemann integral. 
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On the other hand, the arc length (Fig. 9.7.2) from B: (t = e > 0) to A: 
(l = M > t), is, entirely as usual, given by 

0°) = a I r*(i + t'y 2 dt 

no matter how small e, nor how large M, may be. 



It is natural, then, to define 

(11) 5(0,®) = lims(€,il/) as < -> 0, M -> <x>, 

provided the limit exists. That it does so in the present case, we show by 
actual evaluation of (10): 


a f U r‘( 1 + t')-’ dt = -?a[(l + fi-ff = -3 r_l _ —1—1 

2 2 L1 + M' 1 + «'J 

As M —and < 0, the last expression has the limit ja, in tally with the 

earlier result of this section. 

For its convenience, we define the useful symbol (9) as 


( 12 ) 


a 


r _ di _ 

•'» <*(i + /•)’ 



— dt \ 
i + <•)’/• 


An integral extended over an infinite range is called a Cauchy Integral of 
Uie First Kind (frequently an "improper” integral, even an “infinite” 
integral, a title which is misleading since the integral has a finite value if it 
has value at all). 

Having been led naturally to consideration of Cauchy Integrals by the 
hypocycloid arc-length problem of this section, we turn in the next section 
to formal definition and study of these extensions of the concept of definite 
integral. 



CAUCHY INTEGRALS 


9.8 Cauchy Integrals 

definition I. Let f{x) be integrable on the range a ^ x ^ M, no matter 
how large M may be. Then the Cauchy Integral of the First Kind is 
defined by 

(1) j: f(x) dx = lim. w -« j f(x) dx 

provided such a limit exists, f 

DEFINITION II. Let /( x) lack finite value for x = c, a < c < b, but 
be integrable on any sub-range of a £ x £ b not including c. Then the 

Cauchy Integral of the Second Kind, 

f m /(*) dx > (/(c) = =fc®, a < c < 6], 

is defined by 

(2) £ f(r) dx = ^ f(x) dx + lim„_ £ f(x) dx 

provided such limits exist .{ 

// c a a the first term of (2) is omitted from the definition', if c ■ b the second 
term of (2) is omitted. 

Example 1. The following are simple cases of the first kind of Cauchy integral. 

(i) /- i' dx has the value 1, for 

r" 

lim / x~* dx = lim \-M~' + 1) = 1. 

M-m V— 

(ii) J“ x~* dx is without value, since no value exists for 

r * 

lim / a:"* dx = lim [2Af 4 - 21. 

(iii) generalization of these two disparate results, the reader can easily show that 

(3) J" x- dx, p > 0, a > 0, J exis,s if P > 1 

I does not exist if 0 < p < 1. 

(If V = I the reader cannot integrate / x~ l dx as yet; but in this case it can be 
shown that the integral /- x 1 dx fails to exist.) 

Example 2. The following are simple cases of the second kind of Cauchy integral. 

(i) /L, dx has the value 6, for 

lim f x _< dx + lim f x“ J dx 
«,-o J —i «,-o 

“ lim (—3<{ + 3) + lim (3 - 34) = 6. 

«•—O 1,-0 

(ii) x“* dx is without value, since no value exists for 

lim f x H dx = lim [—2x“*JJ = lim [ — 2 + 2«“ 4 ]. 

«-o j* *—o «—n 


fAn obvious extension to integrals J* . and J®. is given in Exercise 9.9.9. 
^Sometimes it is convenient to use «, = t 2 = <; indeed, an integral mav have value 
(the Cauchy Principal Value) in such case although it does not by (2). See Exercise 
9.9.16. 
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(...) In generalization of these antithetical results the reader can readily show that 
(4) jT *-' dx, p > 0, b > 0, i exists if 0 < P < 1 

a. .. ... I does not exist if d > 1. 

Compare with the conclusions in (3). v 


A Cauchy integral with a value according to definition is termed con¬ 
vergent; one to which value is unassigned by the definition is termed 
divergent. 1 here are numerous general testing theorems for the conver¬ 
gence or divergence of Cauchy integrals; detailed discussion of these here 
would be inappropriate, and all Cauchy integrals will be refereed by the 
basic definitions. 


n ~ E £ ai ?? ple 3 \ F i n r d l l ie arc ,en St h of the loop of the curve 9 y = x(x — 3) 2 fFieure 
9.5.2; Example 9.5.1 is the parametric version of the curvej. 

We easily compute, formally, 

I , dS = U Y\ t y i dx = * x ‘ ,(x + ') rfx = Kx* + x-‘) dx. 

length of one-half of the loop would be obtained from the Cauchy integral 


|/ o , (x* + x-*;dx = i/\^ + ir 


dx. 


2 J 0 ~ ~~ 1 2 

The reader can easily obtain the value 2 V3 according" to the definition. The 
entire loop has length 4 V3 (cf. Example 9.5.11. 

Example 4. The integrals 

I' = I7 = dx/\Yx, 

can be interpreted as area under the respective curves y x = \/x 2 y 2 — \/y/x 
above y = 0 and between the verticals x - 1, * - > 1 . Since 7, has the limit 

(cf. Example 1 (i)J 

( 5 ) lim*,— /, = lim v _. \-M~ x -f 1) = 1, 

this limit is, by extension, often termed the area between the cl/rre y = \/x and its 
asymptote y = 0. from the line * = 1. Although y = 0 is also asymptotic to 
y = 1/ V x. such an “area-numl>er” does not exist in this case since (cf. Example 


(6) • Hm„_. /, = lim*-. (23/* - 2] = a>. 



That there should be assignable an “area-number” in the case of y = x 2 but not in 
the case of y = x~ i is geometrically to be explained by the fact that the former 
hugs its asymptote more closely than the latter (Fig. 9.8.1): in (5) it appears 
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that continued motion of the ordinate x = M to the right.does “]/does 

ably an area-number already arbitrarily close to 1, but in (b) 
increase 2 M* - 2 by sizable amounts. 

9.9 Exercises 

1. (a) Show that ft x' 4/ ‘ dr = 5 but that f* x?" dr does not exist. 

(b) Show that /- x- s/4 dx = 4 but that/7 x dr does not exist. 

2. Find the value of each Cauchy integral: 

<*>/:^? <»»£ 

(d> £5f^v <‘> 

[i4na. (b) —i>^4; (c) (6 - a)' 1 ; (e) 4J.J # 

3. Find the total length of a loop of the curve Oay = * (x + 3a). (Ans. 4 V 3 a; 

cf. Exercise 9.6.4.) # a 

4. Make use of the perim eter w for the upper half-circle x + y = 1 to show 
that JL, dx/ \/1 — x a = 

5. Prove that the integrals JJ (6 - xp dx, J: (x - a)"" dx, are convergent if 
and only if n < 1. (Use the transformations t = 6 - x, t = x - a, respectively, 
and the results (9.8.3), (9.8.4).) 

6. Prove that the integral J- (x - 6)"" dx, a > b, is convergent if and only if 
n > 1 . 

7. Prove that /J (x - c)"** dx, a < c < 6, converges if and only if q is odd 
and p/q < 1 . 

8. Which of the following integrals converge? Which diverge? 


,, r 3 dx 

a l (x - 2)' 
, , f* dx 

(c) A <t=-f 

, X f' dx 
(e) l (x - 5)* 


<b, /'(7^ 


9. Define the symbols J*. /(x) dx, /•„ /(x) dx, where/(x) is finite for all x on the 
ranges indicated. If /(x) is infinitely discontinuous at x = a, how shall you 
define /•„ /(x) dx? 

10. Show that /* x -2 dx and Jj£ x 2 dx converge, but that /•„ x~ 2 dx diverges. 

1 1. From the parametric equations of the unit circle, x = (1 — f 2 )/( 1 -j- t 2 ), 
V = 24/(1 + 0, — o> < t < co f and the perimeter 2x of the circle, show that 

€tt/(l + * 2 ) = 

1 2. Compute the area bounded by y = x -3 , its asymptote y = 0, and the line 
x = 1. (Ans. j.) 

1 3. Draw the curve xij = 1 and find the area bounded by the curve, its asymp¬ 
tote x = 0, and the line x = 16. (Ans. 16.) 

1 4. Trace the curve xy 2 = (x — 4) 2 and find the area enclosed between it and its 
asymptote x = 0. (Show that the branch y = (x — 4)/ y/~ x continually rises 
to the right of x = 0, crossing the x-axis at (4,0); use symmetry in the x-axis 
to indicate the area geometrically. Ans. 64/3.) 
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1 5. Show that the right-hand branch of y = x~ 2 and its asymptotes x = 
do not define an area. 


[9.10 

o, y = 0, 


1 6. If in the definition (9.8 2), with/(x) satisfying the conditions attaci.ed thereto 
we set € , = e 2 = € , the new definition 

J a /(*) dx = lim J a fix) dx + lim j" f( x ) dx 

;! f “ fc a he ? au ,f y ValUe (if tl,e lim ^ ex ^) of «*• integral on the 

left. The Cauchy I nncipal \ alue may exist although the Cauchy Value (9.8.2) 
does not; let the reader exemplify this statement by means of f* x' 3 dx for 
which the Cauchy Principal Value is 0. J-i > 

1 7 ’ ? y a,ue ,° x f /<*><**» where /(x) is finite for all 
x. Show that the Cauchy Principal Value of x~* rfx is 0, but that the 

integral does not exist in the ordinary Cauchy sense (Exercise 91. 


9.10 Definition of Area of Surface of Revolution 

Let f(x) and its derivative /'(x) be continuous on the range a ^ x ^ 6* 
let /(x) be non-negative on the range. Let y - /(x) be graphed (Fig! 

9.10.1) from ,1: (a,/(a)], to £: [6,/(6)(. Rotation of the arc about the 



Fig. 9.10.1 

x-axis generates the surface of a certain solid of revolution. We set out to 
define both the area and the area-number of this surface. 

We partition the closed range a ^ x ^ 6 in the usual way, with (Ax), = 
x * ~ the zth division. Ordinates y t to the curve at the points of division 
intersect the curve in the ordered points P 0 — A, P, , • • • , P t _ x , P t , . . . , 
I** — R- Straight-line joins of these points in order inscribe a set of chords 
in the arc of the curve, in analogy with the construction used (§9.4) in 
defining arc-length (whic h is well defined here for the smooth curve). If 
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these chords are rotated along with the arc about the x-axis, cat c or 
generates the curved surface of a right frustum of a righ circ 
(that part of the surface of a right circular cone cut off between the ba. . 
and_aplane parallel to the base). The ith one of these surfaces, generate 
by Pi-iP, , is shaded in Figure 9.10.1. 

The surface of such a conical frustum can be 
regarded as an "elementary” surface of revolution, 
for its area can easily be defined and computed as the 
limit of a sum of plane trapezoidal areas; the source 
of the method is found in the previous scheme (§8.3) 
of defining the circumference of a circle. Let a regular 
polygon of n sides be inscribed in the base circle of 
radius r, of the frustum (Fig. 9.10.2); let the elements 
of the cone through the vertices of this polygon inter¬ 
sect the base circle of radius r, in the n vertices of a 
(similar) regular polygon. Two corres|>onding sides 
of the polygons, together with the elements joining 
their corresponding vertices, form a trapezoid (cf. 

Q<- x Q,R,R, .t of the fig ure); let h , be its height. Then the area of this generic 
trapezoid is jA,[<?,_,<?, + R t . t R,\, ond the sum of such areas is 

(1) + E 

in which the A, , the same for all trapezoids, is factored from each term. But the 
limits, as n —► «© , of the sums in (1) are the circumferences 2wr, , 2 irr 2 of the bases; 
and in such a limiting process the h, approaches the slant height h of the frustum, 
measured along an element. We now readily define the surface area of the frustum 
to be the limit, as n — ► ®, of the planar area (1): A = }h(27rr, + 2wTj). The result 
is, perhaps, most useful in the alternative form 

(2) A = 2jrrh, r = i(i, + r,), 

where r is the radius of the circular mid-section of the frustum and h is its slant 
height. 



For the conical frustum generated by the chord P,- t P, corresponding 
to the ith partition (Ax), , let .Y. = }(x._, + x,) be the mid-point of 
(Ax),, and /£, the corresponding ordinate to the line P,- X P, ; then the 
surface area of this frustum is, by (2), .4, = 2rR i -P,- t P, . We then define 
the area of the surface of revolution to be 


S= lim 




provided this limit exists. 


The next step is an attempt to turn (3) into the form of an anticipated 
definite integral. First, as in (9.4.2'), we write 

(4) = Vr+TTW (Ax), , xf on (Ax), . 


We seek next to express R, in (3) in terms of /(x) as we have just done 
with P,_,P,. The continuity of /(x) on the closed interval (Ax), ensures 
the existence of a minimum m and a maximum M of the /(x) on this 
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int erval ( Weicrstrass’s Theorem 4.11.1). By the nature of the construction 
of P%-\P% , the number R t is on the range contained by these extreme 
values: m ^ R, ^ M. But the continuity of /(x) on the closed (Ax), also 
ensures the fact that /(x) must take on each value between its extremes 
for at least one abscissa of the interval ( Bolzano's Theorem 4.11.3). There¬ 
fore, there is some x" on (Ax), for which 

(5) fW) = R< , x" on (Ax), . 

(It is clear that in general x" X, , for which latter abscissa R { reaches 
to the line P,_|P< and not to the arc AB.) 

With the results (4) and (5) incorporated into it, the definition (3) 
becomes 

(f») S = lim I E 2r/(i'') Vl + [/'(!')] a (Ax).), 

wherein x' , x" , are two specific, but usually distinct , points on (Ax),. What 

can we say of the existence of this limit, for smooth curve and surface? 

The next step forward from (6) should, intuitively, be to the definite 
integral 

(7) S = 2n f' /(x) Vl + |/'(x)]‘ dx. 

But this step is not made (as the corresponding step has been made in 
previous applications) through the medium of the definition itself of the 
definite integral, §8.6. Recalling that 

£ F(x) dx = lim ( £ ^(x*)(Ax),| 

where x* is some one point on (Ax), , we realize that (6) is not in the form 
of this definition because of the general distinction between the points 
x\ , x" , which occur, indeed, as the result of two completely separate 
arguments. 

The integral (7) can, however, replace (6) through the use of Bliss’ 
theorem , discussed in the next section. 

9.11 The Theorem of Bliss 

The following theorem will prove advantageous, not only in the passage 
te a definite integral for surface area of a solid of revolution (§9.10), but 
also in many future applications of definite integration to problems in 
geometry and physics. 

theorem 9.11.1 (Theorem of Blissf). Let the functions F(x), G(x) t be 
continuous on the range a ^ x ^ b. Let the range be partitioned into n 
parts (Ax), , i = 1, 2, • • • , n. Let x\ , x" , denote two points on (Ax), . 
Then 

(1) E F(x:)G(*:')(A*). = f" F(x)G(x) dx. 

f“/l Substitute for Duhamel's Theorem ,” Annuls of Mathematics, vol. 16 (1914-16), 
pp. 45-49. 
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If the two points x\ , x" , are identical for each i, (1) is the definition of 
definite integral of the function F(x)G(x). The Theorem of Bliss may be 
termed a “replacement” theorem in that it allows replacement of a limit 
of a sum by a definite integral even when the replacement is not to be 
made through the definition of the integral. There are numerous such 
theorems. The original, DuhamcVs Theorem , concerns two sequences 
behaving in specified ways, and is difficult and abstract. Bliss Theorem 
is easy to understand and to apply; it is modernly finding its way into the 
literature of teaching elementary calculus. We shall accept the theorem 
without proof, but we attempt to make it plausible at the end of this sec¬ 
tion. The theorem extends to several functions and points. 

Immediate application of Bliss' Theorem is replacement of the defining 
limit _ 

(9.10.7) lim £ 2 */(*',') Vl + U\x,)\‘ (Ax), 

for surface area of a solid of revolution generated by the smooth arc 
y = f(x) over a £ x £ 6, by the calculating integral 

(9.10.8) S = 2x J /MV I + lf(x)] J dx. 

We need only identify V l + (/'(x))* with F(x), f(x) with G(x), to make 
the application. We postpone examples until §9.12. 

The sum on the left of (1) can be written as 
(2) £ F(x:)G(x’/)(Ax). = £ F(x!)G(x’,)(Ax)< 

+ £ F(z-,)[G(xY) - <7(x!)](Ax) ( . 
The limit of the first term on the right is the integral Jj F(x)G(x) dx. The theorem 
is completely established by showing that the limit of the second term is zero 
as a consequence of the hypotheses. That this follows is plausible from the next 
considerations. First, the (Ax), can all be taken so small in the limit process (say, 
< 6) that each bracket (G(x") — (?(x')J, i = 1,2, • • • , n, can be made numerically 
arbitrarily small (< «): this is the continuity of G(x) uniformly on a £ x ^ b, 
expressed in terms of two points within the gauge 8 no matter where this is applied 
on the interval.f Next, the continuous function F(x) is bounded on the closed 
interval, so that each value | F(x;) | is less than some positive number Q dominating 
all. Then the numerical value of the second sum in (2) is less than 

Qe (A*). = Q*(*> - a) 

after n has been increased so that all (Ax)< < 8. Since Qe(b — a) is arbitrarily 
small, the numerical value of the second sum in (2) ultimately remains arbitrarily 
small in the limit process, and its limit is zero. 


9.12 Calculation of Area of Surface of Revolution 


After the development of §9.11, we have before us the integral 


( 1 ) 



f(x) Vl + (f'(x)f dx 


tThe property of a continuous function known as uniform continuity is discussed in 
advanced courses. 
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for the calculation of the area of the surface of revolution formed by revolv¬ 
ing the smooth arc y = /(x) above a ^ x ^ b about the x-axis. Since /'(x) 
is continuous for such a smooth arc, the integrand in (1) is continuous and 
the integral exists. The differential dS = 2x f(x) Vl + y 72 dx serves as 
element of surface area. 


Example 1. If the arc A B of the circle x 2 4- y 2 = r 2 
lying above the x-interval from x = x, to x = x, -f h 
is revolved about the x-axis, the surface generated 
(I'ig. 9.12.1) is called a zone Z of the sphere gen¬ 
erated by the whole circle. We establish the formula 
% = 2*rh for the surface area of a zone of height h 
on a sphere of radius r. From x 2 +i/ 2 = r 2 , we ob¬ 
tain x dx + y dy = 0, y' = — x/y, 1 + y' 2 = r 2 /y 2 ; 
hence 

S = 2* J y ( r/y) dx = 2tt J r dx 

= 2 irrh sq. units. 
Since the surface area of the entire sphere is that of 
a "zone” of height h = 2 r, we obtain from the result the usual formula 5 = 4 irr 2 for 
the total surface of a sphere. 



The most concise form of (1) is 
(2) S = 2t [ y ds 

where ds 2 - dx 2 + dy 2 and we can choose any of the forms 
ds = [1 + (dy/dx) 2 )* dx = [1 -f (dx/dy) 2 ]* dy = ((dx/dt) 2 + (dy/dt) 2 ]*dt 

to suit our convenience; the limits a, b, in (2) refer variously to a suitable 
range of x, of y, or of /, in the three choices. Indeed, foresight in making 
this choice is often helpful in producing the most direct solution of a 
problem. This point is illustrated in 


Example 2. Find the area of the surface generated by rotating about the x-axis 
the upper arc of the parabola y = Apx between the origin and the point 
(3p, 2 "vZ p). , . . 

Using y' = 2 py~ = p'x *, we have 1 + y' = 1 -+■ px l , ds = [1 + px ’j* dx, 
x ^ 0; then 


(3) 


S = 2r f ’ (2p*x‘)(l + px -1 )* dx. 

•'*-O 


On the other hand, using dx/dy = x' 
d»= (1 + t/74p J ]' dy. then 


y/2p, we have 1 + x’* = 1 + if /4p 2 , 


(4) S = 2* f" ,Vi ’ y[l + y’/4p’J* dy. 

J |r-0 

The version (4) falls directly under the power law of antidifFerentiation, but (3) 
is actually a Cauchy integral as it stands, requiring more delicacy in its treatment. 
The reader should try both versions; the result is S = 56irp /3 sq. units. 
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By argument entirely analogous to that sponsoring (2) we 
(6) S 4 = 2 t r £ (y - k) ds 

for the area of the surface formed by revolving the smooth curve y - /(*) 
above the range a ^ x ^ b about the horizontal line y — '» P ro% 
y — k ^ 0 on this rangef. . , , . . 

If the smooth arc x = g(y) over the range agygb is revolved ab( 
the vertical x = h the surface area of the solid is given by 

(6) S» = 2ir j" (x - h) ds, (s 0 = 2» £ x ds ) 

provided x - h ^ 0 on the range. The second form of (6) is the companion 
of (2). 

The formulas are best remembered and distinguished by a visualization of an 
elemental frustum of a cone inscribed in an elemental slice of the solid of revolution 
cut by planes perpendicular to the axis: the ds of the formulas is the slant height 
of the frustum and may be computed in terms of y', x' , or x'(() and y'(t), according 
to convenience; the part 2ir times one of y, y — k, x — h, x, is the circumference 
of a mean circle of revolution which is perpendicular to the axis of revolution. 

9.13 Exercises 

[Note: In many problems involving (9.12.2) it is convenient to use ds = 
Vl + x' 3 dy.) 

1. (a) Obtain the formula S = xr/i for the surface area of the right circular 

cone of base-radius r and slant height h, working in analogy with the 
textual derivation of (9.10.2). What special case of (9.10.2) is your result? 
(b) From the result of (a), obtain (9.10.2) by subtraction of the surface 
areas of two cones and use of similar triangles. [Note: The formula of 
(a) is usually written S = xrs, s = slant height, reserving h for height 
of the cone itself. With this latter h, we easily have 
S = xrs = xr\/r 2 + 

2. Find from (9.12.1) the surface area of the right circular cone obtained In- 
rotating the line ( x/h ) + (y/r) = 1 about the j-axis. 

3. Find the area of the surface generated when the arc of y = x 3 above 0 x ^ 1 
is rotated about the x-axis. [.4ns. *(10 \/To “ 1)/27.1 

4. The arc of the parabola y 2 = 4ax above the range 3a ^ x ^ 8a is rotated 
about the x-axis. Find the area of the surface generated. [.4ns. 1527ra 2 /3.) 

5. The area between y = 1 — x 2 and the x-axis is revolved about the y-axis. 
Show that the surface of the solid generated is 5*( \/5 + l)/6. 

6. Find the reflecting area of a parabolic mirror 4 in. deep and 12 in. across the 
opening. 

7. The loop of 9ay = x(x — 3a) is revolved about the x-axis; find the area of 
the surface generated. [Cf. Example 9.S.3. -4ns. 3 xa .] 


tin the contrary case of non-positivencss, the integral is preceded by a minus sign. 
The reader should search the derivation of (1) to see why. 
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8. The area between 9y = x 3 and 9y = 4x is rotated about the x-axis. Find 
the entire area of the surface genera ted. 

9. The first-quadrant area between the parabolas y = 4ax, y = 5 a 2 — ax is 
rotated about the x-axis. Show that the total area of the surface generated is 
7 ra (32 v 2 ~r 1/* — 17)/6. 

1 0. Show that when the arc of the curve 6 axy = x 4 + 3a 4 from x = a to x = 2a 
is rotated about the x-axis the area of the surface generated is 477 ra 2 / 16 . 

1 1. Sketch the right loop of 8«V = xV - z), and show that when it is rotated 
about the x-axis the surface generated is rca/A. 

1 2. The curve Ox = y* from (0,0) to (8/9,2) is rotated about the y-axis. Find 
the area of the surface generated. [A ns. 9H*-/81.) 

1 3. The arc of the curve x = 6 - t\ y = 2 1, between the points given by ( = 0, 
rotated about the x-axis. Find the surface area generated. [Ans. 

5o7t/3.| 

1 4 ' th r P aral ! el ,ines L, L\ be u units of disUnce apart. Show that if an arc 
ij 1 \ of len K th * generates a surface S when revolved about L and a surface 
S when revolved about L', then the difference in surface areas is 2ttsu. 

1 5. The area of the surface generated by routing y = x 3 , 0 ^ x ^ 5, about 
the y-axis is 17450 tt/ 243. Compute. 

1 6. Find the area of the surface generated when the arc of the hypocycloid 
xi + V* = »s rotated about the x-axis. | Ans. 12ira a /5.] 


9.14 Volumes of Solids of Revolution by Nested Cylindrical 
Shells 

An alternative method to that of §9.2 for determining the volume of a 
solid of revolution is often of advantage, and its arrangement offers a nice 
application of Bliss ’ Theorem 9.11.1. 

Let the plane area, A BCD, Figure 9.14.1, hounded by continuous 
y = /(*)» V ~ 0, x = <*, x = b, 0 ^ a ^ 6, be revolved about the y-axis, 
generating a hollow solid of revolution as shown. We partition the x-axis 
I not the y- axis as in §9.2) from x = a to x = 6, using the usual notation 
with (Ax), = x. — x,_, . On (Ax), we select an arbitrary point x* as usual, 
the corresponding ordinate of which, y • = /(x*), is taken as the height of 
the rectangle R, (base = (Ax), , height = y*\ used basically in determining 
the area of the plane figure A BCD. When R, is rotated (along with the 
area A BCD) about the y-axis, it generates a right cylindrical shell which 
we shall take as the element of volume (AT), for the solid—instead of slicing 
the solid with a knife-edge as in §9.2, we are slicing it with a round cookie- 
cutter of adjustable diameter. The elemental shells, i = 1,2, • • • , n, nest 
within one another, their sum is an approximating volume to that of the 
solid, and it is plausible to plan that the limit of the sum as n —>«*, 
(Ax), —* 0, shall be the exact volume. 

To determine the volume of the elemental shell we regard it as the 
difference between the volumes of two right circular cylinders, one with 
radius r, = x, — §(Ax), , where x, is the middle point of (Ax), , the other 




9.14] VOLUMES BY SHELLS 

with radius r 2 = x, + J(Ax). ; both cylinders have height y* = /(**<)• 
Hence, the volume of the generic shell is 

(1) (AV), = *■{(£, + i(Ax).f - (£, - J(A*),]’| y? = 2r£,y*(Al)< . 


Fig. 9.14.1 


We now definef the volume by the limit of the sum of these (AF)<, namely, 

i-n 

(2) 2ir lim ^ x.y*(Ax),- = 2ir lim £ *. f(x*)(Ax), 

*-• im | 

( Ax >,-0 


if such a limit exists. 

Fora tally of (2) with Bliss’ Theorem 9.11.1 wesetF(x) = x, G(x) = /(x); 
both functions being continuous, and both points x, , x* , appearing in (2) 
being points of (Ax), , we can apply the theorem to (2) to have 


(3) 


2ir lim £ x,/(x*)(Ax), 



dx = V. 


Since the integrand x/(x) of the integral in (3) is continuous, the integral 
exists, and the definition of volume has produced the calculating, as well as 
the defining, (3). The differential dV = 27rxf(x) dx of the indefinite 
2 t r /' tf(t)dt can be taken as the element of volume, analogous to the ele¬ 
mental 2wx, -/(x*) (Ax), in (2). 


fThis is a second definition of volume of a solid, the first being that by the knife- 
slices of §9.2. The new one can easily be shown equivalent to the old. 
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Example 1. Consider the solid obtained by rotating about the y-axis the area 

“ x * y - x - \> x = 2 » a special solid of the type being considered 
(Fig. 9.14.2). We compute the V alleged by (3): 

V = 2r J t x ' x ‘ d* = = 15r/2 cu. units. 



Fig. 9.14.2 


We check this result by the pineapple-slice method of §9.2. This gives (the first 
term is the volume from y = 0 to the level of point ( 1 , 1 ), a hollow cylinder of 
fixed dimensions] 

V = k(2 7 - l’M + f f C2 2 - x*)dy 

" ^ (4 - y) dy = 3t -f *^4y - | y’j = 15*r/2 cu. units. 

Following the pattern of derivation of (3), we could show that the 
volume of the solid formed by rotating the area bounded by y — U(x), 
V = L( x )y x = a, x = b, i'(x) ^ L(x), about the line x = k, k exterior to 
a < x < b (Fig. 9.14.3), is given by 

(4) V = 2x j' (x - k)[U(z) - L(x)] dx. 

Formula (3) is clearly a special case of (4). We assume U(x) t L(x), con¬ 
tinuous and single-valued. 

For the solid formed by rotating the area bounded by x = R(y),x = L(y), 
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y = a, y = 6, K('j) 6 Z-(y), about the line y = h,h exterior to a < V < l> 
(Fig. 9.14.4), we would find 

(6) V = 2 tt J (y - h)lR(y) - L(y)] dy, 

assuming R(y), L(y), continuous and single-valued. Its special case, 

(6) v = 2x J xy dy 

if h = 0 and x = L(y) = 0, is companion to (3). 




To remember the structure of formulas (3) and (6) we note that in (3) the 
27r.r (originally 2w.f,l can be thought of as the circumference of the middling circle 
in the ring-base of the shell element, obtained as the point .7, is whirled about 
the y-axis, the y (originally ;/*J being the height, the dx (originally (Ar), | the 
thickness, of the shell. In (6) it is 2 wy which is the circumference of the mean 
circle, x being the height, dy the thickness, of the elemental shell. The other two 
formulas can lie discussed similarly. 

Example 2. Find the volume common to the sphere x + if + z = 2 and the 
cone x + y 2 — z 2 = 0 (Fig. 9.14.5). 



Fig. 9.14.5 
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Subtracting the two equations, we find that the surfaces intersect in the plane 
z = 1 in the circle x + y 2 = 1 (repeated symmetrically below the xy-plane). 
The volume common to sphere and cone above the xy-plane can be regarded as 
obtained by rotating the area OGI of the xz-plane about the z-axis; we set y = 0 
m the surface equations to find thatthis area is bounded by the z-axis, the circular 
arc GI:x + z — 2 , and the line 01: x — z = 0, where / is the point (1,1). We 
choose to use (4), with the element of volume the cylindrical shell generated by 
rotation of the fundam ental rectangle R of the figure about the 2 -axis: here 
z = U{x) = V2 - x*, z = L(x) = x. Then 

V = 2 * f o x[V 2 - x 2 - x]dx = 2 t|^‘ (2 - x 2 )*x dx - £ x 2 dx| 

= — 3 (2 “ x 7 ) 1 — | x’] o = |t(\/2 — 1 ) cu. unite. 

The total volume between sphere and cone is the double of this value. (The reader 
should check this result, using solid discs.j 

9.15 Exercises 

1. The area bounded by y = x 3 , y = 0, x = 2, is routed about the y-axis; find 
the volume of the solid generated. [Ans. 64x/5.J 

2. Find the volume of the solid generated by revolving the closed area bounded 
by the curve C: y = 4x — 2x and 

(a) y = 0 , about the y-axis; 

(b) x = 0, y = 2 , about the y-axis; 

(c) x = 1 , y — 0 , about the line x = 2 . 

(a) “ (b) 2 t £ 1(2 - y)dx = |; (c) 2 t J* (2 - x)y di.J 

3. Find the volume of the solid generated by routing about the y-axis the area 
bounded by y = 4 px, y = 0, x = p, x = 4p. (^Ins. 248rpV5.1 

4. With A representing the area bounded by y = x, y — x + 2, x = 0, find 
the volume of the solid generated when A is routed about (a) x = 0: (b) v = 0: 

(c) x= -l;(d)y = 4;(e)x= 2. 

[.4/15. (d) 2.r £ (4 - y)(y 1 - y + 2) dy = 

5. I-et A be the area bounded by y = x 2 , y = x. Find the volume of the solid 
generated when .4 is revolved about the line (a) x = 0; (b) y = 0; (c) x = 1; 

(d) y = — 1 . 

6. I^t A be the area bounded by the circle x 2 + y = r and the lines y = h x , 
y = h.j , where 0 ^ h t ^ h 2 ^ r. Find the volume of the solid generated 
when .4 is rotated (a) about the x-axis; and (b) about the y-axis. (Sh ow that 
hollow shells are the most appropriate elements for (a), but solid discs are 
best for (»>).( Specialize your results to familiar formulas when /i, = 0, h 7 = r. 
Also specialize to the case r = 5, h t = 3, h 2 = 4. (Ans. (a) 4^rj (r 2 — A})* — 
(r* - Af)«|/3; (b) t(A 2 - /i,)(r 2 - J(/*| + M, + M)|.) 

7. The area .4 is bounded by the lines y = x, y = 2x, x = 1 , x = 4. Find the 
volume of the solid obUined when .4 is revolved around each axis. 

8 . Show that if the curve y = 1/x from x = 0 to x = 1 is routed about the 
y-axis a volume of 2t is defined; but volume is not defined if the rotation is 
about the x-axis. 
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9. The area bounded by ay 1 = x J , i = 0 and y = a is revolved about thellatter 
line. What is the volume of the solid generated? Set up the problem both in 
terms of discs and hollow cylinders. [Ans. Own /20.) 

1 0. The area between the equilateral hyperbola xy = 16 and the line 2x + V — 
is rotated about the y-axis. Find the volume of the resulting sol'd by using 
cylindrical shells; check by the pineapple-slice method. [Ann. 6S6w/3.| 

11. The loop of 9 ay = x(z - 3n) a -cf. Example 9.8.3-is revolved (a) about 
the x-axis, (b) about the y-axis. Find the volume of each solid of revolution. 
[,4/is. (b) (4w/3 Va) Jj* x\-x\x - 3«)} dx = 144 y/3 ra / 35.] ^ 

1 2. The area bounded by the parabola 3 y = 16x and the circle x + y - 2.) 
is rotated about the y-axis. Find the volume of the solid generated. [Ans. 
2144w/15.] 

1 3. Find the volume of the portion of the sphere x + y a + z — s contained 
within the cone x ■+■ y — z = 0 . 

I 4. Find the volume of the part of the sphere x 7 + y + z = 9 inside the parab¬ 
oloid of revolution x 7 -f- y a — Sz = 0. [-4ns. 40ir/3. See Example 9.14.2; 
the volume is generated by rotation al>out the z- axis of the first-quadrant 
area between the circle x + z = 9 and the parabola x — 8z = 0; draw a 
figure.] 

1 5. Find the volume of the part of the sphere x + y + z = R 7 inside the cylinder 
* a + y 7 = r a , 0 < r < R. [Ans. }- ( R 7 - r a )«| J 
1 6. Find the volume of the portion of the sphere x 7 + y 7 -f (z — aY = a con¬ 
tained within the paraboloid of revolution x a ■+■ y a — az * 0. [Ans. 77r/C.] 

1 7. Find the volume of the solid generated when the parabola x = 4y — t 7 , 
x ^ 0, is rotated about its axis of symmetry. (.4 ns. Sr.) 

9.16 Mean Values 

The Mean-Value Theorem (8.16.1) for Integrals [if /(x) is continuous 
on a ^ x ^ 6 a value x* on the range can be found such that 


( 1 ) 


/>> 


dx = (6 - a)/(x*), a < x* < b] 


has already been interpreted (Fig. 

8.16.1) in terms of area. We shall 
reinterpret and extend this theorem 
in another direction, bearing directly 
on the applications to come. 

Let the range a £ x £ b of conti¬ 
nuity of f(x) be partitioned as usual; 
let x* be arbitrary on (Ax), , with 
V* = /(**) the corresponding ordi¬ 
nate (Fig. 9.16.1). The number 

(2) y*, + «%+ - +y. 

n 

is the well-known arithmetic mean 
of these ordinates. Consider the two generalizations of (2): 

, /WXA*)^ {b) y _ _ Z/lr*) Ax 



(a) y m = -SLl 


T. ( A *). 


n- Ax 


(3) 
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The first of these is the arithmetic mean of the ordinates y* weighted 
with the lengths of the sub-intervals on which they lie; the second is the 
special case of the first in which equal divisions are used in the partitioning, 
and is algebraically equivalent to (2). As n ->«, (Ax) 4 — 0, the sum in 
the numerator of either form (3) has as limit the definite integral /(*) dx 
of the continuous function f(x); the denominators are both b — a = /* dx. 
Hence, there exists a limit y for the weighted ordinates (3a) and for° the 
ordinates (3b) themselves, as n —► <*> ; 

y = L /(x) 

Moreover, any mean of a finite number of ordinates must lie between the 
greatest and least f(x) on the range, so their limit y has this property; 
since f(x) is continuous it must assume the value y for some x * on the 
range: y = /(**), a < x* < b. We record 

(*) y = f(x*) = —^ f' f(x) dx 

and name f(x*) the mean value of the function on the range. This (4) is (1) 
with the mean value now interpreted as the limit of the (weighted) arith¬ 
metic means of functional values over the range, with respect to that range. 
This mean can be regarded as an average of all ordinates f(x) correspond¬ 
ing to the continuum a ^ x £ b; as such it should be more valuable than 
any average of a finite number of such functional values. 

Example 1. Find the mean value of the product of two random portions of 10. 
I>et the portions be x and 10 — x, their product 

V = P(x) = x(10 - x) = lOx - x\ 0 g x ^ 10. 

The mean value according to (4) is 



The reader should contrast this value with the ordinary average of the values of 
P{x) computed for x an integer onO^i^ 10 [Ans. 16.5) and for x at both integer 
and half-integer values on the range [-4ns. 16.625). It is not difficult to appreciate 
that further partitioning and averaging would sene only to attain better and 
better approximations to y = 16§, which therefore must loom as a “best” average 
or mean. 


More generally, we can extend (4) into 


( 6 ) 



l q(u) du / L 


du 


to achieve the mean value Q of a continuous variable Q with respect to a 
chosen second variable u, where, of course, both Q, u, may be continuous 
functions of a third, independent variable. Clearly, (5) includes (4) in 
case u is the independent variable x. 


Example 2. For the circle x 2 4* y 3 = a 2 contrast (i) the mean value of the ordi¬ 
nates in the first quadrant with respect to the radius along the x-axis with (ii) the 
mean value of these ordinates with respect to the first-quadrant circumference. 
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For the mean value of y with respect to x, we have (5) in the form 


= [ y dI /1 dx 


( 6 ) 

V|| • - v 

since Q corresponds to y and u to x. The numerator is the area lira of th e quadra nt 
(we work this way because as yet we cannot evaluate the integral Jo va x 
which would result if we used the y from the equation of the circle.] Henc ( ; g 

( 7 ) (y) a = (Jit a 2 )/a = xa/4 {about 0.78 a). 

But mean value of y with respect to arc along the circumference is 


(y). = / yds/f ds, 


( 8 ) 

for now the u in (5) is s; the integrals are taken over the qua<lrant-arc. The arc 
length is lira = / ds. For the numerator of (8) we find ds — ay dx; hence 

J yds = l o dx = a J o dx = a *• 


These evaluations give 

(9) (y), = a'/^ira = 2a/r (about 0.64a). 

(It is reasonable that {y) t > (y),. Considering the integrals to come from equal divi¬ 
sions in their respective partitionings, we see that for {y), it is (Fig. 9.16.2a) 0.4 
which is partitioned, but for ( y ). it is (Fig. 9.16.2b) the arc AB which is partitioned. 



Fig. 9.16.2a 



Because of the steepness of the arc near A the equal arc-spacings result in more 
ordinates clustering near A in any finite average, and these ordinates are the smaller 
ones of the quadrant; this is continued in the limit.] 

Example 3. A body falls from rest near the earth’s surface, falling distance Sj in 
time ti and achieving final velocity Vi . Find its mean velocity (a) with respect to 
time; (b) with respect to distance. 

For a falling body we recall the formulas 

(10) v, = g, v = gt -f v 0 , s = \gt 2 -j- v 0 t + s 0 , 

where v 0 , s 0 , are initial velocity and position. For the body falling from rest 
v 0 = 0, and s 0 = 0 if we measure s from the original position as origin; moreover 
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we direct s downward. Hence we abstract from (10) the functions: 

(11) v = g t for calculating mean value of v with respect to t, 

(12) v = /2 gs for calculating mean value of v with respect to s. 

From (11) and (5) we obtain average velocity with respect to time: 



one-half the final velocity v t . But from (12) and (5) we have average velocity with 
respect to distance: 

(B) - = h'L v ' 5 »* ds = = §»., 

or two-thirds the final velocity. The contrast is evident. 

The concept of mean value is widely employed in scientific work and in 
statistical work with collections of data. We shall use it as basis in the 
physical applications of the next several sections. 

9.17 Exercises 

1. For the first-quadrant segment of the line x -+- y = 5 find the mean value of 
y, and of y , with respect to x. (.4/m. 2}, 8j, resp.) 

2. Find the mean ordinate of y = 2 Vx with respect to abscissa, over 
0 ^ x g 4. (.4 /m. 8/3.1 

3. Assuming the law pv l4X = c, find the mean pressure with respect to volume 
as v changes from v 0 to v, . 

4. Find the mean square of ordinates on the first quadrant of the unit circle 
with respect to (a) abscissa, (b) arc length. |.1 /m. (a) 2/3, (b) l.J 

5. Obtain the mean square of the ordinates of the first quadrant of the hypo- 
cycloid x* + y* = a*, with respect to arc length. (.4 /m. la 2 .) 

6. A number .V is divided into two additive parts at random. Find the mean 
value of their product. [Ans. JA' 2 .] 

7. The force required to stretch a spring a length x beyond natural length is 

F = ( Hooke's Law). Show that the mean force needed to stretch the 

spring from l, to l 3 beyond natural length is j//i (/, -+- l 2 ). If it takes 20 lb. to 
stretch a spring from natural length 10 in. to 12 in., what is the mean force 
needed to stretch it from 11 in. to 15 in.? 

8. Find the mean area of plane sections parallel to the base of a right circular 
cone of altitude a. base-radius b. with respect to distance of the sectioning 
plane from the vertex. 

9. In a certain 12-hr. period temperatures were recorded every 2 hrs., as in the 
accompanying table. Find the mean temperature, approximately, by both 
the trapezoidal and Simpson’s rule. 


t 

12( = 0) 

2 

B 

6 

8 

10 

12 

T 

17.5 

16.3 

m 

m 

15.7 

23.8 

32.5 


Contrast the results with each other and with the ordinary average. [Ans. 
18.08° (Simpson's rule); what assumptions are made as to temperature 
function?] 
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9.18 Center of Gravity, Center of Mass, Centroid, of a Body 

In Formula (9.16.5) for mean value we make the assignments u - W 9 
and Q = x,y } z, separately, and consider the particular mean values 

( 1 ) * = / xdw/1 d\V,y = J y dW / fdW,l-jtdW/ j d\V. 

Reading “weight” into the symbol IK, we have J dW = \V, totfd weight, 
in the common denominator of formulas (1). Then these give the mean 
position ( x , y , z) of points P: (x,y,z) with respect to weight IK. Supplying a 
continuous body B to have the weight IK and the coordinates (x,y,z) for its 
points P, we conclude that the mean pointer (x,y,z) with respect to weight 
W must be the center of gravity of B : the point at which IK can be con¬ 
sidered concentrated, like that of a single 

particle, without disturbing the equilibrium P, P P 2 

of B. ——2--+2- 

For more definitive understanding of this 1 
interpretation of the mean values (1) we w « , w 

build from the simplest case. To locate a sup¬ 
port (fulcrum) under a point of a plank on F,G - 9,181 

which two children are playing teeter-totter 

so that a perfect balance is achieved is a familiar problem. It is immediately 
geometrized (Fig. 9.18.1) into consideration of two particles at P, , P 2 , 
of a horizontal line, their weights IK, , IK* , being forces acting downward; 
coordinates x, , x 2 , are assigned P, , P 2 , with respect to an arbitrarily 
chosen origin 0; the problem is to find the balance point P: (x), the point 
at which to apply a single upward force to counter the downward combina¬ 
tion of the weights. 

The turning effect of IK, about any point P: (x) is called the moment ,1/, of 
IK, about P, and is measured by the product 

Mi = IK.(x, - x). 

The length x, — x_is the lever-arm or moment-arm. Moment is a signed 
quantity. If, now, P: (x) is the position of the balance point, then P is to be 
a particular position of P so chosen that the sum of the moments of IK, and 
IKa about P_is equal to zero , thereby ensuring equilibrium or null turning 
effect about P. Thus, for balance we must have 

(2) IK,(x, - x) 4- IK 2 (x 2 - x) = 0, 

whence we find the coordinate x of the uniquef balance point P: 

(3) X = (FT ,x, + Jl^xJ/ar, + H%) = t, XiWJ £ 17. . 

»-l 

For n particles of weights IK, attached to n corresponding collinear 

t P is unique: if there were a second balance point P': (x') t then the two resulting 
equations of equilibrium (2) and IF,(x, — x') + IK 2 (j 2 — x') =0 would yield by sub¬ 
traction (Wi + IK 2 )(x - x') = 0, so that x' * i. 
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points Pi : (xj), i = 1,2, • • • , n, the unique balance point P: (x) of the 
system is similarly found to be 

M) £ = E *.»»'./£ w t . 

• • i 

If we write IF = £ IF, , the total weight of the system, and ^jx t W t = M 0 , 
the moment-sum about 0, we abbreviate (4) into 

(4') IFx = M 0 : 

the moment-sum of the system about any point (since 0 is arbitrary) is 
thesame as the moment about that point of the concentrate IF of the system 
at P. P is called the center of gravity of the system : the center of gravity of a 
system is the point at which the system may be considered concentrated 
without disturbing the moment-sum of the system of disparate weights. 

If n particles of weights IF, are attached to n corresponding points 
P< •' C*\ . //.) of a plane, the numbers 

(5) x = 2 *.WVZ W< , V = E I/.H r ./E W< , 

analogous to (4), are the coordinates of the unique center of gravity P:(x,y) 
of the system. These arise from the moment equations £ WC(x, - x) =0; 
E M — y) = 0. Separately, these assert nullity of turning effect 
of the IF, about the lines x = x, yj= y, respectively; together, they assure 
equilibrium about the intersection P of those lines. If we call M v = £ x > , 
= E y >t the moment-sums about the y-axis and x-axis, respectively, 
then (5) are 

(o') 1 VS = M „ , Wy = M,: 

moment-sums about the (arbitrary) axes_are obtained from the moments 

about the axes of the concentrate II’ at P. 

In similar fashion, the center of gravity P: (x, y, z) of n particles of weights 
IF, at Pi : (x, , y, , z.) is found from 

(6) Wx = E x.W, = M„ , Wy = E y.W. = M„ . 

Wz = £z,W, = M,. , 

where M y , , for example, is the moment-sum of the particles about the 
//*■plane. The three equations assure equilibrium of the system about 
the intersection P of the planes x = x, y = y, z = z. 

These are finite cases. We now assume a continuous body B of total 
weight IF. We partition B into n portions B, , i = 1, 2, • • • , n, of corre¬ 
sponding weights (AlF), , in such wise that as n —*<» (at our future dis¬ 
cretion) all the dimensions of B, approach zero. Let a three-dimensional 
Cartesian coordinate system be introduced, with P * : (x* , y* , z*) some 
point of B, . For n large enough the B, can be considered n particles of 
weights (AH'), at the P* . Then equations (6) take the form 

(7) H i. = E zt(All'). . Wy. = E y*(A!F). , Wz. = E z*(AlK). , 

1*1 

in which the subscript n refers to the finite set of B, . If existence of the 
limits, as n —* co and all dimensions of B, —* 0, on the right in (7) is assumed, 
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then the limits x, y , z, of the numbers x m , y* , z* , must exist to de 
point P : (x, y, i) through 


Wi = lim Y. **(AW), = j 

1 x dW, 

Wy = lim J*(AW), = J 

f yd w - 

Wi = lira Y. **(A W ). = 

( z dW. 


( 8 ) 


We define P as given by (8) to be the center of gravity of the body B. 
Equations (8) are the mean-value equations (1) with which we initiated this 

discussion. . , 

The results can be made to apply to a system of masses. Weight is the 
force by which a body is attracted to the earth, and is the product of the 
mass m of matter in the body by the acceleration g of gravity. I hen, 
(AlK)i = (Am) i -g, where (Am), is the mass of (AH'). » and W = mg. After 
these replacements in (7), g cancels from both sides of each equation, and 
the limits (under appropriate assumptions) are 


(9) 


mx 


= J x dm, my = J y dm, ml = J 


z dm. 


P: (x,yjz) is now the center of mass of the body, the unique point at which 
mass can be concentrated for study of moment-sums. Events in two- and 
one-dimensions are similar, easily read from equations (9). Center of mass 
is identical with center of gravity if (in reverse) the mass is subject to the 
force of gravity. 

We next introduce the simplification of supposing that the body B is 
homogeneous, of density p. (A material body is called homogeneous if any 
two equal volumes of it contain the same mass. The ratio df mass to volume 
of a homogeneous body is called its density: p = m V.) In these circum¬ 
stances, equations (8), which apply to any sort of body, homogeneous or 
non-homogeneous, become more manageable. We set H' = gm = gpV, 
(AH'), = g(AM)i = gp(AV)t , the symbols bearing obvious meanings, p 
being the same for any part as for the whole of B. Then the first equation of 
(8) reads 

(10) gpVx = lim J^x*gp{AV), = gp lim £ x*(AF). = 9P f xdV, 

and we obtain similar expressions for y, z. Dividing each side by gp, we 
have the coordinates x, y, z, of the center of gravity (mass) of the homo¬ 
geneous body B given by 


(ID 


Vx = J xdV, Vy = / y 


dV, 


Vz 


-/ 


z d V. 


Thus, for a homogeneous body the coordinates x, y, z, of the center of gravity 
(mass) are independent of the density and depend only on the type of geo- 
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metrical boundary of B rather than on its material content. For such a case 
of dematerialization we use the word centroid : centroid is center of gravity 
(mass) of a homogeneous body. We speak of the centroid of a geometrical 
solid, a sphere or a cone, to cover all cases in which it is filled with material 
of constant density (or no material at all). Clearly, p can be made unity in 
these cases. 

For a homogeneous body the following theorem is useful: 

THEOREM 9.18.1. If a homogeneous body is symmetric with respect to 
a plane (line) then its centroid lies in that plane (line). 

Proof lies in the realization that in setting up the sums in (6) and (8) we 
can use portions and points symmetrically placed with respect to the speci¬ 
fied plane (line), homogeneity assuring that the equal portions have equal 
"weights.” Thus, if the plane is the yz-plane, the points P\: (x*, y*, z*) 
and P*i : (— x*, y *, z*) lying in symmetrical portions, then the contribution 
of this pair to M „ f is (AlF), (x* — x*) = 0; occurring for every pair, this 
assures M w . = 0, whence \Vx = 0, and x — 0: P is in the i/z-plane. For 
example, the centroid of a right circular cylinder is the point on the axis 
of the cylinder which is halfway between the bases: the solid is symmetrical 
in the axis so its centroid lies thereon, and it is symmetrical in the median 
plane between the bases so its centroid lies thereon, hence the centroid is 
the intersection of the axis and the median plane. 

For any body the following theorem is obtained readily from the case 
of a finite number of weighted particles: 

theorem 9.18.2. If B is composed of a finite number of bodies, B', 
B", • • • , of weights IF', JF", • • • , and centers of gravity P\ P" t • • . , 
then the center of gravity P of the points P\ P" , • • • , weighted with W , 
W ", • • • , is the center of grainty P of B. 

Thus the center of gravity (mass) of a right circular cylinder surmounted 
by a hemisphere of the same radius is best found by initial separate com¬ 
putation of the centers of gravity and weights of the cylinder and hemi¬ 
sphere, these then being compounded as in (6). 

9.19 Calculation of Centroids of Solids 

Formulas (9.18.11): 

(1) Vx = J xdV, Vy = J ydV, Vz = | idV, 

defining the centroid P: ( x , y, z) of a homogeneous body B are general. 
As derived and stated they refer to a partitioning of B into (Al r )< such 
that all dimensions of (AF), —» 0 as n —*<», the point P* in the defining 
sums of the integrals being arbitrary in (AT), • But the volume elements, 
slices and hollow shells, which we have been using have but one dimension 
approaching zero in the limit process. If, however, we particularize P* to 
be the centroid P, : (x t , y, , z.) of (AF), , at which the whole volume is 
considered concentrated, then it will suffice that only one dimension of 
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(AT), approach zero. We agree to do this at present, to regard (1) as the 

limits , ^ / a i/\ 

(2) Vx = lim £*,(AV), , Vy = !im 'LyWh, Vi = lim £ UW* • 

The existence of the general integrals (1) ensures that of the integra s 

When we have command of triple integrals (Chapter 15) the volume 
dV of (1) will be such that all dimensions — 0, and the general (1 can be use 
without the convention just made. The more difficult problems are best left unui 
that time, and here we shall deal only with those than can be handled ream y y 
present methods. 

(I) Centroid of a Solid of Revolution. Let a solid be generated by rotating 
the area bounded by the continuous curve y «= /(*) ^ 0 and by y = 0, 
x = a, x = b, a < b, about the x-axis. By symmetry (Theorem 9.18.1) 
the centroid of this solid lies on the x-axis, at P: (x,0,0); the abscissa x 
is to be calculated. We slice the solid according to the method of §9.2 by 
partitioning the range a g x g b of the axis of revolution and passing 
planes through the partitioning points and perpendicular to the axis. Let 
the ith slice have thickness (Ax), = x, — x,_, and volume (AT),- given 

by 

(AT), - *l/(x0r(Ax), , x\ on (Ax), . 

Next, (AT), , from its construction, is symmetric in the x-axis, and its 
centroid therefore lies on that axis; let it be the point (x.,0,0), where, 
necessarily, x,_, < x, < x, . Then 


Vi 


= lim L E f.(/(x:)p(Ax),}, 

V t -1 ) 


X, 


x; 


on (Ax), 


(if).-o 

To this we can apply Bliss' Theorem 9.11.1, to have 


(3) 


Vx 


•r 


xy 2 dx, [y - f(x)); 


T, of course, is to be computed by any convenient method. If V is obtained 
by “slicing” then T = r_{* //'dx, and the centroid of the solid under 
consideration is the point P: (x, 0, 0) where 


(30 


/. xyl dx /1 yl dx - 


iry'dx 


The same end is achieved by using the differential element dV 
in (1). 

To accompany formula (3) if the area bounded by the continuous curve 
y = /(x) ^ 0, and by y = 0, x = a, x = b, 0 < a < 6, is rotated about 
the y- axis, we find that the centroid of the solid generated is the point 
P: (0, y, 0), where 


(4) 


Vy 


i 


xy 2 dx, (y = f(x)|. 


For, using the natural nested cylindrical shells (§9.14) as elements of volume 
(AT), of thickness (Ax), we give an argument wholly analogous to the 
previous one, based now on the facts that 

(a) (AT), = 2ttx' fix") (Ax), , where x\ is the midpoint of (Ax), and /(x,") 
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is an ordinate (height of the shell) corresponding to some value x" on (A*), ; 
(b) the centroid of the shell is, by symmetry, at the point (0, £/(x"), 0). 
Hence, the second formula of (2) is 

Vy = lim Z Ii/(xj')I • |2 »i;/(i;')(Ai),I = lim ir E x'AfW)U*x), , 

which leads to (4) after application of Bliss' Theorem. 

Example 1. Find the centroid of the solid hemisphere of radius r. 

Obtain the hemisphere by rotation of the first quadrant of the circle x + y 2 = r 2 
about the x-axis. Then the right side of (3) is 

./>-»•) 

and the volume V = is known. Hence (3) yields 

(W)x = W' 

or X = 3r/8: the centroid is p. (3r/8,0,0). 

Example 2. Find the centroid of the solid consisting of a right circular cylinder 
of base-radius r and height h, surmounted by a hemisphere of radius r. 

We call upon Theorem 9.18.2 (sec the remark made in illustration of that theo¬ 
rem). The centroid of the cylinder is, by symmetry (Theorem 9.18.1) at the mid¬ 
point of the axis of the cylinder; this point we place at (), with the axis along the 
x-axis. Then the centroid of the hemisphere can be taken as }/» -f- jr (Example 1). 
The volumes of cylinder and hemisphere are, respectively, nrh and |jirr 3 . Hence 
the centroid of the solid will be that of the points O, weighted irrh, and (j h + Jr), 
weighted §7rr J . By (9.18.6), this is 

(irr'h + §irr a )i = 0 + (}/. + Jr)-fur 3 , 
whence S = r(4/i + 3r)/4(3/i + 2r). 



(II) Centroid of a Solid of Invariant 
Type of Cross-sectional Area. If we 

are given a solid of which the cross- 
sectional area by planes perpendicular 
to the x-axis is of invariant type 
(§9.2), and hence given by a function 
A i(x), the argument of (I) is easily 
amended to lead to the formula 
V£ = xAx(x) dx for the abscissa x of 
the centroid P : (x, y, z). If the solid 
likewise slices invariantly with planes 
perpendicular to the other axes, we 
obtain similar formulas for y , z; the 
centroid P: (x, y , z) is given by for¬ 
mulas 


= f y A 2 (y) dy, 

J a. 



z A;,(z) dz. 


The area functions -4,(x), A 2 (y), -l a (z), generally differ in structure, and 
the limits of integration are generally not the same in the three formulas; 
V' is to be computed as in §9.2. 
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9 .20] CENTROIDS OF AREAS AND ARCS 

Example 3. Find the centroid of the tetrahedron bounded by the coordinate 
planes and the plane x/a + y/b + z/c = 1 (Fig. 9.19.1). 

Plane sections of the solid by planes perpendicular to the x-axis are g 
angles of height y = 6(1 - x/a) and base * = c(\ - x/a ); these arc obtameJ 
from the equations attached to the traces AB, AC , of the solid in t J 


equations 
xz-planes (cf. figure). Hence 


=i 4} - if- v - 1 2 bc i 0 '( i -if dx=1 e abc ■ 

The right side of the first formula of (5) is given by 

W.' 

Hence X = }a. If the figure is sliced similarly by planes perpendicular to the 
i/- and 2 -axes, we find 


and y 


A,(y) = | ca(l - |) , A,(z) = \ ab(l - f) , 

\b, 2 = }c. The centroid is P: (}a, J b, }c). 


9.20 Centroids of Areas and Arcs 

If the symbol V in formulas (9.19.1) is interpreted as general “content” 
rather than the special content, volume, the formulas generate considera¬ 
tion of centroids of areas and arcs by a reduction of dimensionality. 

(I) Plane Area. For a plane area “content” is the area, and we use the 
first two equations of (9.19.1) in the form 

(1) Ax = J xdA, Ay = / yd A, 

to give the centroid of the area.f This is essentially the center of equilibrium 
of a thin layer of homogeneous material spread evenly over the plane 
area. For example, if the centroid of the face area of a thin piece of tin is 
calculated, the piece will balance on this centroid, which lies directly 
under its (volume) center of gravity. 

The element of area we have been using is a rectangle of which only 
one dimension —* 0 _in the limit process. We continue the agreement to 
choose the centroid P, of this rectangle as the P* in the sums leading to 
the integrals (1); see equations (9.18.8) and the remarks opening §9.19. 
(When we are familiar with double integrals, Chapter 15, we can avoid 
this convention and proceed directly.) The integrals (1) are therefore 

(2) Ax = lim £ £ t (AA)< , Ay = lim £ . 

fAs here presented, equations (1) define centroid of an area, previously undefined: 
this definition is by analogy with, or specialization of, the definition of centroid of a 
volume. A definition of centroid of area could readily be given in terms of basic concepts, 
according to the procedure of §9.18 for volumes. We avoid this in order (a) not to be 
repetitive, and (b) to synthesize all results concerning centroids about the typical forms 
(9.19.1). Similar remarks pertain to the later equations giving centroids of surface areas 
and of plane arcs. 
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Let the plane area A be bounded by y = U(x), y = L(x), x = a, x = b 
(Fig. 9.20.1); let the rectangle built on the partition (Ax), be the area 
element, its vertical extent being from L(x') to U(x\) for some x\ on 
(Ax), . The centroid of the rectangle is its middle point because of symme¬ 
try; this is {x,, \[U{x'i) + L(x')]} where x, is the midpoint of (Ax), . 
Together with the area (A.4), = [C/(x') - L(x')) (Ax), , this fills in the 
sums (2) in a form which easily supplies the integrals 

(3) Ax = J x[U(x) - L(x)]dx, Ay = J f (U’(x) - L’(x)] dx, 



by use of Bliss’ Theorem. If horizontal strips are used, analogous formulas 
emerge. If the given area can be conveniently cut up both vertically and 
horizontally the former partitioning can be used to compute x, the latter 
to compute y, from (1) directly. 

Example 1. Find the centroid of the area enclosed by y = x, y = x (Fig. 9.20.2). 
The area is A = 1/6. The first integral in (3) is 

^8 ^1-i- 

The second is 

2 h (*-*’) <** “ iz • 

Hence the centroid is (2/5, 1/2). If horizontal strips are used in the second integral 
of (1) to compute y, this integral is /• y(y — y) dy = 1 / 12 , and the result is as 
before. 


(II) Surface Area. For the centroid of surface area (a thin spread of 
homogeneous material over the surface) of a solid of revolution we modify 
the first two formulas of (9.19.1) into 

(4) Sx = j x dS, Sy = J y dS. 

where S is the total surface area, dS the elemental differential of surface 
area. Symmetry of the element of surface area in the axis of rotation makes 
it automatic that the x and y in the integrals stem in the limit process 
from the centroid of that element. The differential dS may be written in 
any convenient form. 


9.20] 


CENTROIDS OF AREAS AND ARC 


Example 2. Find the centroid of the surface of a hemisphere. f 

Let the hemisphere be generated by revolution of the first^quadran ,_ 

circle x + y = a about the x-axis. Because of symmetry, y = 0. bince y v, 

dS = 2ira dx. From (4), 

x-J' 2 *adx = J x-2 ra dx, 

yielding 2irax = ira 3 and x = \a. The centroid is (Ja, 0). 


(IH) Arc length. We think of a smooth plane arc as a thin, homo¬ 
geneous, material curve (like a wire). Then “content” is length, and the 
first two formulas of (9.19.1) become 


( 6 ) 




yds, 


where s is the total length of arc and ds is its differential. 


Example 3. Find the centroid of the first-quadrant arc of the four-cusped hypo- 
cycloid x* -f- y* = a*. 

We find y' — — and 1 + y' 2 = a*x~f (x 0). Hence the first formula of 
(5) becomes 

J x"* dx J-x = a* J x* dx, 

where the Cauchy integral on the left has the value ja and the ordinary one on 
the right has the value Ja*. Hence x = ja. Since the curve is symmetric in the 
line y = x, we have Q — f a without separate computation. The centroid is (|a, fa). 


(IV) The Theorems of Pappus. Suppose a smooth arc a of length s in 
the xy-plane is rotated about a line / not crossing the arc. The area of the 
surface generated is connected with the centroid of the arc in an extra¬ 
ordinary way, given in the First Theorem of Pappus: 


theorem 9.20.1. The surface area S generated by rotating the arc a 
about the line l is equal to the product of the arc length s by the length of 
the circular arc described by the centroid of the arc. 

Let the line l be taken as the x-axis, and let the equation of the arc be 
y = f(x) with respect to this axis. Then, 

S = 2ir f yV l + y x dx = 2x J y ds = (2 iry)-s 

by (5), where y is the ordinate of the centroid of arc. This proves the 
theorem. 

Suppose next that the plane area .4 is rotated about a eoplanar line l 
which does not cross the area. The Second Theorem of Pappus is 

theorem 9.20.2. The volume 1 of the solid of revolution generated by 
rotating the area .4 about the line l is equal to the product of A by the 
length of the circular arc described by the centroid of A . 
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Suppose l is the y- axis, and the area A of Figure 9.20.3 is the generating 
area of the solid. The proof presented here is valid only if the area is cut 

by a parallel to l in but two points; 
since a completely comprehensive 
proof can be given (by use of 
multiple integrals, Chapter 15) the 
theorem should be accepted in full 
generality. The volume of the solid is, 
by the method of nested cylindrical 
shells, 

( 6 ) V = 2 t J x[ y v — y L ] dx, 

where y v , y L , are the upper and 
lower ordinates, respectively, to the 
bounding curve of A for a random 
value of x, and appropriate limits of integration are to be supplied. But 
U/u — Vl] dx — dA, so (6) can be continued as 

(7) V = 2t J xdA = (2w£)-A 

by (1), where x is the abscissa of the centroid of A. From (7) we read the 
statement of Pappus’ Second Theorem. 

The two theorems remain valid, as stated, if the revolution is only 
partial, rather than complete. 

The theorems offer easy means of computing volume and surface area 
if the centroids of generating area and generating arc, respectively, arc 
known; reversed, they yield the centroids if the volumes and surface areas 
arc known. 

Example 4. Find the surface area and volume of the solid (a toms, douglmut- 
shaped) obtained by rotation of the circle (x — a) 1 + y* = r 2 , 0 < r < a, about the 
y-axis (Fig. 9.20.4). 



The center, (o,0), of the circle is the centroid both of the area A = it r 2 of the 
circle and the total circumference s = 2mr. In the complete revolution about the 
y-axis this center travels 'lira units of distance. Hence by the theorems of Pappus, 

S = 2ttt • 2ica = 4x 2 ar, V = nr 2 • 2ira = 2ir 7 ar 2 . 




9.21] EXERCISES | 

The ease of solution should be contrasted with the more difficult computations 

^Example 6. Locate the coordinates of the centroid of the upper semicircular ar<, 

of the circle x + y = a . . 2 „ ,_ rr vt 0 * P< i 

Since this arc, of length ttg, generates the surface .S = 4ira of a s P ,iere . - d 
about the x-axis, Pappus’ Theorem 9.20.1 will yield the ordinate y of the centroiu 
of the arc: 

4ir a 2 = ira-2iry yields y = 2a/ it. 

The abscissa x = 0, by symmetry, so the centroid is (0, 2a/7r). 


9.21 Exercises 

1. Indicate the centroid of: solid sphere; solid right circular cylinder; circular 
area; total perimeter of circle; total surface of sphere; area of parallelogram; 
cube; circular ring; equal spheres at the ends of a cylindrical rod. 

2. The broad side of a 12 by 2 rectangle lies along the short side of a ♦> by 10 
rectangle, a short edge of the former prolonging a long edge of the latter. 
Locate the centroid of the plane area. 

3. Find the centroid of the remnant of the circle x + V — 4a 2 after deletion 
of the circle centered at (— a,0), radius a. (Aw. (§a,0).J 

4. Show that the centroid of a triangle is the point of intersection of its medians 
(§ of the way along each median from the vertex), (a) by dividing the tri¬ 
angle into thin rectangular lamina by lines parallel to a side and concentrating 
the "weight” of each lamina at its centroid; (b) by integration. Show that 
the centroid of the triangle is that of three equal weights at the vertices. 
[The medians of (a,0), (b, 0), (0,c), intersect at (J(a -f b), Jc).| 

5. Locate the centroid of each solid in terms of elements of the solid (choose 
axes wisely): (a) Hemisphere of radius a; (b) Right circular cone, altitude a, 
base-radius 6; (c) Inverted right circular cone, altitude a, base-radius b, 
surmounted by hemisphere of radius 6. (/Ins. (a) 3a/8 along radius of sym¬ 
metry from bounding plane; (b) ja along axis from vertex.) 

6. Find the centroid of the remnant after deletion of a right circular cone, 
altitude a, base-radius 6, from a right circular cylinder of the same dimensions 
and axis. [.4 ns. 3a/8 along axis from vertex.] 

7. Find the centroid of the solid obtained by rotation of the specified area about 
the specified line: (a) Area between y = x 2 , if = x, about x-axis; 

(b) Area bounded by y = y/~i, y = 0, x = 4, about x-axis; 

(c) Area in (b), about x = 4; 

(d) Right semi-ellipse 6V -f- a if = ab 2 , about x-axis. [A ns. 3a/S, 0, 0).] 

8. Find the centroid of each area: (a) The first quadrant of x 2 -b f = a 2 ; (b) The 
upper half of x 2 + if = a ; (c) The right half of the ellipse b 2 x 2 + a 2 if = ab 2 ; 
(d) The area bounded by x* + if = n* and the coordinate axes. [Ana. (a) 
x = y= 4a/3x; (b) x = 0, y = 4a/3x; (d) S = y= a/5.) 

9. Find the centroid of the area bounded by: (a) y = x 2 , if = x; (b) y — 4 — x 2 , 

y 2 ~ x + 2 ; (c) y — 4px, XJ = mx; (d) if «= 8x, x -f- y = 6; (e) if = ax. 
x = by. [Ana. (a) .v = 9/20; (b) £ = (c) (8p/5m 2 , 2p/m); (d) y = 7/5.) 

1 0. Find the centroid of each arc: (a) The first quadrant of x 2 -f if = a 2 ; (b) The 
first quadrant of the hvpocycloid x* + if = a*; (c) The arc of x 2 + if = a 
to the right of the line x = b, b < a. [Ana. (a) x = y = 2a/ir; (b) .v = n = 
2a/5.) 
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1 1. Find the centroid of each surface: (a) Curved surface of a hemisphere of 
radius a; (b) Total surface of a hemisphere of radius a; (c) Curved surface of 
a right circular cone; (d) Total surface of a right circular cone. [Arut. (a) \a 
from plane bounding surface; (c) § length of altitude from vertex.] 

12. Use the theorems of Pappus to compute: 

(a) Volume of hemisphere from centroid of quadrant area of a circle (Exer¬ 
cise Sa); 

(b) Volume of ellipsoid obtained by rotating the right half of feV + ay 2 = ab 2 
about the y- axis (Exercise 8c); [Ans. 4xa*6/3.] 

(c) Volume of the solid obtained by rotating the area between x* -+- y* = 
and the coordinate axes about the x-axis (Exercise 8d); 

(d) Surface of hemisphere from centroid of quadrant arc of circle (Exercise 
10 a); 

(e) Surface obtained when the first quadrant of the hypocycloid is rotated 
about the x-axis (Exercise 10b); 

(f) Centroid of both quadrant area and quadrant arc of a circle from volume 
and surface area of hemisphere. 

9.22 Summary and Miscellaneous Exercises 

The definite integral, agent for defining and calculating area, volume, arc 
length, surface area, assumes large importance as a geometrical tool; it plays a 
similar central role in many scientific problems. The facts and formulas are in 
themselves worth while.More so is the type of analysis leading to the formulations: 
the reader is urged to study the passage to the formula (0.4.4) for arc length and 
to the definition (0.10.7) for area of a surface of revolution ; to master the technique 
setting up the various versions of the centroid formulas (0.10.1); to associate 
these last with the notion of mean value around which they cluster. Without 
such understanding he can only feel his way among a maze of formulas, lost with¬ 
out, often lost among, them. With understanding, however, will come ability to 
free-lance among other problems with success. 

Two extensions of the concept of definite integral according to Riemann have 
arisen naturally during the process of application. The Theorem of Bliss permits 
writing a definite integral for the limit of a sum which is more complicated in 
structure than the definition itself of an integral; this theorem has demonstrated 
its utility. Cauchy integrals generalize the original version of integral to limiting 
cases dealing, one type with an infinite range of integration, the other with inte¬ 
grands having some infinite discontinuities. Both types frequently appear in 
scientific applications. 

Miscellaneous Exercises 

1. Find the volume of the prism having pentagonal base with vertices at (0,0), 
(2,0), (3,2), (5,4), (1,6), and having one edge extending 10 units along the 
line through the origin and making a 30° angle with the z-axis. 

2. Find the volume of the spherical segment obtained by rotating about the 

x-axis the part of the circle x 2 + y = r contained between the lines x = q x r } 
x = q 2 r, where — 1 ^ q% < ^ 1- Specialize the result to several imix>rtant 

cases. 

3. For the solid obtained by rotation of a segment of a circle about the diameter 
parallel to the chord bounding the segment, show that the volume is the same 
as that of a sphere with diameter equal to the length of the chord. 

4. Does ft (1 — x)' 2 dx have a value? 
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5. Find the area bounded by the curve y = (x — 7) *, its asymptote, the x axis, 

and the line x = 11. , 

6. A solid has circular base, an,I its plane sections perpemhcuarto a 
diameter of the base are all squares. Find the volume of the solid. 

7. A point P: (x,y) traces a curve C: y = f(x) from P 0 j? varies**^ 

On the perpendiculars to the xy-plane at the tracing P a point Q vanes 
cording to 2 = F(x). From first principles obtain the formula JC; z rf^wnere 
s is arc length on C, for the area of the cylindrical surface ruled by PQ. 

8. In illustration of the situation of Exercise 7, let C be the first-quadrant half 
circle £ + y - 2ax = 0, let 2 be the perpendiculars above the xy-plane to 
the intersection of this cylinder with the sphere x 2 + y + * = 4 a . Show 
that the area of such portion of the cylinder is 4a . 

9. The circles x + y = a and (x - a) 2 + y = r are revolved about the x-axis, 
generating two spheres, S„ and S, , respectively. Considering r and S, as 
variable, S 0 fixed, show that the zone of S, enclosed in S a has greatest surface 
area when r = 4a/3. [cf. Example 9.12.1.) 

1 0. Trace the curve y = ax /(a + x 2 ), showing symmetries, tangent-slope at 
the origin, and asymptotes y = ±a. Show that the area between the curve 
and the asymptotes is 4a 2 . 

1 1. What part of the volume of the sphere x 2 +/+**= (oa) 2 is not included 
in the cylinder x 2 +j/ 2 = (4a) 2 ? [. An». 27/125; use shells with axis on y-axis.| 

1 2. Show that the total length of the curve 6*x* + aty* = is 4(a 3 — b J )/ 
(a 2 — b 2 ), a b. How does this result specialize to the total length of the 
four-cusped hypo cycloid? 

1 3. Rectify the arc of 6 xy = x 4 + 3 between the points with abscissas 1 and 4. 

1 4. The area bounded by the circle x 3 + y — r and its tangents x = r, y — r, 
is rotated about the former tangent. Find the volume of the solid generated. 
(Ana. J7ra 3 (10 — 3ir); use the result of Exercise 8.13.18.) 

15. Show that the volume of the torus obtained by revolving the circle 
(x — a) 3 -f- y = r 2 , r < a, about the y-axis is given by 


4?r ^ xy/r 2 — (x — a) 2 dx = A* f (t + a) y/r 2 — 7 dt = 2ir 2 ar a ; 
use the result of Exercise 8.13.18. 

1 6. The area bounded by y = x, y = }x, y = 2x, is rotated about (a) the x-axis, 
(b) the y-axis. Find the volume of each solid generated. 

1 7. The first-quadrant arc of y = x -3 between points with ordinates y, , y 2 , y, < y 2 , 
is revolved about the y-axis; compute the volume of the solid generated. 
Is volume defined as y, —» 0? As y t —* co ? If so, specify the volume-number 
and discuss the appearance of the solid. 

1 8. Find the volume of the portion of the sphere x 2 + y 2 + (2 — 5) 2 = 25 which 
is contained within the cone x 2 -f* y 2 = 4 z . 

1 9. Find the volume of the portion of the sphere x 2 + y 2 + (2 — of = a which 
is contained within the right circular cone with vertical angle 2a at the origin 
and axis along the positive z-axis. 

20. The tractrix is a curve defined as follows: The point P 0 originally at O (the 
origin) is joined by a rigid rod to point P: (0, c). P 0 moves to the right on 
the x-axis, dragging P along a curve C such that the rod is always tangent to 
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C at P] the distance P Q P along this tangent is constantly c (Fig. 9.22.1). 

(a) Show that the differential equation describing the tractrix y = f(x) is 

dy/dx = - y/ y/ c * _ ,j* t x ^ 0 , y > 0. 

(b) Prove that the surface generated by revolving about the x-axis the arc 
between two points on the tractrix is 2xc times the difference of their 
ordinates. (Use dS = (1 + x' 2 )* dy.) 

(c) Prove that the volume generated when the tractrix is rotated about the 
x-axis is §irc . (Write tc f y dr in terms of the variable y] 




Fig. 9.22.2 


2 1. Fluid Pressure. Let the plane surface A (Fig. 9.22.2) whose x-extent at depth 
V ,s * = f(y) *>c immersed vertically in a fluid between y — a, y = b, a < b 
Show that the pressure on the element (AA), of area satisfies the inequality 
Hy.-.(AA), < pressure on (AA). < Wy r { AA), , where W is the weight 
of 1 cu. unit of fluid; show that (AA). - /(y')(Ay)<, y\ on (A y) f , by the Mean- 
1 alue r/ieorem for Integrals. Hence find the total pressure on A: 

0) P = W ^ yj(y) dy. 

22. A trough with end a vertical semicircle of radius 2 is full of water. Show that 
the pressure on the end is 62.5 J* y 2^4 - y* dy = 1000/3 lb. 

23. A gate in a vertical dam is a rectangle 10 ft. deep and 18 ft. wide, its top at 
the water level. Find the force acting on the gate. (Ans. 56,250 lb.J 

2 4. A triangle of base 6 ft. and altitude 3 ft. is submerged vertically in water, its 
base parallel to water level and the opposite vertex above the base. Find 
the force on one side of the triangle if the vertex is (a) at water level, (b) 2 
ft. below water level, (c) 1 ft. above water level. [.4ns. (a) 1125 lb.; (b) 2250 lb.; 
(c) 5835 lb.| 

25. A trough is full of water. Find the force on a vertical end if it is (a) an in¬ 
verted equilateral triangle of edge 2 ft.: (b) an isosceles trapezoid with upper 
base 4 ft., lower base 3 ft., height 2 ft. 

26. Ke|)cat Exercise 25 if the trough is filled to only half its depth. 

27. Show that if a submerged flat plate is tilted to make angle a with the water 
level the formula (1) for pressure is modified by esc a. (The pressure is normal 
to the face of the plate.) 

28. Find the pressure on a hemisphere of radius a immersed in water with its 
plane face at water level. [Ans. ira 3 \V (proper units). Use the general form 
F = IV ] V dA of (1), where dA is the differential of surface area of revolution.) 
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29 . A light L of intensity c candlepower stands on a vertical pole l ft. high with 
base at the center Oof a circular area .4 of radius a ft. (Fig. 9.22.3). I£_tne 
intensity of illumination at any point P of A is given by l P = c sin LPO/LP » 
show that tJ»e total illumination on .4 is 2 reel /• r(/ 2 + r 2 )“* dr. (Partition 
the radius OR and use as element of area (A.4), the ring based on (Ar),- ; 
area (A/l), = 2irr*(Ar), , where r* is the midpoint of (Ar), .] 

30. Find the mean distance of the points of the area A of a circle of a from its 
center. (.4ns. fa; use the method of Exercise 29 on a circular ring partitioning 
of the area to show A r = r(2wr dr).) 

31. The moment about 0 of a mass m at point x of the x-axis is defined to be rnx. 
Show that if m is distributed uniformly over 0 ^ a x ^ b, the moment of 
m about 0 is m* x dx, where m* = m/(6 — a). 



Fig. 9.22.3 



(( 10 )> The Calculus of Exponential 

and Logarithmic Functions 


Introduction 

l'p to this point the only functions studied as to their calculus have 
been algebraic^. We have learned how to differentiate all such functions; 
we have learned how to antidifferentiate only some; applications have 
been so chosen and stated as to lead to such functions only. But the so- 
called “elementary functions” of mathematics include non-algebraic 
functions, the trigonometric functions, the exponential and its inverse, 
the logarithmic function; these non-algebraic varieties are among those 
termed transcendental functions. The present chapter is a study of the 
calculus (both differential and integral) of the exponential and logarithmic 
functions. Former types of application will recur, dealing with problems 
expressed in terms of the new functions. New applications of calculus 
will arise because of the broader scope of functional expression. 

10.1 The Exponential Function 

In elementary algebra the symbol 
(1) b r , 0 < b t* 1 , r a rational number, 

is considered in detail. For a given positive base 6^1, the rational number 


tA function y = f(x) which satisfies an equation of type 


(A) P«.(x)*/" 4- Pi(x)if 1 4- • • • + p-.(x)y 4- p n (x) = 0, 

a polynomial in y with coefficients which are themselves polynomials p,(x) in j, n £ 0 
an integer, is called algebraic. A polynomial y — p(x) is algebraic, solution of 1 -y — 
p(x) - 0 of type (A). A rational function y = p(x)/P(x), quotient of two polynomials, 
satisfies P(x)y — pix) - 0 and is algebraic. Furthermore, any function built up from 
constants and a symbol i by means of the six fundamental operations of algebra is an 
algebraic function. Examples are: 

y = 9 + 2x, v = Yx' v = 3x3 “ 3x ’- 


To show, for instance, that the first of these satisfies an equation of type (A), transpose 
2x and square both sides, whence x*y* — 4x\y + (4x* — x* — 9) = 0; the original function 
is one solution y of this quadratic. (These types do not exhaust the class of algebraic 
functions.) 

All nof-algebraic functions are classed as transcendental: a transcendental function 
is one which does not satisfy an equation of form (A) when put for y therein. The trigono¬ 
metric functions, the logarithmic y = log x, and the exponential y = b x , are examples of 
transcendental functions; proofs of these facts are not for now. 
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called the exponent, the word exponent being defined through the 
property of satisfaction of the laws 

( 2 ) (i ) b '- b" = b ., (ii) (fc'T* = &'*'*. (i») (‘.W - b|-6 ” 

for any rational r, , r, , r. Thus, the function 

( 3 ) f( x ) = b‘, x rational, 0 < b ^ 1, 

is well defined for rational s. Indeed, it is single-valued if we recali 
convention, for example, that 6* = + Vb and not the double-valued 
±Vb. Finally, the function (3) always increases for increasing x, this 
general fact is plausible from a study of a table of logarithms (the ex- 
ponents x) to base 10 (a special choice of 6). 

This information is not sufficient, however, to allow study of the calculus 
of the function f(x) = b M . For such purpose we need to extend the range 
of definition of b M to include all real x, irrational as well as rational. For 
if the irrationals were omitted from the range there would occur func¬ 
tional gaps in 6' corresponding to the gaps in the real number system. 
At such points the function 6' would be discontinuous and (1 heorem 
4.12.1) not differentiable; and its integrability would not be immediate 
from continuity. 

To accomplish the needed extension we lay down the 

definition. If b > 1, if l is irrational, and if x is rational, then the 
symbol b‘ is defined as 

(4) fc* = lim._, 6', 

assuming the required limit exists. 

To see how this defines 10 v ' 5 , for example, consider the two sequences 

(a) lim |10 1,4 , 10 ,-4 \ 10 1 ' 414 , 10 1 ’ 414 *, 10 ,,4I4 *\ •••), 

(b) lim (10* \ 10 ,4a , 10 ,4I \ 10 ,4,4 \ lO 1 - 4 ' 4 ” •••!. 


(5) 


The exponents in (5a) are the place-by-place rational approximations to the 
unending decimal y/2\ those in (5b) are formed by adding 1 to the last place of 
their correspondents in (5a). Both sequences of exponents approach y/2, the 
first through increasing values less than \/2, the second through decreasing values 
greater than \/2- Since 10', x rational, is an increasing function, the sequence in 
(5a) is always increasing; that in (5b) is always decreasing. From some entry on, 
corresponding terms in the two sequences will differ by an arbitrarily small amount, 
so the two sequences approach a common limit. It is this limit which the definition 
adopts for lO*' 5 . This example should make the definition plausible. 


Under this definition the laws (2) of exponents can be shown to persist 
for any real exponent r. Thus, the exponential function 
(b) • f(x) = b', x real, b > 1, 

is well defined for all real x. It is positive for any x. Its very definition 
shows it to be single-valued . That it is continuous and always increasing 
as x increases continuously on the real range is not hard to appreciate 
from the manner of definition (but is hard to provef). 


tFor proof of all the foregoing statements, see H. B. Fine, Calculus, pp. 08-09. 
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From the foregoing discussion the graph of the exponential function 
(6) must be a single-valued, continuous, always rising, curve. If x < 0 
we have 

lim,— - b' = lim lal _ 1/6 1 ' 1 = 0(+), 6 > 1, 

since fc 1 ' 1 increases indefinitely as | z | increases; hence the curve is asymp¬ 
totic to the negative half of the x-axis but always above it. We shall see 
(§10.9) that the function (6) has continuous first derivative, positive second 
derivative: it is smooth and upward concave. Hence we construct the 
graph for a particular b, say b = 2 or b = 10, from a few points obtained 
for integral x. Figure 10.1.1 shows graphs of 2* and 10'. 



If 0 < 6 < 1, we set b = B~\ B > 1, with 
(7) 6' = \/B\ B > 1. 

All the preceding analysis applies to the function B‘ , so that, through 
(7), // is well defined, positive, single-valued, continuous, smooth. But, 
since B' is ever increasing, 1/ is ever decreasing and asymptotic to the 
positin' half of the x-axis. The function y = (J)' = 1/2' is illustrated in 
Figure 10.1.1. Note that this is y — 2“', the reflection of y = 2 X in the 
//-axis. 

10.2 The Logarithmic Function 

Since the function 

(1) y = /(x) = 6', b > 1, xreal y y > 0, 

is single-valued, increasing, and continuous on the range of all real numbers, 
it possesses a unique inverse (§0.5) which is likewise single-valued, in¬ 
creasing, and continuous on the range y > 0. This inverse, the solution 
of (1) for x as a function of y, is symbolized by 

(2) x = / \y) = log t y, b > 1, y > 0, x real , 

and is called the logarithm of y to the base b. Conversely, (1) is the inverse 
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of (2). The inverse nature of the two functions is brought into focus by the 
relation 

x = log* y = log* (6') = xlog* b = x-\ = x, 
in which reduction we have used some elementary properties of logarithms. 

To study the logarithmic function we interchange the letters x and y 
in (2) since it is customary to use x for the independent, y for the dependent, 
variable. In these terms, the logarithmic function is 

(3) y = log* x, b > 1, x > 0. 

We note especially that the function 
log* x is defined (as a function of a 
real variable) only on the range 
0 < x < <». Its graph is obtained from 
that of y = b* in Figure 10.1.1 by a 
reflection through the line y = x, 
because of the interchange of x and 
y we have made in writing (3); this 
graph is shown in Figure 10.2.1. 

Since the functions y = log* x 
and x = b v are inverses and operate 
hand-in-hand, the exponential ma¬ 
terial of §10.1 can be translated im¬ 
mediately into the new form. The 
most important properties we tabulate: 

(i) Since b° = 1 and b l = b, 

(4) log* 1 = 0, log* b = 1. 

(ii) Since b* > 1 if and only if y > 0, and b* < 1 if and only if y < 0, 
we have on reversal, 

^ y - log* x > 0 if and only if x[ = b y ] > 1, 

y = log* x < 0 if and only if 0 < x[ = 6“l < 1. 

(iii) We reverse lim,_. 6* = ® and lim,__. 6 W = 0 into 

(6) log* «> = co , log* 0 = — co . 

(iv) Since logarithms are exponents, they act according to the laws 
(10.1.2) of exponents. That is to say, if b*' = x, , and b y ‘ = x 2 , so that 
y x = log* x x , y 3 = log* x 2 , then 

x,x 2 = V'-V = b t ’'*'" implies log* x,x 2 = y x + y 2 = log* x, -f log*x 2 , 

= “ = implies log* ^ = y x — y 2 = log* x, — log* x 2 , 

xV = (b vi ) x ‘ = b y,Xt implies log* (xj') = y x x 2 = x 2 log b Xl . 

The reader is familiar with these properties. 

(v) Suppose that x = b\' = b 2 \ the same number x thus being repre¬ 
sented by distinct powers of distinct bases. Then y x = log*, x and 
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7/2 = log*, x. From b 2 = b\ ,/¥t we have 

log*, b 2 = y t /y 7 = log*. x/log*, x 

(7) log., x = (1/log*. b,)-log*. x. 

Formula (7) is a conversion formula from base 6, to base b 2 ; the conversion 
factor is 

C = 1/log*. b 2 , 

the reciprocal of the logarithm of the new base with respect to the old. An 
important particular case of (7) occurs for x = 6, : 

(8) log*. 6, log*. b 2 = 1 
since log*. 6, = 1. 

Example. We illustrate properties (7) and (S) with the bases 6, = 10, b 2 = e = 
2.71828 . . ., an important number and ba**e of the natural logarithms to he defined 
and discussed in §10.5. For these numbers (7) is 

(7') log, x = (1 /login c) • logio x = (1/0.43429) log 10 x = 2.3026 log l0 x, 

converting from base 10 to base e. (Thus, log, 2 = 2.302G log,,, 2 = 2.3026* 
0.30103 = 0.69315.) Again, (8) is 

(8') log, 10log lo c = 1, whence log, 10 = l/log 10 c = 2.3026. 
These special results are useful later. 


10.3 Exercises 

1. Find x in each: 10' = 1000; 10' = 0.001; 10' = 1; 2* = 1/4; 2* = 32; 10' = c. 

2. Find y in each: log, n !/ = 2; log,„ y = — 1; log,,, y = 0.5; log, y = 4; log, y = 0; 
log, y = 2.3026; log, y = 2. 

3. Use formula (10.2.7') and log, 0 3 = 0.47712, log 1G 5 = 0.69897, to compute 
log, 3 = 1.09861, log, 5 = 1.60944. (See Table, p. 614.J 

4. (a) Show that: 

log, 50 = log, 5 -F log, 10 - 1.6094 + 2.3026 = 3.9120 

log, 500 = log, 5 + 2 log, 10 = 1.6094 + 2(2.3026) = 6.2146 

log, 0.5 = log, 5 - log, 10 = 1.6094 - 2.3026 = 9.3068 - 10 

What, in base e of logarithms, corresponds to increase or decrease of 
characteristic by unity (as decimal point is moved) in base 10? Explain 
how to find log, N> N > 0, from the table of log, n, 1 ^ n ^ 10. 

(b) Show that (a log x shall mean "antilogarithm of x"): 

a log, 3.9120 = a log, (1.6094 + 2.3026) = a log, (log, 5 + log. 10) 

= a log, (log, 50) = 50 


a log, (9.3068 - 10) 

= a log, (1.6094 - 2.3026) = a log, (log, 5 - log, 10) 


5. 


= a log, (log, 0.5) = 0.5 

Explain how to find the antilogarithm of given log, x. 

(c) What is log, 72? log, 0.09? log, 9000? a log, 5.7137? Use the Table, p. 614. 
Show that y = 10 = (c ) — e . Similarly, find o , 2 , 

10~°'*\ as powers of e. 
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6. Solve the equation e 3 ' = 5. [Ans. x = $ log. 5.] Solve: e = 10; e 2 ’ = 8; 
«r 3 ' = 2; e-°" = 20. 

7. Show that, for fixed base, 

log (■#?. V(x + 1)7 V(2 - 11*)] 

= § log x + i log (x -1- 1) — } log (2 — Us)- 
Treat similarly: log (x 5 y/4 + xV^x + ill log [y/x 2 — 5x + 6/a: 3 ]. 

8. If 2 log, x - 3 log, y = 5, show that x/y = 6*. Find the equivalent of 
5 log, x + 3 log, y = 0 similarly. 

9. Explain what meaning is assigned to 10 to e~ V X 

1 0. Prove that h~ l (log, (u + h) — log, u] = u~ l log, (1 + h/u) u7h . 

1 1. Given log, 0 e = 0.4343, compute e 3 ; 1/e; }(e 2 + «”*)• 

10.4 Introduction to the Derivative Problem 

We start the calculus of exponential and logarithmic functions by 
inquiring for the derivative of 

0) 3f=log*u, u = /(x). 

Supposing u a differentiable function of x, we actually need only dy/du 
in anticipation of the chain rule dy/dx = (dy/du) • (du/dx). Only those 
values of x will be admissible for which u = f(x) > 0, since otherwise 
log u is undefined as a real number. 

To compute dy/du we return to the definition of derivative and write 
for u > 0 fixed and some arbitrary increment Au, 

fo\ 4y_ log»0*+ Au) - log, u 1 ( u + Au\ 1 , /. . Au\ 

(2) £ -Ah l0 8* l—S-J-ZS lo * 3 l 1 + V)' 

having used only elementary properties of logarithms. Since this is not 
a suitable form for the process Au —* 0 we must modify the form of (2). 
Recalling the property of logarithms that 

n log, x = log, x m , 

we write 

Since the first factor, l/u, on the right side of (3) will be unaffected by 
the process Au —* 0, and since continuity has 

<4) i;.[.og.(i+.ion.I*.(.+jij)"-], 

we are confronted with the necessity of ascertaining whether or not there 
exists the limit 


Hm o+-tr. 

i»-o » u/AuJ 


This expression we simplify by putting u/ Au = Jfc, with k -* ~ correspond¬ 
ing to Au — 0 for fixed u: attention is thus to be directed to consideration of 


(> - 
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There does exist a limit for the function (5). It is the number e, of great 
importance and prevalence in mathematics. Because of this importance 
we shall break off the present discussion in order to devote the next section 
to the limit (5). In §10.7 we return to (3) and the resulting formula for 
0 d/du) log* u. 


10.5 The Number e and the Function e" 


In discussing the existence and nature of 

m i»; (> + if 

we first compute (1 + k ')* for several values of k, including the large 
k = 10000; the results we tabulated 


k 

1 

2 

10 

— 

100 



(■ - if 

2 

2.25 

2.5936 

2.7040 

2.7164 

2.7181 


It appears from these results that as k increases the value of (1 4- AT 1 )*' 
does not get out of hand, but rather settles down to some number probably 
not much greater than 2.7181. On the basis of this inconclusive evidence 
and the word of mathematicians, the reader may accept the fact that the 
limit in (1) exists and defines the irrational, transcendental, number 
designated by the letter e [the initial of the name Euler, the Swiss mathe¬ 
matician who first realized its importance]: 


the value of the limit (1) is e = 2.71828 ... t to six digits. 

Detailed proof of this fact will be found in the appendix, §16.3. The coming 
description and extensions are more immediately important than the proof. 
We can generalize (1). First, we have, for k > 0, 



Replacement of k by —k shows that 

< 2) i 1 + 0 - !i? 0 - i) = e - 


Thus the limit (1) is e whether k — or k —►— ®. Next, for any real num¬ 
ber r, 


(>+ if - [(> + an - k> + bn * - »■ 


fThe entries are computed by common logarithms, those for larger fc by a 15-plnce 
table, Table la of the Macmillan Tables. 
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so that * — fc' —♦ ± co, together. By the previous results, and by the 
continuity of the function x' for positive j and any r, we have 



In particular, the case r = — 1 gives 


i™ (’ " i) = *"• 

Finally, the transformation h = 1 /k, h —♦ 0 as k —♦ <», turns (3) into 
the equivalent 

(30 Urn*-* (1 + Th)' /h = e\ 

Formula (3) permits as interesting and important interpretation of the number 
e and the function e\ There is striking parallelism between (3) and the formula 

(4) A.-P(t+ l)~ - f[(l + I)']' 

for the compound amount of P dollars for n years at the interest rate r per cent 
(expressed decimally) compounded k times a year.f Indeed, if we interpret the 
process "lim*—” as “compounding interest continuously ” in operating on (4), 
we arrive via (3) at the definition 

(6) A, - P[eT = Pe'" 

for the compound amount of P for n years at r per cent compounded continuously. 
With P — l,n = 1, r = 1 (r = 100 per cent), we read from (5) that the amount 
of $1 for 1 year at 100 per cent compounded continuously is e dollars. If this notion 
that interest might be compounded continuously appears nonsensical, remember 
that financial matters are man-made. In nature, the growth or disintegration of 
many quantities is apparently of the continuous variety: for example, the growth 
of the number of bacteria in a culture, the deterioration of radium, the slowing 
of a flywheel, the dying off of electrical current in certain circuits, the cooling of a 
body in air. All these “growths” (and many more) are probably of the smoothly 
flowing natural variety. Surely they may be assumed* subject to the mathematical 
abstraction 

(6) y = ce a ', c, a, constants, 

of (5), where the integer n is replaced by the real variable x. The rate of change 
problem of (6) should be highly important; conversely, many differential systems 
arising in the study of natural phenomena will have solutions of the form (6). 
Specific examples of these remarks will be found in future exercises. The functional 
relation (6) is called the Law of Continuous Growth in contrast with the Compound 
Interest Law expressed by (4). 

A graphical comparison of the types of growth in (4) and (5) is of interest. In 


fThe reader has probably encountered formula (4) in elementary algebra. The phrase 
“r per cent compounded k times a year" means r/k per cent every* Art h part of a year. 

{That this ts assumption, and that in many cases a contrary non-smooth assumption 
may be equally tenable, is aptly discussed in R. P. Agnew, Differential Equations 
(McGraw-Hill), pp. 48-54. 
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Figure 10.5.1 we take n = 1, k = 4, with the ordinates OP, Q X P X , • • • , the amounts 
at the beginning of each interest period. The straight lines PP X , P X P 2 , • • • , picture 
the function (4): the slope of PP X is r-OP, that of P X P 2 is r-Q x P x , etc., for the rate 
of increase (the “interest") during a period is always r times the amount at the 
beginning of the period. As A* becomes larger without bound, the cornered curve 
PP\ • • • P* tends to the smooth curve PP" of Figure 10.5.2; this is the graph of 




y = Pe\ of the same type as the y = 10' of Figure 10.1.1 since e = 2.718 ... > 1. 
But the property that the slope of the graph during a period is always r times the 
ordinate to the initial point persists throughout the limit process, to become the 
property that the slo|>c of the limiting curve (y = Pe") at any point P' is always 
r times the ordinate Q'P' to the point. Thus we are led to anticipate the result 
that the derivative of y = Pe" is »/' = r{Pe")\ the rale of change of the exponential 
function is instantaneously in proportion to the function. This is realized in §10.9. 

How to compute e? The infinite series 

(7) e = 1 +: n + ^! + ^i + ••• + b. + ••• 

to be established later (Chapter 13) yields readily the value of e to a large 
number of decimal places. Thus, since A:! = A*-(A- — 1)!, the value of the 
term 1/A'! is easily obtained from its predecessor 1/(A' — 1)! by division of 
the latter by A*. With this device, carrying nine decimal places, and using 
12 terms of formula (7), we calculate e = 2.71828183 to 8 places by adding 
the following entries: 


1 + ff 

= 2 

^ = 0.008333333 

1 

9! 

= 0.000002756 

1 

2! 

= 0.5 

i-. = 0.001388889 
o! 

1 

10! 

= 0.000000276 

1 

3! 

= 0.166666667 

= 0.000198-113 

1 

11! 

= 0.000000025 

1 

4! 

= 0.04166C667 

i = 0.000024802 

1 

12! 

= 0.000000002 


No matter how far the sum (7) is continued the decimal form of e can 
neither terminate nor repeat in cycle: e was known to be irrational long 
before it was proved transcendental by the French mathematician Hermite 
in 1873. 
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10.6 Exercises 

1. Evaluate the limits: 

(a) lim_. (1 + Z/x)’ = e* (b) lim,.,. (1 - 3/x)' 

(c) (1 + V 2 /k)- (d) (1 + l/2fc)‘ 

2. Find each limit: 

(a) (1 + r/(* - h))‘ = e r (b) lim_ (1 + x) w ‘ 

(c) (1 + h/uY ,k = e (d) lim,_. (1 - l/*)'* 

3. What is lim,... (1 -f 6/lOOx)**? What is the compound amount of $1000 at 
6 per cent interest compounded continuously for 10 years? 

10.7 Differentiation of Logarithmic Functions 

We are now ready to complete the work of §10.4, to show that the 
derivative of 

0) y = log* u, u = /(x) > 0, f(x) differentiable, 


dy _ d 


(log* u) 


with corresponding differential 


i du 

leg. e • - 


(3) d(Iog* u) ss - . log., e • du. 

We had arrived [cf. (10.4.3) and (10.4.4)] at the need for evaluating 

St * ' St D loa (‘ + sfcT] -; ■» [fis (‘ +;jeT"]- 

But the last bracketed quantity is lim,.. (1 + 1 /*)* - e under the sub¬ 
stitution k - u/Au, u fixed; hence the required 

fu = i™, =« log ‘ e - 

From the chain rule we obtain (2) immediately. 

The presence of the factor log* e in formula (2) is a complication; if 
b = 10, log 10 e = 0.43429 .. . will appear in all calculations with the 
derivative of y = log, 0 u. But the annoying constant is removed from the 
derivative if we work with base e for logarithms during the process of differen¬ 
tiation, since then log. e = 1 replaces the log* e of (2). Logarithms to 
base e are called natural logarithms, the abbreviation In x replacing 
log. x; note that the inverse function of y = In u = log. u is the natural 
law of growth y = e". 

With b = e, formulas (1), (2), (3), are the following simpler ones: for 
(4) y = In u, u = /(*), u > 0, /( x) differentiable, 


£=-f(ln »)=!•*!, 

dx dx u dx * 


d(ln u) = - du. 
u 


flog x is often used in place of In x. 
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The former formulas can he obtained from (5) by use of (10.2.7): 

OoP* M ) = (logk e-log. u ) = log 6 In u = log b 

It is noteworthy that the number c appears in rfy/dx whatever base 6 
is chosen. 

Example 1. The following easy differentiations should be checked carefully; note 
the choice of “u” in each. 

(a) fx ln 1 = X [U = x] 


(b) £ In (3x* + 5x) 

(c) ^ log.o (x 3 + 1) 


* A /*** 4_ e _ 6x + 5 
3x* + 5x dx (3x + 5x) 3x* + 5x 

• log lo e • (3x*) = 0.43429 —py 


Before application of the differentiation formulas to logarithms of 
products, quotients, and powers, it is convenient to simplify the function 
logarithmically, as in the parts of 

Example 2. 

(a) -j- In x 2 = ~ (2 ln x) = 2 -j- ln x = - 

ax ax ax x 

(b) ± i» *S+T hfr + O- l-B-Vrt -s^Vi) 

(c) ^ln**vT31 = £[ 3 lnx + iln(l - x>] - | 


/.n 

dx 


1 - x a 


These are formal processes: it is assumed that x lies on a range appropriate to the 
definition of the logarithms involved. 

The striking ease, evidenced in Examples 2, of differentiating ln /(x) after 
an initial logarithmic simplification suggests that in many cases we might 
deliberately inject a logarithmic process into differentiating y = /(x) by 
differentiating the equivalent ln y = ln /(x). The method, termed loga¬ 
rithmic differentiation, is illustrated in the next examples. 

Example 3. To differentiate 

(6) y = x(l - x)* 
we write 

(7) In y = In x -f- \ ln (1 — x) 
and differentiate implicitly to obtain 

\dy = 1 _ 1 = 2 - 3x 

y dx x 2(1 — x) 2x(l — x) 

Multiplication of both sides by y produces the result 

/ox dy 2 - 3x 2 - 3x _ 2 - 3x 

(8) dx - y '2x{l - x) 1(1 x) 2x(l - x) 2(1 - x)*' 
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Differentiation of ( 6 ) by the standard rule for a product verifiesi the result.f T 
method is even more advantageous in more complicated examples. 

Example 4. The device of logarithmic differentiation perm.U differentiation ol 

functions of a new type. For 

y — x*, x 0 , . 

(which is neither a power a" with fixed exponent nor an exponential 6 “ with fixed 
base) we equate the logarithms of the two sides: In y — x In x, and di eren 
implicitly to find 

1 dt/ 

y dx 

dy/dx = y[ln x + 1 ) = x'(ln x + 1 ). 

(For the general differentiation of u, see Exercise 10.8.3.) 

Example 6 . We can, with the material now at hand, establish 


1 In x + X’~ 


dx 


u 


nu'~ l ~ , u a differentiable function, 


ux ux 

for any real n, which has not been accomplished heretofore (cf. Theorem 2.1.1, 
Exercise 2.16.10, Example 3.5.4). With y = ii", we write In y = n In »/; hence 


& = 

dx 


1 du ,1 du 

y-n — - 7 - = n-u -— 

u dx u dx 


nu 


.-1 du 


tir 


10.8 Exercises 

1. Obtain the following derivatives; 


(a) 

A 

dx 

\ 1 1 

In - — — 

X X 

(b) -f In q ~r = 2a6/(aV - b 3 ) 

(c) 

dx 

In (In x) = l/(x In x) 

(d) £ ln T+T " 3/(22 + 1)(2 + 2 > 

(e) 

d 

dx 

[l/(x In x)J - -(1 + 

In x)/(x ln x) 3 

(0 

d 

dx 

W, 

- (In x)/(l + x) 2 

(g) 

d_ 

dx 

In (Vx + Va + x) 

■ | (x* + ax)”* 

(h) 

dx 

la - x a 

\fl + x x* — a 3 

(■) £(lnz)* 

0 ) 

d_ 

dx 

[x" In (ax + 6)) 

00 £ [(In *)/*»] 

2. Use 

logarithmic differentiation 1 

lo obtain each derivative: 

(a) 

y = 1 “ (b) y = i' 1 

_ (c ) y = (In x) x (d) y = b z 

(e) 

y = xWl + x/V3x 3 + 

2 (0 y = u(x) v(x) ■ w(x) 


(a) \f = ax“(l + In x); (c) y' = (In x) x_I + (In z) x -ln In x.) 

fThe function ( 6 ) and its derivative ( 8 ) are defined for all x < 1 . But In y in (7) is 
defined only for 0 < x < 1 , and only on this range does ( 8 ) appear to be valid when 
obtained by logarithmic differentiation. The larger range appears in the latter case if we 
admit the complex number logarithms of negative x. The reader is advised to accept 
the process and result of logarithmic differentiation as a technical device. 
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3. Show that for y = u(x) w(x> , both differentiable functions, 

y' = vu'~'-u’ -f u'V-ln u. 

Use as a formula in Exercises 2(a), (c). 

4. If y = In (2x -f 1 ), show that <Ty/dx n = (—1 — i)t/(2x -f- 1 )" 

5. Find /'(*) for each: (a) log,. (ax + 6 ); (b) log 10 VT+~U (c) log l0 (In x); 
(d) log, Vi 3 + 3- [An*, (b) f(x) = \(x + lr' log,,, e.J 

6 . For y = log, (x + a), show that y’ = ((In x)/(x + a) - In (x -f- a)/xj/(ln x) 2 . 

7. Find dy/dx if (a) x In y + y In x = 10; (b) (1/x) In y = 1 - x. 

8 . For what value of x does In x change at the same rate as x? Answer the same 
question for log 10 x. 

9. Show that x > In x for all x > 1 by proving that the function f(x) = x - In x 
is always increasing for x > 1, from/(l) = 1. Can you give a graphical argu¬ 
ment? 

1 0. Find each limit: 


(a) Hm la. ** - i) 


»—2 


x - 2 


(c) lim ^ln ^(x — a) 


1 

a 


(b) lim (In x) 2 /x 
(d) lim x In x 


/—o 


10.9 Differentiation of Exponential Functions 

To differentiate 

y = u = /(x), /(x) differentiable , 

we revert to the inverse 

ii = In y 

and differentiate (implicitly) with respect to x. The result, 

du _ ^ dj[ __ 1 dy 
dx y dx “ dx * 

yields the formula 


( 2 ) 


|de“ = e- du]. 


dy _ ± „ __ - du 

dx dx dx 

For the special case y = c e mM , we set u = ax, du'dx = a, and (2) yields 
dy/dx = cae*' = a//; this result bears out the anticipation of §10.5 that 
llu rate of change of the exponential function is constantly proportional to the 
function itself. 

To differentiate 

(3) y = b\ b > 1 , n = f(x), f(x) differentiable, 

we write, by use of the definition of logarithms, b = e ln \ and differentiate 
the replacement 


y = (e-'y = 


« III *.» U 


r = (In b)u, dU — (In b) du. 


By (2), dy = d(e ) = e dU, so that in terms of w we have 

dy = e <ln6 '“-f n 6-dzi = (e lmk ) m -ln 6-du, 
dy = b u • In b • du. 


( 4 ) 
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We note that (4) reduces to (2) if b = e; thus, choice of e as exp on ential 
base eliminates the annoying In b in the derivative of b\ For this reas 
it is standard practise to employ (1) rather than the only apparent y 
more general (3) as the basic exponential function (cf. comparable remarks 
in §10.7). 


Example 1. 


(a) 

d(c“**) 

= 

«-•(- 

(b) 

d(e‘") = e 

d(*0 

(c) 

<*(10’’) 

= 

10*‘-ln 

Example 2. If y 

= ha («* 

We 

have, successively, 


= 

a 

IV- - 


dx 

2 

.a 


-H = 

dx 2 

1 

2 

J- 

%» 

— i a 
i_ .i 




dx (w = e* in (2)] 


a' 2 y. 


(S'* - 


10.10 Exercises 

1. Supply the derivative of each function: 

(a) y = e 2 '’ lAm.y' = 4xe ir \] (b) y = 6 V [Am.y' - 6V(1 + In b).) 
(c) y = xe-' (d) y = e‘ + e ~ m (e) y = e"/x 3 

(f) y = e r In x [ Ans . y’ « e'(ln x + x" 1 ).) 

(g) V = e" M ' lAna. y' - 3x 2 .J (h) y = 10'* 4 * 

(i) y = e Ua In (1/x) (j) y = ( e 7 ' - e~ 7 ')/(e 7M + e~ 7t ) 

2. (a) If y = 6 ", show that d m y/dx n - a"(ln 6 )" 6 ". 

(b) If y = xe\ show that d'y/dx* = e~(n + oxja"’ 1 . 

3. (a) Verify that y = c,c - ' -f- c 7 e c, , c* , constants, satisfies (d 7 y/dx 7 ) = a y. 

(b) Use (a) to show that the graph of y « }a(e' /# + e"' /- ), a > 0, is always 

concave upward. Obtain the graph. The curve is called the catenary. 

4. Prove that y * c, In (c,e - ' + c 3 e"*'), c, , c* , c 3 , a, constants, satisfies y” 4- 

C x y' + = 0 , C, , C 7 , constants. 

5. Show that xy"' - xy" - 2xy' - 3y = 0 is satisfied by y = xc'*. 

6 . If T = 100e ° gives tem|>erature difference T (degrees) between a cooling 
body and the surrounding air as a function of time l (hours), find (a) the rate 
of cooling when t = 1, and (b) the time when T = 25. (.4 ns. (b) t = 2.J 

7. Find each limit: 

(a) lim,__ i 7 /2* (b) lim_ 27 *" 

(c) lim_.*V«* (d) lim,_ e _l/ 7** 

[Ans. (a) 0; transform (d) to (c).) 


10.11 Applications 

The following illustrative examples selected for detailed solution will 
review known principles; but they are worth careful consideration for 
the many new points involved, points peculiar to the type of function 
under present scrutiny. 
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Example 1. We shall trace the curve 

( 1 ) y in x = x. 

Since In x is defined and real only for x > 0 fin x is not real if x < 0, 
and In 0 = — «] the trace lies only in the positive half of the plane. From the form 

( 2 ) y(x) = x/ln x, x > 0 , x 1 , 

showing that y(x) —► «> as x —► 1 (+), y(x) a> as x —► 1 (—), we observe that 
x = 1 is a vertical asymptote. For all other values x > 0, x^ 1, y(x) is single¬ 
valued and continuous. 

The differentiation (In x) dy + y (dx/x) = dx leads to the derivative 

(3) g = V'W = *><>, x*l. 

The function y(x) is smooth (except for the break at x = 1) because y'(x) is con¬ 
tinuous. The only zero of y'(x) occurs when In x = 1, or x = e; since y(e) = e, 
we conclude that M : (e,e) is a C.P.H., the only one. There is no C.P.V. 

From (3) we find 

(4) 1 > °- *’ tl - 


y ,,= °° Concave up ^"=0 Concave down 





_^ f ^ 


y 


—y > u- 


-y < u - 

0 1 

2 1 3 

4 5 6 

7 1, 


down 

e 

t 


e l 

i 



M 


I 

I 



Fig. 10.11.1 


The concavity chart shown in Figure 10.11.1 is based on the following set of de¬ 
ductions from (4): 

(a) y"(x) = 0 when and only when In x = 2 , x = e\ 

y"(x) = <® when and only when In x = 0 , x = 1 , prohibited values. 
Otherwise y"(x) has definite sign. 

(b) For 0 < x < 1, In x < 0, so that on this range (In xf < 0 but 2 — In x > 0; 
hence y"(x) < 0 . 

(c) For x > 1, In x > 0, so that 


y ,/ (^)| > ^- according as (2 — lnx)J > ^l or )1 < x < 

l<0 l<0j l e 2 < x 

Hence the point 7:(e 2 , \e) is a point of inflection, and the curve is concave upward 
if 1 < x < e 2 , otherwise is concave downward. Since the C.P., M:(e, e ), is on the 
range 1 < x < e of upward concavity it is a point of relative minimum. 

The trace of the curve is now to be drawn as in Figure 10.11.2. (How does it 
behave near the origin? This point is not itself on the graph; but it can be readily 
shown, by direct limit process on y(x) and by L'Hopital’s Theorem on y'(x), that 


lim,_o y(x) = 0 ( —), lim,-o y\x) = 0 ( —), 
so that for small x the curve is nearing 0, almost tangential to the x-axis and below 
it.) 

Example 2. The function 

p = 2110 e -° 000037H 
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gives air pressure (p lb./sq. ft.) in terms of height (A ^ 
constants vary according to time and place and atmospheric d ^ in a 
validity of the formula depends on certain assumptions, (a) A 



balloon reads the pressure as 1450 lb./sq. ft.; how much higher should the balloon 
rise to have the pressure read 1440 lb./sq. ft.? (b) At what rate is the pressure 
changing when the balloon is 4000 ft. high and rising 100 ft./min.? 

We can answer both questions from the central differential result, 

(5) dp - (-0.000037) .[2110c-° 0000,7A ] dh = -0.000037p dh. 

For (a), the second form of (5) yields the approximant 

•I dp __ (~ 10) _ _ jg<; a 

dh “0.000037 p “ (0.000037)(1450) 180,4 

For (b), the first form of (5) yields the general time-rate 

—(0.000037)(2110)e- O MOO, ”f , 

so that the particular instantaneous rate demanded is 

(, dp/dt )* = — (0.000037) (2110)<f loooool7 ‘ 1,0001 -(100) 

= — (3.7) 10'*-(2.11)10“ •e' 0 ' 1 **-10“ 

(6) = — (3.7)(2.1 l)e~ 014 ' = —(3.7)(2.11)(0.862) = -6.73 
(lb./sq. ft./min.). The value e 0 148 = 0.862 has been found from the table for 
e~‘ (p. 616) by interpolation. The computation in (6) can be performed also com¬ 
pletely by logarithms (base 10 or e) or by slide rule. 

Example 3. Find 

(7) lini x _-o( * > x . 

The immediate “limit” 0° is not covered by the familiar definition “a = 1 if 
a y* 0”. We handle (7) in a manner suggested by the efficacy of logarithmic differ¬ 
entiation. We set 

F(x) = x*, 

take the logarithm of both sides, and plan to attempt to find 
lim x _^[ln F(x)] = lim x - 0 x In x = L, say. 
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Then (since In x is a continuous function) 

In [lim F(x)\ = lim [In F(x)] = L, 

so that, by inversion, 

lim F(x) = e L . 

This plan reduces the present problem to that of finding 

L = lim (x In x] = lim In x /- I 
1-0 »-o L ' ZJ 

to which L’HopitaVs Theorem 6.14.2 may be applied. Since 

!£? [;/(“?)] = !i? (-l) = °- 


we have 


Finally, then, 


lim,- 0 [x In x] = lim,- 0 [In F(x)] = 0 ( = L), 
In [lim.- Fix)] = 0 ( = L). 

lim,_ 0 x' = lim,— F(x) = c° = 1. 


We state the method used in Example 3 in general terms. Let /(x) 
and ^(x) be continuous functions. Required the limit 

( 8 ) lim,-. [f(x))' u ' 
under any one of the following three conditions :f 

(i) /(a) = 0 , g(a) = 0 ; (ii) /(a) - 1 , g(a) = ® ; 

(iii) /(a) = g(a) = 0 . 

Set 

Fix) = [fix))"-', In F(x) = g(x) • In /(x). 

If there exists 

(9) lim,-. [In F(x)] = lim,-. [g(x) • In /(x)] - L, 
then 

In [lim,-. F(x)] = lim,-. [In F(x)| = L 

and 

lim,-. [fix)] 9 '*' = lim.-. Fix) = e\ 

The problem of evaluating ( 8 ) is replaced by the generally easier one of 
evaluating (9), according to L'Hdpital's Theorem or any other convenient 
method of evaluating limits. The special problem (7) clearly was handled 
according to this pattern. 

Example 4. By the method just stated the reader can show that 

(a) lim,— x ,/,n ' = e ( not the “expected” 0° = 1); 

(b) lim,— le x + x) x/t = e ; (c) lim,-o (l/x 2 ) r = 1. 

tThe form of these conditions is often symbolized by (i) 0°, (ii) 1”, (iii) ro °- See the 
note following Example 6.14.6 for comment on the “indeterminate” forms 0/0, ®/«. 
to which collection the present three may be added. 



10.12] 


EXERCISES 


[321 


10.12 Exercises 

1. Supply a graph of each function: 

(a) y = x — In x (Abs. min. (1,1); no P.I.; asymptote x = O.J 

(b) y = xe‘ [Abs. min. (-1, -e' x )\ P.I. (-2, -2e” 2 ); asymp. neg. x-axis.J 

(c) y = e~ t% (Abs. max. (0,1); P.I. for j = ±1/ y/2; symm. y-axis; asymp. 
y = 0; y > 0 always. The more general y = ( k / y/v)e k ‘“ is the hrror 
Function important in the theory of Probability.! 


(d) 

(g) 


(In x)/x 2 


(e) y = In y/x 2 - 1 (f) y = In y/\ - 


.2 


x In x [Abs. min. (e \ e '); ever upward concavity; lim,_^ y — 0.) 

Q in milli- 


lOOe 


- 0.03441 


2. Suppose that radium is present in the quantity Q 
grams, t in centuries. 

(a) Show that the quantity decreases at a rate instantaneously proportional 
to the amount present. 

(b) What is the rate of decrease at t = 0? At t = 25 years? (.4 ns. 3.44; 3.30; 
mg./century.J 

(c) How much radium is present at t = 0? At t = 25 years? 

(d) When will } the original radium have disappeared? [Am. after 20.2 
centuries.) 

(e) About how much radium will disappear during the vear following the 
end of the first century? [Aim. 0.033 mg.l 

3. The quantity of salt in a solution of brine is given by Q(t) = 200 - bOe~ 0 04, t 
Q in lb., t in min. 

(a) How much salt is present initially? After 2 min.? [Am. 150; 153.8.1 

(b) At what rate is salt increasing at any time? When t = 0? When t = 2? 

(c) After how long will amount of salt be 175 lb.? [An*. 17.33 min.) Will it 
ever increase to 200 lb.? 

(d) About how much does Q increase in the 15 seconds after t = 1? [Am, 
0.48 lb.) 

4. (a) Compute In 10.01 approximately, from In 10 = 2.30259. 

(b) Compute In 100.03 approximately. 


approximately, from t 


(c) Compute e 

(d) Compute c* 01 approximately, from 
5. Find the following limits: 

In (1 + x) - xe' 


- 0 . 0 * 


= 0.92312. 
7.3891. 


(a) lim —y- 

«—o x 


o (b) lim 


(c) 


lim ("r 1 — —■] = i 
,- a L 1 — X In X J 2 


(d) lim 


a* - 1 _ 
!>' - 1 " 
In (1 + 


6 . Find the following limits: 

(a) lim ^ m (ax + b)‘ /M = 1 
(c) lim,_o (x 4- e') ,/J 


log k a 

M] 


t/i 


= e 


!/<*-*> 




(e) lim,_, (In x) 

(g) lim ,_ 0 (§(<,' + 6 ' + c ')) 3 


(b) lim,_ 0 ( x 2 + e*) 1- = e 
(d) lim,-, [J(l + *’) ,/( '- , ] = e 
(0 Iim,_o (\/x)* 

= abc 

7. lif(x) = x n In x, show that/‘" M, (x) = nl/x. 

8 . Show that .r = (In a - In 6 )/(a - 6 ) is the abscissa of a point of inflection 

of the curve y = - e ), a > 0 , 6 > 0 . 

9. If a gas in a container expands from volume v t under pressure p, to volume 

v 2 under pressure p 2 , it can be shown that, for pv m = constant throughout 
the work done is * 

W = PlVl [l - (v 2 /v t y- m ]/(n - 1), 


n 9 * l. 
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From this formula find the work done if pv = constant throughout the ex¬ 
pansion. [.4ns. W = pti'x In (v 2 /*i).} 

1 0. Specify the rectangle with maximum area which can be placed with two 
adjacent vertices on the curve y = e~*' and the other two on the x-axis. 

1 1. Use the Mean-Value Theorem 6.12.1 with/(x) = In x and x x = 1 to prove that 


Ax 


r+ Ax < to 0 + < Ax, 

Show that 0.09090 < In 1.1 < 0.1. 


Ax > —1, Ax 5 * 0. 


10.13 Integration of Exponential Functions 

The differential formula d(e H ) = e* du immediately reverses into the 
antidifferential and indefinite integral formulas 

d-V*i] = d-[d(e")] = c"+c, 

(i) / 


e u du = e“ + c. 


In using (1) we must make the usual correlation between the u and the 
du of the formula. 


Example 1. The reader will easily follow the integrations 

(a) J e aM dx = a~ x J e*'(a dx) = a~ V' + c |u — ax, du = a dx] 

(b) J xe "• dx - j «-'•(—2* dx) = -\t-' + c. 

It is to be noted, however, that the present scope of the basic formula 
( 1 ) is limited: it does not afford the means of writing 
f . f dx f e r dx 

J e dx ' J t _ 1 * i e" + r 

the first of which cannot be expressed in terms of elementary functions 
at all, the last two of which require antidifferentiation formulas leading 
to logarithmic and inverse tangent functions, respectively. 

Often the exponential will be involved with the algebraic x n , as in 

xV* dx. 


i 


This we integrate by parts to obtain a useful reduction formula . With 
u = x' dv = e* dx 

du = nx*~ x dx v = a~* e°’ (cf. Example 1) 

we have 

(2) J xV' dx = i x'e"' - ^ J x-'e" dx, a^0. 

The effect of the formula is that a positive integer exponent n can be 
reduced successively by unity until x° appears in the integral on the right, 
at which point we finish the integration with ( 1 ). 
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Example 2. Using (2) with (initially) n - 3, a 1, we 

f xV* dx = -*V* + 3 / *"•" dr 

= - 3 xV* + 6 j xe-dx [( 2 ) with » - 2 , a - -H 

= -xV - 3 xV* - to- + 6 / dx 1(2) with n = 1] 

= _ X V* - 3xV* - 6xe- - 6 «"* + e KD with u = -*1 
= —e~*(x 3 + 3x 2 + 6 x + 6 ) + c. 

Further applications concerning geometrical and physical problems 
using the definite integral can be solved with formulas ( 1 ) and ( 2 ). 

Example 3. Find the volume of the 
solid of revolution generated by rotating Y 
the area bounded by the curve y = xe , 
x ^ 0, and the lines ij = 0, x = B, B > 0, 

about the x-axis. 

The curve is traced in Figure 10.13.1. ■ _I:(2, 2e ) 

Using elemental circular discs we find Q ^ = ===—X 

the volume given by / 1 2 B 

y 0 = r J y 2 dx = t f x 2 e~ 7 ‘ dx. Fig. 10.13.1 

Successive applications of (2) give 

V„ = — {rr[e~ 2M (2x 2 + 2x + »] S 
(3) - Ml - ( 2 ** + 2B + l)c“ aa ). 

This result covers many cases through choice of B. If, for example, B - 2, the 
specified volume is computed as 

y 2 _ i *. (1 _ 13c' 4 ) = Ml “ 0-238) - 0.6 cu. iinits (approx.). 

As ®, the limit of V B in (3) is M this evaluates the Cauchy integral 

t J x 2 e~ 2 ' dx = ~ it, 

the value to be considered the volume of the solid extended infinitely far to the right. 

We record the companion formula to (1) when the base is b, rather 
than e, for the exponential: 


I:( 2 , 2 er *) 


Fig. 10.13.1 


0 J 6 “ du = to 

Example 4. Using (4) we have 


+ c, b > 0 , Ml. 


/ V?dx = /3"dx = 2/3>'(idx) = j f3-3''+c. 


Example 6. To show that 




7468 


* 0 

accurately to four decimal places, how many divisions of 0 ^ x ^ 1 should be 
used in Simpson’s Rule? 
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With n the number of divisions (to be finally selected an even number) each of 
length 1/n, we must have n fit the inequality (8.21.4) in the form 

(b) Af u> -l n’7l80 < 0.00005 

in order to accomplish the desired accuracy, where M <4> is max |/ , " > (x) |,/(x) = e~ x \ 
on 0 ^ i ^ 1. We compute 

= 4e~*’(4x 4 - 12x 2 + 3) 

and consult its derivative 

(7) = — 8xe~*’(4x 4 - 20x 2 + 15) 

for location of relative extreme values of /“°(x). We find that/ ( °(x) = 0 for 
x on 0 ^ x ^ 1 when and only when x = 0 and [from the biquadratic in (7)] 
x l = 1(5 — V\0) = 0.92, X = 0.96 (approx.). Computing /“°(0) = 12, 
/"''(0.96) = — 7 approx., /" r, (l) = —20c " 1 = — 7 approx., we have Af ,4) = 12. 
With this the inequality ( 6 ) is equivalent to 

n 4 > 1/0.00075 - 1333}. 

Since 6 4 = 1296, 6 divisions are not sufficient; but 8 4 = 4096, so 8 divisions (or 
any number n > 8 ) will attain the set degree of approximation. In practise, 10 
divisions will give easier computations. The reader can perform the required 
decimal calculation, to evaluate (5). 


10.14 Exercises 

1. Perform each integration: 


(a) 

/ xV dx 

1 

"3* + c 

(b) / «“** ■ 

dx 

(c) 

/ (e ‘' - 

-'T dx = 

e* - 

e- - 2x + c 


(d) 

/ (e °* + e 

—)’ dx 

(e) 

J xa’’ dx (0 

f ( ab’ + ba') dx 

(. r \ 

[a‘ + b‘ 

dx _ I 

a 

' , b‘ 

]+■ 

VK/ 

J 

e‘ 

.In a 

- 1 "*■ In 6 - 1. 

(h) 

/ f'Vi + e 'dx 

(0 

• 

f 10'x dx (j) 

J \fx e^~‘ dx 

(k) 

£* 

= e — e 

1 

I® /.'*■" 

rfx = | 

Evaluate: 





(a) 

J xe 1 dx 

(b) / 

xV" 

dx (c) J Ce~ 

" dt 

Sho 

w that 






/ xe * dx = 1 and / x"e ' dx = n! 

Jn Jo 

4. Find the volume generated when the area between y = e~ J ' [Exercise 10.12.1c] 
and the x-axis is revolved about the »/-axis. [ Ans . ic cu. units. Use hollow 
shells.] 

5. Find the area bounded by y = e~’ t y = 0, x = 0. Find the volume of the 
solid obtained by rotation of this area about the x-axis. [.4n$. 1; £ir.] 

6 . Compute the value of the integral in Example 10.13.5. 
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10.15 The Form S du/u 

By reversal of the differential form d(ln u) - rfu/ “’ “ 
is a differentiable function of x, we obta.n the .mportant mtegral 

(1) J ^ = to u + c, u > 0. 

On the left side of (1) the restriction u > 0 is not essential; if u < 0, 
we set -w = U, with U > 0, and have 

[ du _ f d( — V) = f ~dU = [ dll = \ n U + c = \n ( —u) + c, 

J u ~ J -U J -U J U 

where we have used (1) for f dU/U, U > 0. Thus we have, to pair with 

( 1 ), 


y*^=ln( —m)+c, m<0. 


We note that J du/u has different formulas for the distinct ranges u > 0, 
u < 0 ; of course, the value m = 0 is a prohibited onef. 

Formulas (1) and (2) can be combined into the single, convenient, 

(3) | ^ - In | u | + c, u ^ 0, 

covering the whole real range of u except the value u = 0. In a definite 
integral involving (3) we must, however, keep the range of integration 
wholly on one side or the other of u = 0 since the Cauchy integral across 
u - 0 does not exist. If u * u(x) in the integrand, the range of x in a 
definite integral may include no root of u(x) = 0 . 

Example 1. To illustrate the distinction in ranges just noted, we consider 

J x - 1 

If X > 1, x — 1 > 0, we use (1) with u = x — 1 to have 

/ = In (x - 1) + c, [x > 1]; 

but if x < 1, x — 1 <0, we use (2) and obtain 

j = In (-(x - 1)] + c = In (1 - x) + c, [x < 1]. 

The difference is important in work with definite integrals. Thus, 

f ■—~~7 = lln (x - 1)]J = ln2— Inl = ln2 

J 2 X l 

butt 

/' = [In (1 — x)]l, = lnl-In 2 = ln|. 

fThe Cauchy integral du/u is nonexistent, as the reader may verify. 
tCareless use of formula (1), instead of (2), in this second situation would lead to 
J®! dx/(x — 1 ) = (In (z — 1 )P., = In ( — 1 ) — In ( — 2 ). both imaginary numbers. 
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Both results are properly achieved by use of (3); in the latter case, 
/’ ~r\ = (In | x - 1 I) 0 ., = In | —l | - In | -2 | 
= In 1 - In 2 = In \ 

as before. 


Accomplishment of the integration 
(3) f ii _l du = In | u | -f c 

fills in the missing case (n = — 1 ) in the power formula 


(4) 


/-■ 


du 


u 


4- c, 


n — 1 . 


n + 1 

The two formulas complement each other. 

Example 2. We readily have, with u = x + 5. du = 2x dx, in (3), 
xdx 

’ ” 2 


(a) 


/iH £ 5 = §/?Tl = l ln l lJ + 5 l +c = lnV? + 5 + ‘ : = 


*45 

but, in contrast, we use (4) to write 

f xdx I f ?xdx 

} J V?+5 " 2 j y/T+ 


= | / (*’ + 5)”*(2i dx) = V** + 5 + c. 


Example 3. Form (3) often is the weapon of integration to be used even though 
its application is not immediately evident. Thus, for 


(a) 


f _*L_ 

■’«* + ! 


we cannot set u = e 4 1, for then the necessary du = e dx is not available in 
the numerator. But multiplication of numerator and denominator by e 1 trans¬ 
forms the integral into form (3): 


f dx , f e " dx , f 1 

J c' 4 1 J 1 4 1 J 1 


= -In (I + O + c. 


Again, to evaluate 
(b) 


/ 


x - 1 


dx, 


x ^ - 1 , 


x 4 1 

certainly not in fonn (3) as it stands, we divide denominator into numerator to have 

dx 


/ftt*"/(‘-jtt )*- { d *- 2 1 

= x — 2 In | x 4 1 | 4 c. 


x 4 1 


The long-division reduction used in the last example is a general direction 
for attempting to integrate a quotient of two polynomials (a rational 
function) 

PM 


/ 


PM 


dx 


( 5 ) 
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in which the degree of P,(x) is ^already than ^VnoSitand 

P is linear we are then concerned with the miegrai F * p .• i 
an integral of type (3). Other cases are amenable to the metho o 
Fractions discussed in §10.17. 


10.16 Exercises 

1. Perform each integration: 

= \ In | 5x — 3 | 4- c 


»/*£■ 

(c) / I dx “ / [‘ + rHl 

«/f 

(e) / Cx + 11 

«/ * 


(b) / 


2x da: 


2 

i-3 


dx 


x 2 + 1 

x + 4 ln|x — 2 |+c 


- x* — x 4- 2 In | x + 1 


(0 / (x 1 - 


2 x 


+ c 
- 6 + 2 x~') dx 


x In ax 


In | In ax | + c 


® / - / (‘ + 737) * 


1 + X 


dx 




e' — e 


dx 




<»/ 


2x» ~ 5x» 4 - 17 
2x 4- 1 


dx 


6 , a a* 
dx = - b x- 


In | bx + a I 4- c 


2. Find the area bounded by the hyperbola xij = 1, y = 0, x = 2, x = 5. [An*. 
0.92.] What is the area bounded by xy = 1, y » 0, x = — 7, x = — 1? 

3. If pressure and volume of a gas contained in a cylinder at constant tempera¬ 
ture are related by pv = c, find the mean value of the pressure with respect 
to volume as v changes from 0 , to 0 * , 0 | > v 2 . [An*. c(ln v t — In v 2 )/(vi — 0 2 ).] 
Specialize to the case c = 1000, v, = 6 , v 3 = 3. [Ana. 231.] 

4. Derive the important formula 

V A .» = *“ 1 u + vV ^* 5|+c - 

[Under the transformation t 2 = u 2 ± a 2 , we have 2 1 dl = 2 u du, hence du/t = 
dt/u = (du 4* dt)/(u 4- 0» a °d the result follows from this.] Obtain: 


/ 


/ 


dx 


5. Compute: 


V x 2 4- 1 


/ 


dx 


v9x ? — 4 


(4x - 1 ) dx 


/ - /oil 


«r=^i <»>/. 

[An*, (c) 2 4- 3 In (2 4- V3)-] 


V3? - 9 

V5 


x 4- 3 


V?+l 


dx 



EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


[ 10.17 


328 ] 


10.17 Integration by Partial Fractions, I 

We propose to obtain 


( 1 ) 


/ 


PM 

PM 


dx, 


where P, , P, , are polynomials (without common factor) in x with real 
coefficients, P, is of degree less than that of P 2 (if not, we resort to the 
long division process of the preceding section), and P,(x) is completely 
factorable into real, linear, factors. An example is 

1 ~ '-T^rdx. 


/ 


(x + 2) 2 (x + 1) 

The situation in which P t (x) does not admit complete breakdown into 
real linear factors will be discussed later, f 
Consider the identity 
(2) 3.2.4 


(x + 1)’ + x + l 


+ 


x - 1 


6x a + l l i - 1 
“ F'+ x* - * - i 


in which the right side is obtained algebraically from the left. Since the 
integral of the left side is 
f JLj* . f Zdx f 4 dx 

J (* + n’ + J x + 1 + i 


= x~+~l + 2,n lx+l| + 4 1n|:r-l|+c 

® = “3(x + I)" + In (* + 1)'(* - 1 )* + c, 

this same (3) is likewise the integral of the right side of (2): 

(4) / T+V-V-l dx = ~ 3{x + 1) ” + to (* + •)’(* - D‘ + c. 

Faced with the integral in (4), however, without previous knowledge of 
its component fractions on the left of (2), we would need a method of 
“undoing" the rational function in the integrand into these separate 
‘partial ' fractions on the left side of (3); thereupon the integration could 
be completed term by term. 

Planning such a reversal of (2), we set 

(5) -fe 2 + llx - 1 _ 6x 2 + llx - 1 _ p 2 , p, , r 

*’ + X - * - 1 (x + 1) J (I - 1) (l + l) 2 + I + 1 + X - 1 

with the intention of determining the numbers p x ,p 2 , r , so that the identity 
is satisfied. Then for the same p, , p 2 , r, we must have 

jjx 2 +_11x - 1 p 2 (x - 1) + p,(x + l)(x - 1) + r(x + l) 2 
(x + l)*(x - 1) (x + l) 2 (x - 1) 

Since the denominators are identical, the numerators must be so: 

(0) ^ 6x2 + 111 - 1 = P 2 (* - 1) + p.(x + l)(x - 1) + r(x + l) 2 

( h ) = (Pi + r)x 2 + (p 2 + 2r)x + (-p 2 - p, + r). 

If the two polynomials in (6b) are identical the corresponding coefficients 


tThe method of Partial Fractions is completely developed in §11.19. 
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7 , INTEGRATION BY PARTIAL FRACT 

o, lik, p»w,„ .. » m* » «n->. H»ee ,c «. kd to th, — «*« 

of linear equations in p 2 , Pi , r - 

P ,+r = 6. PR + ar-11. -»~»+ r - 

By elementary algebra this system has the unique solut.on p 2 - 3, P, • 
r = 4. With insertion of these values, (o) becomes 

6x 2 + llx - 1 3 • 2 4 


(7) 


+ 


x - 1 


W I * __ = -— -t- ————— 

(i + d \ x ^i) (x + iri+i 
as in (2); the validity of this is, in turn, readily verified!- From ( 7 ) we 
then proceed as illustrated before, to find the integral of the rational 
function on the left by the separate simple integrations on the right, as in 

(3); the result is (4). , . . . , 

The essence of the method just discovered is this: under the stated 
conditions on P,(x) and P 2 (x) it is proved in advanced algebra that 
P,(x)/P 2 (x) is equal to one and only one sum of component partial trac¬ 
tions, connected with the real linear factorst of P 2 (x) by the two covering 


statements: # 

(i) If the factor Ax + B, with A, B, real, occurs but once tn P, , then 
the sum of partial fractions of P,/P 2 includes a corresponding single 
fraction of the form p/(Ax + B), where p ^ 0 is a real constant. 

(ii) If the factor Ax + B occurs m times in P 2 (i.e., .4x + B is a factor 
of “multiplicity m”) then the sum of partial fractions of P,/P 2 includes a 
corresponding group-sum, 

V-&- 

(Ax A- BY 

with Pi a real constant, j — 1 , 2 , • • • , m, p m 0 . 

After such decomposition of the rational function P»/P 2 , the individual 
partial fractions can be integrated by either (10.15.4) or (10.15.3), and the 
problem as set is completely solved. 

tAlternatively, we can find p 2 , p, , r, by equating numerical values of the identical 
sides of (6) for convenient substitutions on x. The easiest substitutions are visible in 
(Ca): for x - 1 the first two terms on the right vanish, and -Ir - 16, r - 4; for x - — 1 
the last two terms on the right vanish and —2 p 2 - -0, p 2 — 3; finally, for x - 0, (0b) 
gives -p 2 - p, + r - -1, so that -3 — p, + 4 - -1 and p, = 2. Both methods 
suggested are supported by a theorem in advanced algebra. 

JThe reader must realize the connotation of the word real: it expects factoring of such 
expressions as 

A' - 2 B‘ = (A — V2 B)(A + s/2 II) 

kA 2 - Itf = ( y/k A - VlB)(VkA+ VlB ), k > 0, l > 0 

A' + 1 = (A‘ + 2 A 1 + n - 2A‘ 

■ (A* + 1 — V2 /1)(A' +1+ V2 A) 

A 2 - A — 1 - [A — J(1 + V^)1[A - i(l - V5)J 

All of these were “prime” in the courses on elementary algebra. The new ability at 
factoring stems from the fact that we are granting ourselves more “tools," permitting 
irrationals as well as rationals, as heretofore; the field of numbers with which we may 
work is extended. We do not (yet) go so far, however, as to use such a factoring as 

A 2 + B 2 = A 2 — (-B 2 ) = A 2 - i’B 2 = (A - iB)(A + iB), i = V^T, 

in the realm of complex numbers. 
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Example 1. To obtain 

dx 

x 2 (x 2 — 5) 

we apply remark (i), preceding, to each single linear factor x + y /~5 and x — y/~^\ 
but in accordance with remark (ii) the twice-repeated factor x is represented by 
the sum (p,/x + p t /x) in the set of partial fractions. Hence we assume the identity 
1 Vi . Do . q r 


/ 


- y/h ' 


_ „ Ei . Pi . 

x 2 (x 2 - 5) x ^ x 2 + x 4 . x/5 

whence the undetermined p t , p 2 , 7 , r, satisfy 

1 = p 2 (x 2 — 5) + p,x(x 2 — 5) + 7 x 2 (z — y/ 5) + rx 2 (x + V5) 
s (Pi + 9 + r)x 3 + (p 2 — q\/S + ry/b)x 2 - 5p,x — 5p 2 . 

Then p, , p 2 , q, r, satisfy the set of equations 

Pi + <7 + r = 0, Pi — qVb + r\/ 5 = 0, —op\ = 0, — 5p, = 1 , 

the unique yield being p 2 = — J, p, = 0, 7 = —1/10 Vb, r = 1/10 Vb. Hence 

f _dx__ 1 (dx 1 f dx . 1 f dx 

J x 2 (x 4 — 5) 5 J x 2 10 a/S i 


x 2 (x*^5) 


y/5 J x — 


10 Vo 


10 Vo ^ x + VS 10 \/5-/ x - Vo 
- In | x + V5 | + In | x — V5 |) + c 


1 . 1 

e—I" -7= In 

10 \/5 


- V5 

+ Vb 


+ c. 


It is advantageous to apply the method of partial fractions to various 
general forms of frequent occurrence, to fell at one stroke a great many 
special integrals. We illustrate in the following examples; other samples 
will be discovered in Exercises 10.18. 


Example 2. Since 




+ 


when and only when p = — 7 


u — a * u + a 

1/2 a, we have 


f du _iff — [ d * 1 \ 

J u 2 — a 2 2 a \J u — a J u + a) 


= — Ilnlu-al-Inlu + all+c, 


which yields the important type formula 


( 8 ) 


f du 1 t 

J u 1 - a* " 2a ln 


u — 


+ C, 


a 7 * 0. 


u -f a 

As examples, consider the following typical reductions to form (8): 

, v . xdx 
(a) 


f x dx [ x dx _ 1 f 2 x dx 

J 16 - x‘ “ J x* - 16 2 J (x 2 y - 4 1 


x a - 4 
x’ + 4 

with a = x l , du = 2x dx, a = 4, in (8). 


= -fe ln 


+ c = T6 hl 


x 2 + 4 
x 2 - 4 


+ c 
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(b) 


+ c 


/jHr Tx /(P^lT+l 

= /7 7 ^T2 5 = 5 ln !V-. 

with u = * - 2, du =d*, a = 2, in (8), after completion of the square on the 

incomplete quadratic x — 4x. 

(c) Under the substitution 2x + 1 - 1 • we 




+ c 


In 


\/2x + 1 -J. 


+ c. 


V2x +1 + 1 

valid for x > — J. 

10.18 Exercises 

1. Perform each integration: 

... f (i + D’ <<x _ 1 . I Ox + l)(2x - 1)* I + c 
x 8 “ ** 

(c) / (i - a)(x -*b)(x - c) (d) / 

«/^+2-l*‘ + l- ,+7 ‘ + ln u^i + ' 

• /Iff#* «/*£nr■i-- 1 ’" 

(h) / (s - 2? <ir=ln l I " 2|_(l_ 2) " + 

(i) / (x + «£* - 1) = 2(o* - 1) ta 

J J (x + a)(x + 6) 

2. Use formula (10.17.8) to evaluate: 

«»>/a 


+ c 


( X + a) 7 (x - 1)" 

(x + i r 1 


+ C 


rfx 


x 2 + 6x + 5 / (x + 3) 2 - 4 


c/x 


(d) / 

3. Study: 

, . f x + 2 , 1 f 8 xrfx , f 2 dx 

(a) J 4?^l dx = 8 J 4?^5 + J 4x 2 - I 

= |ln|4x , -5| + 5^ 1 n 


2x — \/5 
2x + -s/5 


+ c 
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3i + 2 . 3 r 2x + 2 , r dx 




= ! In |*’ + 2*1 - I In 


x* + 2x 
X 

X + 2 


+ c 


On these models, find: 

r 2x + 1 r 4x + 3 . 

j 4x’-9 dx J ^+2x-8 dx 

4. Show that J- dr/(x 2 — 2x) = In y/$. 

10.19 Geometrical and Physical Applications 

The following examples are selected not only for intrinsic interest hut 
also for their illustrations of technical details of computation. 

Example 1. Find the arc-length of the curve y = In (x 2 - 1 ) between the points 
with abscissas 2 and 3. 

We compute 


so that the arc length is 
$ 


1 + V'’ = 1 + 




Either by the method of partial fractions or by use of the form (10.17.8) the 
remaining integral is 

Hence the total arc length required is s = 1 + In § = 1.4055 approximately. 

example 2 . !• md the centroid of the solid of revolution formed by rotating about 
the x-axis the area bounded by y = (x - 2)“*. the x-axis, and the lines x = 0 x = 1 
(Fig. 10.19.1). 

( T,,e centroid (I, y, i) of the solid lies on the x-axis so that g = i = 0; * is given 



Vx = 

1 xdV, dV = r y'dx l 

which here is 



a) 


dx ) [' x dx 

\ Jo (I 

- 2)7 1 r J 0 (x- 2) 

The integral on 

the left is 


, r-A_; r _ i t _ 7* 

Jo (x - 2)* - 3 L(x - 2) 3 J„ - 24 

By the method of Partial Fractions, the right hand integral in (1) is 

' S', - -'[I<* - 2 »- + §<*-a-]; - & 

Thus (1) yields .? = 5/7. 

Example 3. A cylinder with a movable, weightless, piston perpendicular to the 
axis contains a quantity of gas (Fig. 10.19.2). With pv k = c as the functional 
relation between p (pressure on unit area) and v (volume), k and c being constants, 
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obtain the work done by the gas 

We note that this partitioning induces a corresponding p 



(Ah), 



Fig. 10.19.2 


, with y, , r a , corresponding to A, , h 7 , respectively and with (Ai»i cor- 
responding to (A/,). . Let (At-), = A*(AA) t , where .4* is the' t area 

of the piston for some position during the tth interval (of A or of i>), A t is app 
mately constant if the interval is small. The work-sum originally written 

lim jf F,(A/i)< (n —* ® , (AA)< —♦ 0) 

in terms of accumulation of force F . through distance, can be expressed as accumu¬ 
lation of force through volume-change , 


Hm E F. ^ 


(n —♦ * , (At>)< —* 0). 

Since the force on the piston at the tth stage can be taken as F, = A*-p* t , where 
p* is the pressure per unit area on A* , the work done is 

(2) W = lim £ = J ' pdv = c I. »’* 

If & 1, the evaluation of (2) is 

C 




V\V\ — 
k - 1 


(® w - [^jVt - n 

If A: = 1, the evaluation of (2) is 

(4) TV = lc In i»]:; = c In (t> 2 /y,). 

The case k = 1 occurs for an isothermal (constant temperature) expansion of a 
perfect gas. The value k = 1.41 (approximately) corresponds to an adiabatic 
(no loss of heat) expansion of air. A refinement of the law pv = c for an isothermal 
expansion is Van der Waal’s Equation 

(s) p = - ? - 
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a, b, c, constants; for this relationship a combination of (3) and (4) gives 

(6) W = c In b b + {v,p, - v,p,) 

as the work done.f 

10.20 Exercises 

1. If the attraction between two masses m, , m* , varies inversely as the distance 
between them, find the work done as m, moves toward m 2 (fixed) from a 
distance s, to a distance s* from . [Ans. k In (sj/si).) 

2. For the catenary C: y = J a(e M,a + e~ ,/m ) find: 

(a) arc length from x = 0 to x = a; 

(b) surface area when the arc in (a) is revolved about the x-axis; 

(c) centroid of the arc in (a); 

(d) volume generated when the area between C and j = 0, x = 0, x = a, 
is rotated about the x-axis; 

(e) centroid of the area in (d); 

(f) mean value of y with respect to the area described in (d); 

(g) volume generated when the area in (d) is rotated about the line x = a. 
(.4ns. (a) $a(e — e" 1 ); (b) {xa 2 (c* + 4 — e "*); (d) va(e + 4 — e 2 )/8; 
(g) xn{e — 2 + e~'). Can you make use of the Theorems of Pappus?) 

3. Show that: 

(a) J x" In ax dx = [x"*7(n + l)*)|(n + 1) In ax - 1| + c, n * -1 
(b) J x 1 In ax dx = 5(ln ax) 2 + c 

4. Find the volume of the solid generated when the area bounded by y = In x, 
y = 0, x = 1, x = 2, is rotated about the y-axis. [A ns. 1 . 2 Sir approx.] 

5. Develop the formula 

J (In ax)* dx = x(ln ax)* — n J (In ax)” 1 dx + c. 

Find / (In x) 2 dx = x ((In x) 2 — 2 In x + 2) + c, and verify. 

6. Find the centroid of the area described in Exercise 4. (Ans. y = (In 2 — l) 2 / 
(2 In 2 - 1).) 

7. Find the centroid of the area bounded by y = e * ,y = 0, x = — 1, x = 1. 

8. Find the centroid of the area bounded by y = e~‘, y = 0, x = 0 (Ans. £ = 1, 

y = 1/4.) 

9. Find the volume of the solid obtained when the area described in Exercise 8 
is revolved about the x-axis. (Ans. \t.\ 

1 0. Find the arc length of y = k In (k 2 — x 2 ), from x — 0 to x = ?k. (Ans. O.G/c.) 

1 1. Show that /• dx/x (In x)" exists if n > 1, but fails if n ^ 1. What is the 

value of the integral if n = 2? (Ans. 1.) 

1 2. Find the volume of the solid generated by revolution of the area bounded by 
y = e~‘\ y = 0, x = 0, x = a, about the y-axis. What is the limit of this 
volume as a —* co ? 


tit is interesting to observe that the derivation and result depend only on the initial 
and final v and p, and not on a variable cross-section area A having to do with the size or 
shape of the container; the “cylinder” may be a more general one than the standard 
right circular cylinder. 



THE differential equation dy/dx - ky 

IT Find arc length of y = In . between ^ with £ |^T>) 

by means of the transformation x + 1 • __ 

1 <• 1 

1 + J In §•) 

10.21 The Differential Equation dy/dx = ky 


The differential equation 

( 1 ) dy/dx = ky, k a constant, 

expresses the proposition that the rate of change of a 
function y(x) is instantaneously proportional to the function its . q 
occurrence of this situation has already been hinted. 

The discussion of §10.5 predicts that 

( 2 ) y(x) = ce\ c an arbitrary constant, 

is a family of solutions of (1); the fact is quickly verified This family 
includes the obvious and trivial solution y - 0 by choice o c - • 

this family, extensive as it is, to be useful we should like to prove it is the 
only collection of solutions of (1); otherwise, in using it we should always 
worry lest some other type of solution might exist, to be more serviceable, 
more adaptable to the situation. We proceed to prove that, indeed, the 
family (2) is the only set of solutions of the equation (1). 

Equation (1) can be written in the form 

( 3 ) -ky dx -f dy = 0, 
which is of the form 


( 4 ) M (x,y) dx + N(x,y) dy = 0 

with M(x,y) - ky, N(x,y) = 1. Equations of type (4) were solved in 

§7.14 in two special situations, that in which the variables were separable, 
and that in which a “factor of exactitude,” now to be called an integrating 
factor, could be found to render the left side an exact differential d f(x,y). 
Although it is possible to separate variables in (3) to have 

dy/y = k dx 

provided that y * 0 for all x under consideration , we foresee that this method 
will not necessarily yield all solutions: there may (because of the proviso 
in italics) still remain some solutions y(x) which are zero for some x of 
the discussion. Therefore we attack (3) from the point of view of deter¬ 
mining an integrating factor. 

Now any y = y(x) which satisfies (3) over a specified range R(x) must 
likewise satisfy the product of (3) by the never-zero function e kx : 

( 5 ) —e~ ir ky dx + e~ k * dy = 0. 


This (5) is the exact differential equation 
(6) d (e~ kI y) = 0, 


x on R(x), 
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and any solution y = y(x) of (3) must satisfy (6). The everywhere positive 
e~ kx is the desired integrating factor. By Theorem 7.1.1, then, 

e~ kT y = c, c arbitrary , 

or 

(2) y = ce kr , c arbitrary. 

Thus, any solution of (3) necessarily has the form (2). Conversely, the 
solution (2) does, by easy verification, satisfy (3). Hence, the family (2) 
is the complete set of solutions of the equation (1). 

We have thus established 

theorem 10.21.1. The differential equation 

(1) dy/dx = ky ( —ky dx + dy = 0), 

has the unique solutions 

(2) y = ce*', c arbitrary. 

In extension we use the same methods to obtain 

theorem 10.21.2. The differential equation 

(7) dy/dx = ky -f j, k, j, constant 
has the unique solutions 

(8) y = ce*' — j/k, c arbitrary. 

Functions satisfying either the differential equations or the type solu¬ 
tions of these two theorems are said to obey the Law of Continuous Growth. 


k constant, 


k 0, 


10.22 Illustrations of the Law of Continuous Growth 

Example 1. For a body falling directly toward the earth through air, two forces 
are at work, that of gravitational attraction and that of the resistance of the air. 
Experimentally it is found that air resistance increases as the velocity of falling 
increases; in fact, air resistance is considered proportional to v \ v the velocity, 
where n = 1 generally for sufficiently small velocities. 

Suppose an open parachute and passenger weighing a total of 200 lb. start 
descent at 100 ft./sec., against an air resistance of 20 v ft./sec. By Newton's Law 
of motion [force is equal to mass times acceleration J we may write 


200 - 20c 


200 dv 

g dt 


(the earthward direction being taken as positive, the weight-force 200 > 0, the 
opposing 20c < 0). The differential system describing the situation is 


(a) dv/dt = — O.lpv + g (b) t>(0) = 100. 

In pattern with (10.21.7), this yields 

v(t) = ce~ 0l9 ‘ + 10, 
or, since c = 100 — 10 = 00, 

1*0 = 10 + 90e- 0 "". 

Example 2. In a chemical reaction decomposing a substance into component 
parts under the presence of acid agents, it is assumed [Law of Mass Action] that 
the rate of change of the substance, i.e., the velocity of the reaction, is proportional 
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to the (instantaneous) concentration of al^ay^hanged 

tZSX&fc-*, bOTSTSl to be changed, and the assumption is 

dx/dt = k,(C - x), i(0) = 0. 

From this Theorem 10.21.2 produces the solution 

i«) = C(l - «•*“)• 

Example 3. If it is assumed that the value 1(0 of > 
tinuously from the initial cost D„ dollars to the eventual P 
after n years, then the corresponding differential system is 

(a) dV/dt = -kV, (b) V(0) = Do, (c) V(n) = • 

This has the solutionf 


V(t) = Doe"* 1 , k = - In (D„/D„), 

where k is computed from condition (c). For example, if D 0 = $20,000, D, 0 — S200 
we have k = 0.1 In 10 3 = 0.46052, and 


- 0.410521 


V{t) = 20,000c 

Example 4. Suppose a tank of capacity v cu. ft. is filled with salt solution; that 
the concentration of the solution is reduced by running off solution at the steady 
rate of r cu.ft./min., while the tank is kept full by admitting fresh water at the 
same rate; and that the mixture is thoroughly stirred during the process. The 
problem is to find in terms of v and r the quantity of salt, CKO, instantaneously 
present. Q(t) is clearly non-negative and decreasing; we assume it continuous and 
differentiable. 

The ratio Q(t)/v (lb./cu.ft.) defines the instantaneous concentration: amount 
of salt per unit volume. In the r cu.ft./min. loss of solution there are T'[Q(t)/v\ 
lb./min. loss of salt; this is an instantaneous rate in effect at time t. Since there is 
no gain of salt, the instantaneous rate of change of CKO is 


( 1 ) 


^ = -r[Q(0/«l = <?(«)• 


By Theorem 10.21.1 this equation has the solution 
(2) Q(t) - «T <r/,>l , c arbitrary, 

with c to be determined by some further condition, generally by specification of 

Q(0). m ' 

For example, let v = 10, r = 2, with Q(0) = 25 the original amount of salt 
present. Then the system is 

(a) dQ/dt = -0.2Q, (b) Q(0) = 25, 

with solution, as in (2), 

Q(0 = 

From c = Q( 0) = 25 this is, finally, 

Q(t) = 25e" oa *. 

In extension of the general problem, suppose the tank is kept full by admission 
of r cu.ft/min. of solution containing p lb. of salt per cu. ft. Since this is a rate of 


tin case of a complicated exponent like the present one it is standard to write 
“exp { 2 }” fore*, e.g., V(t) = D 0 exp {— ( t/n ) In (D 0 /D n )\. “Exp” commands the opera¬ 
tion exponentiation. 
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gain of pr Ib./min. in Q(<), the rate of loss being as in (1), the rate of change of 
Q(t) is now 

dQ/dt = —(r/v)Q(t) + pr, 
with solution, by Theorem 10.21.2, 

Q(t) = ce w "‘ pv, c arbitrary. 

10.23 Exercises 

1. Prove Theorem 10.21.2. 

2. Solve each system: 

(a) dy/dx = 0.25y, y(l) = 5 |.4n*. y = 3.89e° 25 '.] 

(b) dy/dx = 0.25 y + 4, ;/(l) = 5 [An*, y = 16.36e° - 16.] 

(c) dy/dx = -0.5 y - 2, y( 2) = 14 

3. Let Y represent the initial amount of active ferment in a culture of yeast, 
and suppose that this doubles in J hr., following the Law of Continuous 
Growth. How much ferment is present after t hrs.? After lj hrs.? \Ans. 
y = Y-2 U after t hrs.| 

4. If the time rate of discharge of electricity (voltage) E from a condenser is 
instantaneously proportional to E, write the formula for E(t), t in seconds. 
If E( 0) = R n and £(1) = \E* , when will E - J E 0 ? [Ana. 2j sec.] 

5. In Example 10.22.4 suppose that salt solution containing $ lb. salt/cu.ft. 
is run into the tank instead of fresh water (all other conditions remaining as 
before). Show that dQ/dt = 1 - 0.2Q and Q{t) = 20e _o 21 + 5. 

6. (a) Suppose that the strength of a solution is reduced by adding water, 

volume held constant by running out the well-stirred solution in the same 
amount. Show that the rate of change of the solution is given by dS/dw = 
— S/V, where V = volume, .S’ = amount of substance in solution, 
to = amount of water already added. How much water must be run 
through 100 gal. of solution to reduce it to } its original strength? [Arts. 
69 gal.) 

(b) Suppose that the strength of a solution is increased by adding pure 
substance, keeping volume constant by running out the well-stirred 
solution in the same amount. Show that dS/ds = 1 — S/V is the rate of 
increase of the substance S with respect to the amount * already added. 
Solve the equation. How much pure substance must be added to double 
the strength of the original solution? 

7. Newtons Law of Cooling asserts that the time-rate at which a body cools 
varies as the excess of the body's temperature T over that of the surrounding 
medium T *: dT/dt - — k(T — T *). Solve this equation, if T * is constant 
and 7X0) = T n . Apply to the case of a body cooling from 100° C. to 50° C. 
in 1 hr. in air maintaining 20° C.. and find 7X2). [.4ns. 7X0 = 80e~ o,M ' + 20; 
7X2) = 31.27° C.] 

8. If a particle of unit weight falls from rest against a resistance proportional to 
the velocity, show that: (i) a = g — hr, (ii) v = (g/ A)(l — e j; (iii) s = 
(g/k*)(H - 1 + c‘"); (iv) ks + v + (g/k) In (1 - kv/g) = 0. 

9. In many chemical reactions a substance is transformed into another at a 
rate instantaneously proportional to the amount still unchanged. (This 
rate is the velocity of the reaction, the constant of proportionality is the 
velocity constant.) If S is the original amount of the substance and x(l) is the 
amount transformed in time t. then dx/dt = k(S — x ). Show that (a) x = 
.S(l — e~ kl )\ (b) k = In [.S/(.S — x)\/t. Find the amount of S remaining un¬ 
transformed after 5 hr. if in the first hour 100 units of S are reduced to 80. 
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1 0. Suppose that a chemical reaction decomposes a substance .S' into two com¬ 
ponents x, y, each being formed at a rate proportional to the still remaining 
part of S. This gives the simultaneous system 

dx/dt = a(S — x — y), dj/dt = b(S — x — y). 

Show that x + y can be obtained from the sum of the equations, and that 
substitution of this result in each equation finds the separate components. 
Apply to the case thatx = y = 0, S = 1, when t = 0, but x = 1/12, y = 5/12, 
S = 1/2, when t = 1. [An*, x = J(1 - 2"‘); y = f (1 - 2~').J 
1 1. Deduce the necessary form R(x) = e~ kt for an integrating factor of dy/dx = ky. 
[Demand that R (dy/dx) — kRy = d(flf/).J 

10.24 The Differential Equation dy/dx + p(x) y = q(x) 

The equations 

(1) dy/dx = ky, dy/dx = ky + j, 

of § 10.21 are special cases of the equation 

(2) dy/dx -I- p(x)y = q(x), 

for p(x) = —A- in both cases and q(x) = 0 in the first, q(x) = j in the second. liqua¬ 
tion (2) is called a linear (in dy/dx) differential equation of first order, and arises 
descriptively in many scientific situations. Since it generalizes the equations (1), 
we should expect (2) to be solved by an extension of the integrating-factor method 
used on those equations. We assume p(x), q(x), continuous functions of x over a 
specified range R(x). 

The integrating factor e~ k ' of equations (1) can be written as 


(3) 




: 4m 


[exp J (- k) dx 


where / — k dx is that indefinite integral of — A dx for which the constant of inte¬ 
gration c = 0. Since — A in (1) is a specialization of p(x) in (2), we sense that the 
generalization 


(4) 


/><*> 4* _ e r<*> 


where P(x) = J p(x) dx, 


of (3) is probably an integrating factor for (2); the syin!>ol P(x) = / p(x) dx will 
be taken as that indefinite integral of p(x) dx for which the constant of integration 
c = 0. 

Assuming that »/(x) represents any solution of (2) on R(.r), we multiply both 


sides of the equation by the integrating factor e to obtain, in differential form, 
the equivalent equation satisfied by y(x): 

(5) 


e PU> p(x)y dx + e ru> dy = e r “'q(x) dx. 

The left side of (5) is 

p(x) dx\y + e Pi ‘' dy = d \e P{t) y]. 

The right side of (5) is (note the trick, based on the annihilation d d~* = 1): 

e Fiti q(x) dx = d J e , Kti q(x) dx. 

Combining these two observations, we can write (5) as 

]-»• 


e‘ '*'q(x) dx 


ir'’ - / 

Applying Theorem 7.1.1 to this form, we obtain 
e P '“y - / e F '-'q(x) dx = c, 


c arbitrary, 
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which we write as 


(«) 


y = + J e r '-'g(x) dx] 


where 


P(x) = f p(x) dx, 


and c is an arbitrary constant. 


We have thus proved that any solution of (2) must have the form (6). 

That the family of functions (6) actually satisfy (2) we verify readily by sub¬ 
stituting both the y of (6) and its derivative 

^ + J c r, ' , q(x) dx J + g(x) 

into the original (2). This completes the proof of 


theorem 10.24.1. The linear differential equation 

(2) dy/dx + p(x)y = q(x ), 

where p(x), q(x), are continuous functions on the range R(x), has the solutions 

(6) y = + f e /M ' , q(i) dxj, c arbitrary, 

where P(x) = / p(x) dx; and these are its only solutions on R(x). 

It is easily shown that (6) gives the special solutions of §10.21 for the special 
cases (1). 

Because the result (6) in Theorem 10.24.1 is complicated it is often best in a 
particular problem to follow the actual process used in obtaining (6). 

Example 1. The equation 

- « = 2* (x * 0) 

ax x 

is the case of (2) for which />(x) = —x _l , q{x) = 2x. We compute in succession 
P(x) = J p(x) dx = — J x 1 dx — —In x 


exp P(x) — exp (— In x) = x 


J c'"' , 9(x) dx = f x~\2x) dx = 2x 

and fill in (6): 

y = x[c + 2x) = cx -1- 2 x 2 , c arbitrary. 

This initially necessary form is readily verified. 

Example 2. In a simple electrical circuit including a resistor of resistance R, an 
inductor of inductance I., and an electromotive force K, it is shown in physics that 

Lj- f + HI = E, 

where / and R are to l>e considered functions of t. while L and R are positive 
constants (of course, K may l>e constant as a special case), /(f) is differentiable, 
hence continuous; R(t) is usually continuous for long stretches of t. but may have 
a certain number of finite discontinuities. On any stretch of continuity of E(t) 
we apply Theorem 10.24.1: P(t) = j R dt/L = Rt, L, and 

HI) = e-“ ,/4 [e + J; / e K,/L E(t) dt], 


17) 


c arbitrary. 
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The first term c*™ is called the “transient- part of the current since it tends 
to become small rapidly; the other term of (7) is the perinane P 
If E(t) = E 0 constantly, (7) becomes 

/«) = e-" /L [c + f / «“"* d< ] = " a ‘ ,L + Eo/R ■ 

If, also, 7(0) = 0, then c = -EJR, and 

7(0 = (Eo/RM - e- MI/L l. . . 

This shows that (£ being constant) the current / —> E 0 /R, the current flowing >y 
Ohm'* Low if no inductance is involved. 


10.25 Exercises 

1. Solve: (a) dy/dx + y/x = x [.4ns. Axy - x = c.] 

(b) dy/dx + 2 xy = « - [Ana. V = (* + ' -J 

(c) x (d///dx) + 2y = 10x* (An*. 1 ~ ^ 

(d) dy/dx = x+ y (e) (ax + by + c) dx+ dy = 0 

2. From each point of a curve C: y = f(x ) perpendiculars are drawn to the coor¬ 
dinate axes, forming a rectangle with the axes. Find the curve which cuts 
each such rectangle into two areas of which one is double the other. [An«. 
A parabola.) 

3. Suppose that the stress S in the curved sides of a hollow right circular cyl¬ 
inder varies with the radial distance r from the axis according to the equation 
dS/dr + 2 r~ l S = F 0 r~\ where F Q is constant. Solve under the condition 
S = 10 when r = 1. 

4. Motion through a Resisting Medium. If a body moves rectilinearly through a 
medium offering resistance, it is assumed that this resistance varies as the 
velocity v for small particles, but as v 3 for large bodies at standard velocities. 
The force giving acceleration to the body is the difference between the applied 
force F and the resisting force Rv or Rv 3 , R a constant. Hence (Newton’s 
Second Law) for a falling body, 

in the two cases, where W is the weight of the body, g the acceleration of 
gravity. Explain how to solve (1) if F(t) is given, and how to solve (2) if F 
is constant. 


5. Find the solution of (1) in Exercise 4 if W = 0.1, g = 32, R = 0.01, F = e ', 
and e>(0) = 0. 

6. If the velocity v of descent of an open parachute and passenger weighing 
160 lb. total is given by (160 /g)(dv/dt) — 160 — 20c 2 (Exercise 4) find v(t) 
if i»(0) = 0. Hence find the position s(t). If ground is reached in 1 min., find 
the initial height. 

7. A tank contains 100 gal. of brine in which 60 lb. of salt are dissolved. Water 
enters at 2 gal./min., and the mixture, kept well stirred, leaves at the same 
rate. It flows into a second tank initially containing 100 gal. of water, from 
which liquid leaves at the same rate. Show that the second tank contains 
X lb. of salt at time t (min.), where dX/dt + 0.02A’ = 1.2c" 0 02 *. Find X 
at the end of § hr. 

8. In a chemical reaction suppose a substance 5 produces a substance A' which 
in turn produces Y, the rates being proportional to the source amounts 
present at any time. Show that 

dx/dt — k(S — x ), dy/dt = k'(x — y), 
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and show how to solve this chain. If originally S = 10, x = y = 0, and after 
1 hr. x = 3, y = 2, what are the formulas for x and »/? 

9. The force causing angular acceleration a of an object about an axis is called 
torque. Torque T = la = / (dto/dl), where I = moment of inertia, w = angular 
velocity. Resistance due to frictional causes often varies asw, so that T — Itu 
is the effective torque. Hence. 

I d<a/dt + Roj = T 

is the equation of motion. Solve if (a) / = 200, R = 100, T = 500, o>(0) = 0: 
(b) T = 0, and « = 2 revolutions/sec. when t = 0. 

10.26 Summary and Miscellaneous Exercises 

The reader must be impressed that the exponential functions express important 
natural functional relationships, and that the calculus of these functions is basic 
in their study. The chapter just ended unifies this study, in that the three main 
threads of calculus—the differential, the integral, the antidifferential—are woven 
into one pattern. The inverse function, the logarithm, is discussed at the same time. 

Applications requiring the derivative and the definite integral are of the types 
developed before, expressed now in terms of the present functions. Many more 
indefinite integrals can now be evaluated, especially through the logarithmic 
function, so that this general problem is advanced. The typical linear differential 
equation of first order is completely solved in terms of an exponential (Theorem 
10.24.1), an important tool in numerous applications of calculus. 

Miscellaneous Exercises 

1. Show that lim^, (1 + x*) 10 '* = 1. 

2. Show that the function /(x) = x/(l + c *), x 0, /(0) = 0, is continuous 
at O, but that /'(0) does not exist. (Use the definition of derivative at x = 0.| 

3. Find (a) lim,_.. xV*'; (b) x" In ox. 

4. Graph y = (1 — near O. 

5. Graph »/ = In ((</ — x)/x), d constant. [The positive values of»/ give essentially 
the magnetic flux between charged parallel wires of equal radius x a distance 
d apart.) 

6. Sketch the curve y = \(e ° — c” x/ *). 

7. Calculate Jj- 6 In (1 + x) dx/( 1 — x) by Simpson’s Rule, using G intervals. 

8. A cable suspended across a 40-ft. ravine from equal heights on the edges, 
has height y = 50(c° 0,x + e 0 ol ') — SO ft., where x is measured from the 
middle of the cable. Find the height at the middle and at each end, and the 
total length of the cable. 

9. Show that /Vx^ ± a* dx = fx Vx' ± a* ± ja‘ In , x + Vx' ± a 2 |. 
[Integrate by parts and create the term x 2 d= a 2 in the numerator of the new 
integral.) 

1 0. As two liquids boil the ratio of the amounts of each which are instantaneously 
vaporizing varies as the ratio of the amounts then present in liquid state. 
Show that the amounts still present satisfy y = cx . 

1 1. Determine the curve with point-wise slope — xy, such that y( 0) = 1/ \/2ir- 
[Ans. The general probability curve.) 

1 2. Homogeneous Differential Equations. A function f(x,y) is called homogeneous 
of degree n if f(tx,ty) = Cf{x.y). Vx‘ + if is homogeneous of degree 1, 
2 xy is homogeneous of degree 2, y/x is homogeneous of degree 0. The differ¬ 
ential equation M{x,y) dx -|- .V (x,y) dy = 0 is termed homogeneous if ;W, N, 
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are homogeneous functions of the same degree. The [}}'/ lolnoaeneous 
= 7 is homogeneous. Lnder Ihe 'ubMuhon yvx £te, nent 

differential equation becomes one noth vanabU *statement for the case 
for equation (1) and complete the sdution prove t . s x7(l,e).] 

dy/dx = /(x,|/), a homogeneous function. (In the general case,; t 

13. Determine the curves for which: . . . , tlip t .amrent: (Ans. 

(a) The subnormal is always equal to the [/-intercept of t k 

(b) The {/-intercept of the tangent at point P equals 0P\ [A»*- * =*= ^ 

(c) The perpendicular from 0 to the tangent equals the abscissa of the point 

of tangency. (Ans. x 2 + V = 01 \ 

1 4. Modified Linear Differential Equations. Show that the equation 
dy/dx + P(x)y = y m Q(x) [ Bernoulli's Equation] 

is transformed into the standard linear form (10.24.2) by setting v y • 
Demonstrate on the equation x 3 (dy/dx) + 2x*y - U = 0, and complete 
the solution. (A ns. cx°y 2 + V = 3* •) 

15. Solve the following differential equations: 

(a) x (dy/dx) + y = x 2 (b) 2xy dy = (x + 2 , ) dx 

(c) x dy - (2 y + xy 4 ) dx = 0 (d) (x + l/) 2 dr, + dx - 0 (Set x + y - u) 

(e) ( 2 / “ x) 2 dr/ - k 3 dx - 0 (f) (x 2 - r, 2 ) dr/ - 2xr/ dx = 0 

(g) 2/ (dr//dx) + (x + l)i, = e' (h) (x - 3y ) dy + V dx - 0 

(Ans. (a) x 3 - 3xy = c; (d) y = } In ((x + y - l)/(x + V + Dl + («) 

2 xy = ce"' + e'; (h) y 3 - xy = c (the equation is linear in dx/dr,).] 

16. Let AB be the arc of y = /(x) ^ 0 from x = a to x = x, generating the surface 
S upon rotation about the x-axis. Let the area Ixmndcd by AB, x — a, x — x, 
y = 0, generate a solid upon rotation about the x-axis. Determine f(x) such 
that volume V’ of the solid is equal to area of the surface S. (Ans. Catenaries.) 

1 7. Obtain a sketch of the family of curves satisfying dy/dx = x(y — 1) without 
finding the family. (Study the second derivative as well as the first.) 

1 8. The velocity of a body falling from rest against a resistance varying as the 
square of the velocity is given by k 3 (dv/dt) = g(k 2 — v). .Solve for v = 
k(e T — e T )/(e T + e~ T ), where T = gt/k. 


19. A boat moves through the water according to the equation of motion 
8 (dv/dt) + 3c 2 = 12, t in seconds, v in ft./sec. Find v(t) if c(0) = 0. How far 
does the boat travel iu 1 min.? 



<( 11 )> The Calculus of the 

Tr igono metric Functions 


11.1 Preliminaries 

In elementary trigonometry the functional relationship 
(1) y = sin x 

correlates numbers y with angles x; in particular, the variation of the 
function y = sin x involves a repetition of the same set of numbers 
— 1 ^ y g 1, periodically, the cycle being run during every variation of 
x through an angle of 360° (and through no smaller angle). The interval 
300°, the smallest interval of variation of x which produces the complete 
cycle of y, is called the period of sin x. 

The reader has usually construed the independent variable x in (1) as 
angle in degrees. In his work in trigonometry he has probably been intro¬ 
duced to radian measurement of angle as expedient in certain circum¬ 
stances. t In calculus, however, we wish x to be the continuous real variable 


fA radian is the central angle of a circle (Fig. 11.1.1) which is subtended by an 





which the radius has been filled exactly ; 1 radi¬ 
us of arc length begets 1 radian of angle. The 
radius is a natural component part of a circle 
rather than the artificial (1/360th) part of 
the circumference used in degree measure. 
The definition is, of course, independent of 
the particular circle used in its statement 
since all circles arc similar. Since the radius r 
of the circle will curl 2 r times along the total 
perimeter 2 wr, there will be 2ir radians in 
the total angle of 360° at the center of the 
circle. Hence, we obtain the conversion for¬ 
mula 2x radians = 360 degrees, or 

(2) t' = 180° 

where the superscript “r” stands for “radi¬ 
ans” as the superscript “°” stands for “de¬ 
grees.” From (2) we find 


l r = (180° x) = 57.30° (approx.), 1° = (x/180)\ 

With these at hand we can easily convert from one system to the other. In particular, 
the simplest and most used angles are expressed easily as fractional parts of w, e.g., 

30° = Jx', 45° = W, 60° = Jx r , 90° = 135° = \r\ etc. 
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that it is in previous constructions of y = f( x )> an abstract number rather 
than a denominate number of degrees or radians. Thus, in cer .j‘"' , fh 
cations we shall wish to evaluate sin 2, where 2 is not denominate. 1 he 

transfer of interpretation is made as follows. 

Let the unit OA = r = 1 of Figure 11.1.2 be stretched from A. (0) 
along the circumference. The circumference traversed again and again, 
forwards (counterclockwise and positive) or backwards (clockwise and 
negative), becomes a circular scale of real numbers to be used instead ol 
the usual linear scale. Since the unit is the radius of the circle, an angle o 
any number of radians, x', at the center of the circle can be transferred 
to the circular scale and read off as real number x, independent of interpre¬ 
tation as angle. Return of the circular scale to the x-axis then finally 
produces the association of the whole real number scale on the x-axis 
with the real numbers from -1 to 1, inclusive, on the y-axis, through 
the functional arrangement y = sin x. We have thus created sensible 
meaning for such a symbol as sin 2, where 2 is a pure real number only; 
of course, sin 2 is to be found decimally through its equal sin 2' = sin 114.6°: 
we pass from the linear scale through the circular scale to the corresponding 
angular scale at 0. 


81 




It is essential to the form of formulas in the calculus of trigonometric 
functions that we agree that the independent variable (e.g., x in sin x) shall 
be thought of as a pure real variable. 

It is worth while to record the corresponding formulas for arc length 
s and area S of a sector of a circle. Let the sector AOB (Fig. 11.1.3) lie 
in a circle of radius r, containing the angle x at center 0. The radian 
measure of x is identical with its real value. The comparison 

( 3 ) s/x = 2irr/2ir yields s = rx. 
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The comparison 

(4) S/x = xr 2 /2x yields S = \r 2 x. 

The dimensions are correct since x is abstract.f 

We have already proved (Example 4.7.3) that the function y = sin x 
is continuous for all values of x; this means that the values in the set 
{?/): — 1 ^ (y = sin x) ^ +1 are traversed continuously as x varies con- 
tinuously along the real scale. Hence the function cos x s y /1 — sin^ x 
is continuous for all x. From these two results, the functions 
tan x m sin x/cos x, sec x a 1 /cos x, 
are continuous except at x = 4 ( 2 k -f \)x, k an integer, where cos x = 0 
and the functions have infinite discontinuities; and 

ctn x m cos x/sin x, esc x ■ l/sin x, 
are continuous except at x = kx, k an integer. These matters appear 
familiarly in the graphs of the functions, already known to the reader. 


11.2 Differentiation of the Trigonometric Functions 

Let 


(1) y = sin u, u = u(x) a differentiable function on R(x); 
we shall prove first that the derivative dy/du is given by 

( 2 ) dy/du = cos u, 

whence the differential dy and derivative dy/dx would be 

(3) dy = (cos u) • du, (4) ~ - (cos u) • “ . 


To accomplish (2) we must refer to the fundamental definition of derivative. 
Thus, we begin by seeking the limit cos u for 


(5) 


lim 

Au-0 


/(» + _ Au) -J O0 _ Hm J_ , sin ( „ + AH) _ sin u] _ 
A u Am 


Since the direct limit process on the right side of (5) is unproductive of a 
result, we change the form of the difference-quotient into a product- 
quotient by use of the trigonometric identity 4(b), p. 005: 


- 7 - [sin (u + Au) — sin u] 
Am 


( 6 ) 


^ • cos (u + | Au) sin | Au 
[cos(“ + |au)]( S -^ u -]. 


fFormuliis (3), (4), are simpler than those obtained if degree measure of x is main¬ 
tained. If 9 is in degrees we have 

( 3 ') s/6 = 2W360 to yield s = r0-(x/18O), 

(4 ; ) S/0 = irr 7 /360 to yield S = \r 2 d-(x/ 180). 

The complicating factor t/180 is removed if 9 is a real number (or is in radians). Since 
either arc length or sector area is needed basically in the derivation of a formula for the 
derivative of sin 1 (§§11.3, 4) the awkward t/180 is not present in the result if we forsake 
degree measure for real variable measure. 
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For the first factor of the new form we immediately have^the lirni 
(7) limj.-o cos (u + }Au) = cos [limi.-. (« + }A«)1 - c " s “ 
because cos x is a continuous function. Hence, if we could s o 
second factor of (6) has the limit 

sin lAu , 

W IS iAu - 1 ' 

we would have established (2) through recapitulation of (7), (0), ana (o;. 
The validity of (8) stems from setting x = jAu in 

THEOREM 11.2.1. If x is a real variable (or an angle measured in 
radians) then 

sin x 

(9) l jm — 


1. 


*—o 


The proof of Theorem 11.2.1 we defer until §11.3, in order that the present 
discussion be uninterrupted. We accept the validity of (9), and hence must 
accept as established the formulas 

(2) 4- (sin u) = cos u, (3) d(sin u) = (cos u) du. 

du 

Since these formulas derive from use of Theorem 11.2.1 they are valid 
only if u is a real variable or an angle measured in radians (not in degrees). 

Deduction of the formulas for the differentials of the other five trigono¬ 
metric functions need not be referred to the grass roots of the definition 
of derivative. By use of certain connecting identities we can obtain the 
differentials of all the other five functions out of the basic differential (3) 
of the sine. 

For the cosine, we have 

d(cos U) = d(sin (}*• — U)\ = cos(Jir — U) d(}jr — U) 

1(3), u = Jtt - U] 

= cos(jir — U)'(-dV) = —(sin V) dU, 
so that (changing U to u): 

(10) d(cos u) = —(sin u) du. 

For the tangent, using both (3) and (10), we have, through the quotient 
formula on the identity tan u = sin u/ cos u, 

d(t n u) — d( Sm ** 1 — ")]' cos 11 ~~ sin u[d( cos u)| 

Vcos u/ cos 2 u 

(cos 2 u -f- sin 2 u) du 2 x , , , A , . A 

= - 2 - = (sec h) du, u t* (2k + 1)-, A: an integerj. 

cos U £ 

Cumulatively, the formulas for d(ctn u), d( sec u), d(vsc u), may be analo¬ 
gously derived from the identities ctn u = tan (}*- — u), sec u = 1/cos u, 


fWe must except, both in tan u and its derivative six* ««, those values of u for which 
cos u = 0, namely h, Jr, Jr, — jjt, etc. Since these are odd multiples of $jt, we translate 
“odd” by "2A- + 1, k an integer”; hence the prohibition u ( 2k + 1W2. 
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esc u = 1/sin a; these derivations will be left to the reader (Exercises 11.4). 
The complete list of results is as follows: 

(11) d(sin u) = (cos u) du 

(12) d(cos u) = — (sin u) du 

(13) d(tan u) = (sec* u) du, u ^ (2 k + l)ir/2, k an integer 

(14) d(ctn u) = —(esc* u) du, u kk an integer 

(16) d(secu) = (secu • tan u) du, u ^ (2 k + l)x/2, k an integer 
(16) d(csc u) = —(esc u • ctn u) du, u ^ k jr, k an integer 

[The formulas are best studied in pairs for contrast of structure; note that 
a minus sign appears in the differential of a “co”-funetion.| 

Example 1. With u = 3x, we have 

d(sin 3x) = (cos 3x) -d(3x) = (cos3x)-3rfx. 

With u = }x, we have 

d(tan ix) = (sec 2 Jx)-d(Jx) = (sec 2 }x)J dx. 

With u = x 2 , we have 

d(csc x 2 ) = -(esc x 2 ctn x 2 ) d(x 2 ) = (-esc x 2 ctn x 2 )-2x dx. 
Example 2. If ij = sin 3 2x, find dy/dx. 

The function is (sin 2x) 3 , the power, 3, of the function sin 2x; hence, to begin 
with, we have from the power formula of differentiation, 

dy = d[(sin 2x) 3 ) = 3(sin 2x) 2 -d(sin 2x). 

Hut d (sin 2x) = 2 cos 2x dx (use (11) with u = 2x), so that, finally, 
dy/dx = 3(sin 2x) 2 (2 cos 2x) = 6 sin 2 2x cos 2x. 

[The reader will soon acquire the ability to write such a derivative at one stroke, 
but must be careful to include all of the several parts arising in the processes of 
differentiation.) 

Example 3. If f(x) = x 2 cos 3 x, find /"(0). 

The function /(x) is the product of x 2 and cos 3 x. By the usual rule for the de¬ 
rivative of a product we write 

= 2x cos 3 x + x{ 3 cos 2 x *J~( C0S *)] 

= 2x cos 3 x + x 2 [3 cos 2 x (—sin x)) = x cos 2 x[2 cos x — 3x sin x). 
Heganling this result as a product of x cos 2 x and (2 cos x — 3x sin x) and differ¬ 
entiating again, we obtain 

/"(x) = (cos 2 x — 2x cos x sin x)(2 cos x — 3x sin x) 

4- x cos 2 x(—2 sin x — 3(sin x + x cos x)] 
with careful attention to the inner products and powers involved. To find /"(0) 
we do not risk further reduction of/"(x), but set x = 0. sin 0 = 0, cos 0 = 1, in 
the form we have: the immediate result is (1 — 0)(2 — 0) + 0 = 2 = /"(0). 

11.3 To Evaluate (sin x)/x 

To complete the work of the last section, there remains proof of 

theorem 11.2.1. If x is a real variable, (or an angle measured in 
radians), then 


/'(x) = 2x cos 3 x + x : 


[£ (cos> *>] 
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I, 3] TO EVALUATE Umx-o (•»" *>/* 

[The limit is not obtainable by substituting x = 0, for then both numer 

and denominator are zero.] In proof, ,et * > ° be tbe ® rC 1 Z J^j/fFig 6 
corresponding angle (in radians) * - ATOA, . of the u't‘ ce f 
11 1 1) where OT = 1 lies along the x-axis. In view of the eventual limit g 
process, x rnay be restricted toO < x < From A, draw the perpendicular 
A A, to OT; at T draw the tangent TT, to the circle, intersecting CM, ml,. 

The half-chord AA, is Jess than the half-arc TA, , which in turn is less 
than the half-tangent 7T, : 


AA X < TA X < TT t . 

But AA, = sin x, TT, = tan x, and TA, = l x by (11.1.3); these are 
> 0 for 0 < x < Jt. Thus 

(2) sin x < x < tan x. 

Divide the three members of this in¬ 
equality by sin x [sin x > 0 during 
the final limit process x —> 0(-f)] 
to have 

i < < - 1 -, 

sin x cos x 

then invert the three members of 
the new inequality to have 

(3) 1 > (sin x)/x > cos x 

(note and explain the change in direc- Fig. 11.3.1 

tion of the inequality signs). Now, 

as x —> 0( +), cos x —> cos 0 — 1 since cos x is continuous; thus, (3) traps 
(sin x)/x between the fixed 1 on the left and a variable approaching 1 on 
the right. Hence, the required limit must exist, and be given by 

lim,_ 0 (sin x)/x — 1. 



When x < 0, departure is made from tan x < x < sin x; this leads to 
sin | a; | < | x | < tan | x \, which is (2), and procedure is as before. The 
theorem is proved.t 

Not only is the result (1) of the theorem necessary to the derivation of 
the differentials of the trigonometric functions, but also is it an independent 
and important tool in the evaluation of certain limits. The following 
illustrations will show its utility. 


Example 1. Show that lim,^ (tan x)/x = 1. 

With eye for use of (1) we write 

tan x _ sin x 1 

_ x ~ x cos x 

fWe note, in connection with the remarks of §11.1, that if we used degree measure and 
(11.1.3'): s = r•£•(*■/180), in deriving alimit for (sin t)/x, we would obtain thereby the 
valid but less convenient results 


lim 

x—0 


sm x 


d(sin u) = y— (cos u) du, etc., x, u, in degrees. 


x 


180’ 
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Example 2. Evaluate lin»,-o (1 — cos nx)/x 2 , n fixed. 

To call upon (1) we use the identity 3(h), p. 605, to turn the numerator into 
terms of the sine: 

1 — cos nx _ sin 2 (\nx) 
x 2 ~ x' 

Under the substitution Jnx = t, x = 2 t/n, we replace the new form by 


Hence 


I"* - (fan ] - lto L -=^ 


— cos nx 
1 - 


11.4 Exercises 

1. Derive the differentiation formulas for ctn u, sec t«, esc u. 

2. Show that for: (a) f(x) = sin x 2 ,/'(x) = 2x cos x 2 

(b) /(x) = sin 2 x, /'(x) = 2 sin x cos x = sin 2x 

(c) /(x) = sin 2 x sin 2x, f'(x) = 2 sin x sin 3x 

(d) m = a sin 0 tan 0,f(0) = sin 0(1 + sec 2 0) 

(e) f(0) = sin b0,f'(0) = e m0 (a sin bO + b cos 60 ) 

(0 fW = a sec 2 \0,f'(0) = a sec 2 j 0 tan \0 

(g) x = n(d — sin 0), y = a( 1 — cos 0), dy/dx = ctn \0 

(h) /(0 = In sec l,f'(t) = tan t 

(») /(x) = In tan (ax — }x),/'(x) = — 2a sec 2 ox 

(j) /(x) = sin 3 4x cos 4 3x,/'(x) = 12 sin 2 4x cos 3 3x cos 7x 

(k) f(x) = (sin x)\f'(x) = /(x)(ln sin x + x ctn x) 

(l) f(x) = /'(x) = a"* ' cos x In a _ 

(m) f(x) = tan x sec x + In V(1 + sin x)/(l - sin x),/'(x) = 2 sec 3 x 

3. (a) If y = x sin 2x, show that y" + 4y = 4 — 8 sin 2 x. 

(b) If y = esc" ax esc" 6x, y' = — esc" ax esc" 6x (ma ctn ax -f n6 ctn 6x). 

(c) If y = sin ax, y*" 1 = a" sin (ax \nx). 

(d) If y = cos ax, y tmi =* a" cos (ax -f |nr). 

4. Show that/(x) = sin x + cos x is an increasing or decreasing function ac¬ 
cording as x increases over 0 ^ x ^ Jr or }x ^ x ^ Jr. 

5. Show that /(x) = (sin x)/x is a decreasing function as x increases over 
0 < x < Jit. (Argue that the numerator of f'(x) decrease* from 0.] 

6. Establish the limits: (a) lim^ (sin n$)/0 = n ; (b) lim,_* (sin 4 n$)/(f = n k ; 
(c) lim,_.„ (tan n0)/0 = n. 

7. Find the limits: (a) lim x _<, (1 — cos x)/x; (b) lim x _^> (cos (0 + x) — cos 0(/x; 
(c) lim x _ 0 sin mx/tan nx = m/n. 

8. Use L’/Iopital's Theorem to find each limit: 

(a) lim,_j r (cos x) '(sin 2x) = J (b) lim x _ 0 (tan x — sin x)/x 2 

(c) lim x -o (x-'y img = 1 (d) lim x _„ cos (x~'y 

(e) lim x ^ 0 (cos x)' * = e~ h (f) lim x ^ 0 (sin x -f l) 3/x = e 3 

. . .. sec frx ctn rx 1 

K ctn x (cos x + 1) 2 jt 
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11.5 Applications - __ w of ft r i V er 

Example 1 ( Differential Approximation). The width 8'?’ n^to P along the 
(FiE 11.5.1) is to be found indirectly, by measuring 500 ft. trom w, 
bank and sighting the angle Q,PQ, = 34°Jfrom P to 
Qo . If the linear measurement is exact, but the angle 
measurement is subject to an error not exceeding 
0.5°, find approximately the maximum possible 
error in the computed value of w. 

The width w is computed from 
u; = 500 tan x, x = 34°, approx. 

Then 

(1) dw = 500(sec 2 x) dx. 

In evaluating (1), we set x = 34°, but dx must be 
inserted in real number measurement: dx = 0.5-Or/180) - 
mum possible error in the computation using x — 34 is 

500* 



500' 
Fig. 11.5.1 


tt/ 360. Hence the maxi- 


dw _ 500 sec 2 34° • — = --; - 6.388 (ft.) 

dw - D 00 sec 360 3G0(cos 34 o } . 

(by logarithms). The relative error is 

dw _ 500 sec 2 X'dx = dx = 2 dx = _*- = q.0188 

w 500 tan x sin x cos x sin 2x 180 sin 68° 

or 1.9 per cent. ... . ,,-o.i >rt 

Example 2 (Time Rate of Change). In the mechanism shown in figure 11.5.^ tht 
rigid rod RP is fastened at R to a wheel of radius OR and center O; RP is fastened 
at P to a piston which, through the circular motion of R, is moved to and fro 


R 



along the horizontal line OP. If OR = r = 7 , RP — s — 24, and OR is turning 
at the rate of 120 revolutions per minute, at what rate is P moving (a) when R 
has described a quarter-turn (counterclockwise) from its initial position R 0 ? 
(b) when OR is perpendicular to RP ? 

Both parts of the problem may be answered at one stroke from a general solution 
of the problem. Accordingly we use OR = r, RP = s, con side r OR to have turned 
through an arbitrary angle R n OR = 0, for which position OP = x; r, s, are fixed, 
0, x , are variables both depending implicitly on the time. Ut 0 = ( d0/dt) be 
the fixed rate of turning of OR, the angular velocity, let x = ( dx/dt) be the required 
(variable) rate of motion of P. The quantities r, s, x, 0, are associated through the 
law of cosines: 

(2) 


s 2 = x 2 + r 2 — 2xr cos 0, 
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and the known 0 and sought x are associated with them through differentiation 
of (2) with respect to time: 

(3) 0 = xx — r[x cos 0 — x(sin 0)*d]. 

From (3) we find the general formula 

... —rx sin 0 • 6 

X ~ x — r cos 0 

In both special cases, 6 = 120* (2x/60) = -hr linear units per second. In case 
(a), 0 = 27r, sin 0 = 1. cos 0 = 0, and (4) reduces to 

x — —T0 = —7(4t) = —28x linear units per sec. 

In case (b), x is the hypotenuse of the right triangle ORP, and x = (7 2 -f 24 2 )* = 25, 
whence sin 0 = 24/25, cos 0 = 7/25. Hence, from (4), 

. _ -7-25 (24/25) 4ir -7-24-4x = -7 25-4x _ 175 tt 

1 25 - 7 (7/25) 24725 24 6 

linear units per second. 

Example 3 ( Curve Tracing). Discuss the locus 
(5) ij = In sin x. 

The function is defined only for positive values of sin x. These occur for x on 
the range 0 < x < ir basically, and again on any range in advance or retard of 
this by 2tr. Thus, the graph will appear in vertical panels built on these ranges; 
because of the periodicity of sin x that on 0 < x < w will be repeated on the other 
ranges; we consider only this primary range. Since sin x = 0 when x = 0, ir, 
In sin x—* — co as x—► 0, t; hence, the vertical lines bounding the panel are asymp¬ 
totes. The curve includes no points above the x axis because 0 < sin x «£ 1 and 
In sin igO. The graph will be symmetric in x = \r since sin x is so symmetrical. 
The first and second derivatives are 

g=ctnx, ^=-csc’x. 

Since ctn x = 0 if and only if x = Jx on 0 < x < t, but is always finite there, 
the only critical point is (Jir,0). The second derivative being always finite and 
negative, the graph is always concave down, and (jx,0) is absolute maximum. 
The entire locus is now readily completed (Fig. 11.5.3). 


1 

Y 

7 

O 1 



2ir X 

I 

( 


■ 

r 


Fig. 11.5.3 



Example 4 (Absolute Extreme). In Figure 11.5.4 a light ray from P, is reflected 
at Q to reach P 2 ; the relative positions of these points are indicated in the symbols 
attached to the figure. From the assumption that the path of light is a minimum 
distance deduce the result that the angle of incidence a at Q is equal to the angle 
of reflection 0 at Q. 
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We are to find the condition that the total distance 

*? = P,0 4- QP* = hx CSC a + h 2 CSC 0 () 

is an absolute minimum among all paths such that Q hes between « < 

a distance D apart. Evidently, adm.ss.ble ranges of a and 0 are 
0 < 0 < hr. The variables a and 0 are connected by 
( 7 ) D = h t ctn a + h 3 ctn 0. 

From (7) we find that 


0 = —h, CSC* a — K, CSC 1 0-g. for all admissible a, 0. 


(8) ^ 

From (6) we find that the admissible relative extrema of s will occur for a, 0 satis 
fying 


(9) 


?- 0 - 

dot 


dp 

h t esc a ctn 0 - h 2 esc 0 ctn a-T" , 


for on the admissible ranges d*/da is always finite. Elimination of d0/da between 
(8) and (9) results in the condition 


cos 0 — cos a = 0 

which, for the acute angles a, 0, is valid if and only \i a = 0. This result will be 
the desired law if we can show that the distance s is absolute minimum when 
a = 0 = ct*. 

For a = 0 = a* the distance s is 


$* = (h t -f h 3 ) CSC a*. 

Since D = (h x 4“ fh) ctn a * we find 

*• = VD * + (h, + A,) 4 . _ _ 

We show that this s* is less than the “end"-distance s' = 4- Q,P 2 — + 

Comparison of the squares of these distances, viz., 

(s*) 3 = D* 4- (hi 4- h 7 ) 2 = (fl 2 4- h] 4- *i) 4- 2/*,/» 2 _ 

(s') 2 - [A. 4- VD 3 + Ail * = (P * -*- « + *5) + 2 hiVjy + h{ _ 

shows that s* < s' since h 7 < V D 2 4- A 2 - Similarly *• < s" = P X Q 2 4- Q 7 P 7 • 
The smooth function s (over the admissible ranges) has a unique extreme ** which 
is less than either end-value of *; then s* must be the absolute minimum of s. 
Finally, the point of reflection Q • is given by 

QiQ* = hi ctn a* = h x D/(h x + h 7 ) 
since D = (h x 4" h 7 ) ctn a*. 


11.6 Exercises 

1. Trace (a) y — In cos x; (b) y = In tan 2 x. 

2. Compute approximations to each value: (a) sin 45° 10'; (b) tan 60° 15'; 
(c) sec 30° 12'. 

3. The force F = nW/( cos 0 4- sin 0) is required to drag weight \V along a 
horizontal plane, where n is the coefficient of friction between weight and 
plane, and 0 is the angle between plane and the direction of application of 
F. Find 0 so that F is minimum. [Ans. 0 = tan 1 u ] 

4 . R = v%g~ x sin 2 a is the range of a projectile fired at angle of elevation a at 
initial velocity u 0 , g the acceleration of gravity (no other force applies). 
Find a for maximum R . 

5. Many problems can be best set up trigonometrically if an angle appears a 
natural independent variable. Re-solve by trigonometric analysis the following 
problems: Exercises 5.13.8; 5.13.14(b) with 20 as vertical angle of cone; 
5.13.14(c); 5.13.22; 5.16.24, 25. 
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6 . A ship sails a straight course at 12 mph. A l>eain of light follows it from a 
tower on the shore 3 miles from the course. How fast is the beam turning 
20 min. after the ship is directly opposite the tower? 

7. A lamp post stands at the center of a circular area of radius a. At what height 
should the light be placed on the post so that the maximum intensity / 
occurs on the rim of the circle? (Assume / inversely promotional to the square 
of the distance from light to rim and directly proportional to the sine of the 
angle 0 l>etwcen ray and ground; show / = hi 7 sin 0 cos 2 0. .4m*. h = n / y/%.] 

8 . A boy rides a merry-go-round 40 ft. in diameter, making 4 revolutions per 
minute. His father stands 10 ft. from the rim of the merry-go-round. How 
fast is the boy moving away from his father when J of the way around from 
him? [An*. 480r/v/i:$ ft./min.) 

9. An airplane Hies 300 ft./sec. on a level course ">000 ft. above ground, directly 
away from a gunner in fixed j>osition. At what rate is the angle of elevation 
of the plane changing when it is 30°? 

1 0. The area of a segment of a circle of radius a is .1 = }u 2 (0 — sin 0), with 0 
the central angle subtended by the arc of the segment. For fixed a what is 
approximately the increase in A when 0 increases from 30° to 30° 30'? 

1 1. Find: (a) lim,_ (x — sin x)/x = 1; (b) lim,_o x sin (x _, )/sin x = 0. 

1 2. Trace the curve x = e sin t, ij = e' cos /. 

1 3. Apply Rolle's Theorem to F(x) = x — 2 sin (}rx), 0 ^ x ^ 2. 

1 4. A wall n ft. high is 6 ft. from a house. Find the length of the shortest ladder 
that will reach over the wall from the ground to the house, (.lux. (n* -f- />•)!. 
Supply a numerical case.) 

1 5. A rope runs over a pulley fixed on top of a 30-ft. vertical pole, to one end of a 
20-ft. movable boom with its other end at the base of the pole. As the rope 
is wound in at 3 ft./sec., find how fast a weight suspended from the free end 
of the boom is rising when the angle from pole to boom is 00 °. (.lax. 4 y/ 7/3 
ft./sec. Assume a plane situation.) 


11.7 Integration of Simple Trigonometric Functions 

The technical ability to integrate trigonometric expressions stems from 
two main sources, both at hand in the knowledge of the differentials 
( 11 . 2 . 11 - 10 ) of the fundamental trigonometric functions themselves. 

First of all, reversal of these differential formulas leads to corresponding 
indefinite integrals, which we tabulate: 


(a)j 

f sin u du = — cos u + c 

(b) J 

cos u du = sin u + c 

(D (c) j 

( sec* u du = tan u + c 

( d) J 

esc 2 u du = - ctn u + c 

(e) | 

1 sec u tan u du = sec u + 

c (f) i 

esc u ctn u du = — esc u + c 


In a definite integral involving the last four of these the range of integration 
properly cannot include a value n for which the integrand is undefined 
unless appropriate considerations of Cauchy integrals are made. 
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.MIGRATION of simple functions 

Example 1. (a) J sin 3* dx= J ?> 2 = ^ * 

IS gff-V-iT- (ir “ 

^“‘s^rr^st^r"--‘sssfiiis 

identities. To illustrate: 


Example 2. 

| (tan x — ctn 2 )’ dx = / (tan* * - 2 + ctn 2 2 ) dx 

= J (sec’ 1 - 4 + esc’ 2 ) dx |tan’ x * sec’ 2 - 1] 

= f sec’ xdx - 4 J dx + J esc' xdx 
= tan x — 4x — ctn x + c; 

the crucial change from tan* x and ctn 2 x to sec* x - 1 and esc* x - # 1 is motivated 
by the fact that the table ( 1 ) contains integrals of sec x and esc x but not ot 
tan* x and ctn* x. Alternatively, we write from appropriate double angle identities, 


tan x — ctn x 


sin x 


cos x 


cos x sin x 
cos 2x 


-2 


-2 


sin 2x 


cos* x — sin* x 
2 sin x cos x 

—2 ctn 2x. 


Then 

J (tan 2 - ctn 2 )’ dx = 4 J ctn’ 2x dx = 4 J (esc’ 22 - 1 ) ete 
= 4 J esc’ 22 rf 2 - 42 = 2 J esc’ 22 (2 dx) - 4x = -2 ctn 22 - 42 + c 

by (Id); this is identical with the former result if we reverse the identity with which 
we started. We shall often find several methods of performing a required integra¬ 
tion. 

In the second place, knowledge of the differentiation formulas (11.2.11-16) 
enables us to evaluate certain trigonometric integrals by use of already 
standard forms such as the general power formulas, or the formula for 
integration by parts. Simple illustrations appear in 

Example 3. 

(a) With !< = tan 3x, du = 3 sec 3x dx, 

/ Srt- i / <l “ 3,r ‘< 3 31 

= | J (tan 3x )~ 3 d(tan 3x) ^ = | J u ' 3 du = | 37 ; J 
= ~ i(tan 3x)~ 2 -I- c. 
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(b) With u = cos t, du = — sin t dt. 


( 2 ) 




= — In | cos t | + c = In | sec t \ c. 
A similar performance yields 


(3) 


J ctn tdt = In | sin t | + c. 


(c) By insertion of a factor chosen cleverly so as to achieve in the numerator the 
perfect differential of the denominator, we have 

se c t ta n t + sec 2 t 
sec t + tan t 


(4) “ / ‘S/Aafr dl = ln I sec ‘ + tan l | + c. 




Similarly, we obtain 

(5) J esc t dt 


ln | esc t — ctn t | + c. 


Accomplishment of the formulas (2)-(5)— although the purpose was to 
illustrate use of the power formula—has the important result that wc now 
possess the integration formula for each fundamental trigonometric func¬ 
tion; those for J sin u du and / cos u du are in the list (1). These are impor¬ 
tant to tabulate (we change the dummy variable of integration l to u to 
preserve unity of style): 


Of 

sin 

II 

9 

T3 

3 

— cos u + c 

(b) J 

cos u du 

(C) / 

tan 

II 

■8 

9 

— ln j cos u | + c 

(d> [ 

ctn u du 

(8) . 




j 


(.)/ 

sec 

u du = 

ln | sec u + tan u 

1 + c 


(0/ 

CSC 

u du = 

In | esc u — ctn u 

l+c 


This list 

will 

prove extremely valuable. 




Example 4. To find / = j e 1 sin 2x dx, we plan an integration by parts. We set 
u = e~ M dv = sin 2 x dx 

du = —e~ x dx v = — J cos2x [by ( 6 a)] 

to have 


(7) 


I = J e f sin 2x dx = — \e 1 cos 2 x — § J e'' 


cos 2x dx. 


For the new integral on the right of (7) we set u = e ’ as before, but dv = cos 2x dx, 
whence v = \ sin 2x (by ( 6 b)); the result is a neat recurrence of I itself: 

— } j r~* cos 2x dx = — J e~‘ sin 2x — \ J e~‘ sin 2x dx 

= — J e~ x sin 2x - \ 1. 


( 8 ) 
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Substitution of ( 8 ) in (7) and collection of total / yields 

f/ = _ i e " x cos 2 x - \e sin 2x 

/ = -l^-^cos 2x + 4 sin 2x] + c. 

Confronted with a given trigonometric integral /, we first 
carefully to see whether (i) it is immediately, except possi> y o ‘ 

factor, in one of the forms (1) or ( 6 ), as in Example 1; or (u) it w rec g 
nizably in the power form as in Example 3 (a). Failing one o ese o 
situations, we attempt to discover an appropriate trigonometric reduction, 
via the known identities, which will reduce I to one of the basic situations, 
as in Examples 2 and 3 (b), (c); or, we attempt to discern a split-up of the 
integrand such that part of it is in basic form and we can integrate >y 
parts, as in Example 4. No sure instructions can be given; the reader can 
only be urged to experiment with each exercise. 

To point these remarks we discuss several more examples, as much to 
find what not to do as to indicate the “proper” solution. 

Example 6 . In judging the proper course of action with 


/ 


sin 3 x dx 


we decide that (a) it certainly fits no one of the basic (l)-(6) immediately, and 
(b) it does not fit the power formula since the du = cos x dx for u = sin x is lacking. 
Turning to the trigonometric identities for help, we reject use of sin 3 x a 1 — cos x, 
leading to the same negative findings concerning the new integrand cos x that 
we have just experienced with sin 3 x. Again, sin 3 x = 1/csc 3 x would lead nowhere. 
But the identity 

cos 20 = 1 — 2 sin*’ 6 = 2 cos 3 0 — 1 

yields the forms 

(9) sin 3 0 m }(1 — cos 20), cos 3 0 = 40 + cos 20), 

the first of which will reduce the troublesome power of sin x to the simple cos 2x 
which can be handled by (6b). Thus: 

/ sin’ x dx = (1 - cos 2x) dx = dx - ^ J cos 2x dx 

= !*“!/ cos 2 * (2 dx) 

Indeed, if we change the dummy x to the generally used u, we have a formula 
which frequently arises in applications: 

(10) J sin 2 udu = Ju — J sin 2u -f c. 

Similarly, the second identity of (9) leads to 


1 1 • o 

- x - - sin 2 x + c. 


(ID 


/ 


cos 3 udu = ju -f i sin 2u + c. 


In extension, the identities (9) will serve, by repeated use, to reduce any even 
power of the sine or cosine to simple cosines of multiple angles, e.g., 
sin 4 x = [§(1 — cos 2 x )) 2 ss J (1 — 2 cos 2x -f cos 2 2 x) 

= J[1 — 2 cos 2x -f- J (1 + cos 4x)] [use (9), 0 = 2x) 

= § — 4 cos 2x + J cos 4x 
with the last two terms typed for integration by ( 6 b). 
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Example 6 . But, in complete contrast with the “proper” thing in Example 5, the 
integral 


/ 


sin 3 x dx 


calls for different maneuvers. Again we reject the basic forms, and now (9) does 
us no good. But if we replace sin 2 x by 1 — cos 2 x the remaining sin x dx is the 
main part of the du = — sin x dx for u = cos x in the -power formula. Thus: 

/ sin ’ 1 dx = I sin 2 a: sin x dx = / (1 — cos 2 x) sin x dx 

= J sin x dx -f J cos 2 x (—sin x dx) = — cos x + | cos’ x + c. 

Any odd power of the sine (or cosine) can be handled similarly. 

Similar schemes of segregating the exact differential of a remaining part of an 
integrand are often effective. Thus, sin u du (cos u du] is of such service if the rest 
of the integrand can be written in terms of cos u (sin m); sec 3 u du (esc 2 u du] if 
the rest involves only tan u (ctn «J; sec u tan u du (esc u ctn u du\ if the rest is a 
function of sec u (esc u). 

Example 7. We have 

/dx f dx f esc 2 x . 2 , . 

-r-j-= / • 4-:- = / —-(esc x dx) 

sin x cos x J sin x ctn x J - 


--/ 

--/ 


sin x ctn x 
1 + ctn 3 x 
ctn x 

— esc 3 x dx 


ctn x 


(-c.se 2 x dx) 


- J ctn x (-esc 3 x dx) 


ctn x 

— In i ctn x | — } ctn 2 x + c. 


11.8 Exercises 

1. Obtain formulas 11.7.3 and 5. 

2. Perform each integration: 


(a) j 

f • 1 ,1 

J sin - x cos 2 x 

dx = 

1 4 1 

- 2 C< * 2 X 

+ c 


(I>) j 

f sec 2 x tan 2 x dx 

1 

3 

tan 3 x + c 



< c > j 

( sec 3 x tan x dx 

1 , 

= 9 scc x + c 



(d) j 

f sin x dx 


(e)/ 

1 + COS I . 

1 + COS X 


. ax 

sin x 

® J 

f tan 3x dx 


(g) / 

sin 

xc""' dx 

(h) j 

f x sin (x 3 ) dx = 

cos (i ! ) + c 

(i) 

J cos 3 2 x dx 

® J 

f (tan x + ctn x) 

dx 

(k) / 

x' 7 

ctn (x"‘) dx 

(') j 

f sec* x dx = | tan 3 x 

+ tan x + c 



(m) | 

f tan 2 x cos x dx 

= In 

| sec x + tan 

x\ 

— sin x + c 
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i - 

(a) J cos 2 xdx (b) J cos 1 2 x dx (c) J sin 1 ^xdx 


4. Evaluate: 

r* r a , 1 

(a) J cos xdx = -7T 

( C ) J o sin x dx = — 

( e ) J* sin 3 0 cos 2 0 d 0 = y| 


< b > £ 


sin 2 | £ dx = 27 t 


(d) f tan x dx = ^ In 2 
J ir 


r 1 ' 
(f) /. 


tan 3 ^ x dx 


' Jo *’<* “ 

5 . Obtain: (a) / e~‘ cos §x dx, (b) / e ax cos bx dx, (c) J e ox sin bx dx. [For (b), 
* ( c ), sec Formulas 93b, 93a, respectively, in the Table of Integrals, p. 604.1 

6 . Integrate by parts to obtain: 


(a) J x sin ax dx = 

(b) J x 7 cos 2x dx 


1 . 1 

-5 sm ax- x cos ax c 

a a 


[Cf. Formulas 81, Table of Integrals, p. 603.] 
7. Integrate: 


(a) J cos 3 x Vs in x dx 
. . r a cos t dt 

(c) J (T 


(6 + c sin t) 


esc 2 x dx 
(1 -f ctn x) 

( d) / C8C ’ * 


(b) / 


I ~ — V - * * I 

8 . Show that J sec 3 u du = }[sec v tan u -f In | sec u 
by parts, U = sec u, dV = sec 2 u du, and in the 
sec 2 u — 1 .) Obtain f esc 3 u du. 


Vl + ctn x 

+ tan u |1 -f* c. (Integrate 
new integral use tan u m 


— —#- ^ 

9. Derive formulas 66a, b, of the Table of Integrals, p. 602. 

1 0. By means of the trigonometric identities II, 5, p. 605, products of sines and 
cosines are readily integrated as sums. So treat 

(a) J sin 3x cos 2x dx = — cos 5x — 5 cos x + c 

(b) J sin x sin 4x dx (c) J cos 2 x cos 6 x dx 

1 1. Solve the differential equations: 

(a) cos x sin y dx + sin x cos y dy = 0 

(b) dy/dx + y cos x = \ sin 2 x (/ins. y = sin x — 1 + ce~* in *.) 


11.9 Further Trigonometric Integrations 

We discuss several general methods of evaluating trigonometric integrals. 
A. The Substitution tan §u = v. The substitution 


( 1 ) tan \u = v 

is a standard device for treating integrands which are rational functions of 
trigonometric functions. Of the two different but equivalent versions of (1): 



1 — cos u 
1 -f cos H* 


v = t an - u 


sin u 

1 + cos u* 


[3f, (p.(>05| 
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the first can be solved for cos u, then the second for sin u; the results are 
( 2 ) -— *.T v * -i— ... x 2v 


cos u = 


1 + v 


sin u = t»(l -f cos u) = 


r+T*- 

From the rational expressions (2) we can represent the other four trigo¬ 
nometric functions rationally in terms of v. Again, differentiating (1), 
we find \ sec 2 \u du = dv, whence 


(3) 


du = 


2 dv 

sec 2 iu 


_ 2 dv _ 2 dv 

1 + tan 2 ju ~~ 1 -|- v 5 


is also a rational function of v. Hence, under the substitution (1) any 
integral which is a rational expression involving the trigonometric functions 
is transformed into one which is rational in v. 

Example 1. Under the substitutions (2), (3), we have (for u = x, v = tan }x) 


Ire 


dx 


= / = In | 1 + v | = In 


+ cos x + sin x 
The reader should supply the details of the transformation. 


1 + tan - x 


+ c. 


B. Reduction Formulas for Powers of Trigonometric Functions. The 
integral 


/ 


sin m udu, m > 1 a positive integer, 
can be treated by integration by parts: we set 


u 

du 


sin’""' u 


dv = sin u du 
v = — cos u 


(m — 1 ) sin" -2 u cos u du 

to obtain 

J sin"’ u du = —sin"’ -1 u cos u + (m — 1 ) J sin”'" 2 u cos 2 u du 

= —sin’’" 1 u cos u + (m — 1 ) J sin" 1 " 2 u (1 — sin 2 u) du 

= —sin 1 ""' u cos u — (m — 1 ) J sin" u du 

+ (m — 1) J sin" -2 u du. 

Solving for the required integral, we find the reduction formula 

(4) f sin" u du = —— sin”'' u cos u + —-- [ sin" -2 u du 4- c. 

J m m J 

The only prohibition is the trivial m ^ 0. This formula presents the 
original integral on the left in terms of a new integral on the right in which 
the power of sin u is reduced by 2: continued repetition of (4) eventually 
leads to a sum of terms ending in either / du = u (if m is even) or 
/ sin u du = —cos u (if m is odd), completing the integration. 
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FURTHER TRIGONOMETRIC INTEGRATIONS 

Example 2. By (4), with u = 2r, du = 2 dx, m = 6 f 
J sin* 2 x dx = ^ J sin" 2x (2 dx) 

- —sin 5 2x cos 2x + ^ / sin 4 2x (2 dx) 


But 

andf 


J sin* 2x (2 dr) = - J sin 3 2* cos 2* + | / sin 3 2x (2 dr) 


J sin 2x (2 dr) = sin 2i cos 2x + i / 2 it = -§ sin 2 x cos 2 x + X. 
Reversing the steps cumulatively, we find 

J sin 4 2x (2 dx) = -|sin 3 2x cos 2x - | sin 2x cos 2x + j x 


/ S * n ° 


2x dx 


—— sin 5 2x cos 2x — 73 sin 3 2x cos 2x 
12 4o 


— — sin 2x cos 2x + yg x + c. 


Formula (4) may be attempted for any positive non-integral m, for 
there is no prohibition against this in its derivation; success of its use 
depends, of course, on the ability to integrate the “reduced" integral on 
the right. If m is negative, the integral is that of a power of esc u, for 
which we use reduction formula (9) below. 

It is clearly advantageous to have reduction formulas similar to (4) 
for all six elementary trigonometric functions. We assemble the formulas 
of this type, derived according to the pattern producing (4): 

(4) J sin" u du = “ sin’ ' u cos u + m ^ * J sin"* 2 u du, m ^ 0 


(6) J cos" 1 udu = ^ cos’" 1 u sin u + — —* J 

(6) J tan" 1 u du = — J tan” 2 u du, m ^ 1 

(7) J ctn m u du = — ~ J ctn” 2 u du, m 9^ 1 

(•) / sec” u du 


cos’" 2 u du, m 0 


sec” u tan u m — 2 f . . 

H- 7 / sec 2 u du, m 9^ 1 

m — 1 J 


m — 1 


(9) fcsc-udu^ - CSC ~ + fcsc-udu, 

The prohibited cases are trivial since they are covered by basic formulas. 

C. Mixed Reduction Formulas. Integration by parts, details of which 
are left to the reader, will readily furnish the useful formulas 

J u” sin au du = — u” cos au + ™ J u” 1 cos au du, 

/ u” cos au du = - u” sin au — — f u” 1 sii 
a a J 


( 10 ) 

(ID 


sin au du. 


fHere we could also use (11.7.10). 
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weS; S'" ,VOr V n t r dem: after a redurtion left to right in ( 10 ) 

rr on the right by mea,,s ° f (n) - to * 

Example 3. We begin with (10), m = 3. a = 2, « s *, i„ fin(ling 

/ * 3 sin 2* rf* = i’ cos 2* + | / ** cos 2 x dx. 

Continuing with (11), m = 2, a = 2, we have 

f x2 cos 2x dx = | ** sin 2* - J i sin 2x rfi 


= ^ x 2 sin 2x 


- [-| i cos 2i + i J COS 2x dx J 


/ 


- 2 sin 2x + i x cos 2x - | sin 2x. 

Collecting these several results, we obtain 

** sin 2.r dx = -1 *> cos 2x + | x 1 sin 2x + | * cos 2x - | sin 2x + c. 

, reader can readily obtain, by integration by parts, the reduction 
rormulas (cf. Example 11 . 7 . 4 ): 

(12) J e“" sin bu du = e“(« sin bu - b cos bu)/(a' + b ! ) + c 

( 13 ) / e“" cos bu du = e'"(b sin bu + a cos bu)/(«> + b 1 ) + c 

11.10 Exercises 

1 . Derive the reduction formulas 11.0.5-9. 

2 . Derive the reduction formulas 11 . 9 . 10 - 13 . 

3 . Use the transformation tan = r to perform each integration: 

f1x - In 3 -4- tan jx 

I 3 — tan 4 x 


^ / 4 + 5 cos x 3 

(b, /r+rfi 


+ 2 sin 2r 2 V 3 ^ i tan a- + 2 + . 

(Cf. Formulas 67 a. 68a, of the Table of Integrals, p. 602 .) 

4 . (a) Show that / rfx/(l + sin x + cos x) = In | 1 + tan \x | -f c 

(b) Show that f dx /(tan x + sin x) = J In | tan },/ | - J tan 2 \u + c. 

5 . Show by using the transformation tun Ju = v that 

/ esc a du = In | tan Ju | + c, / sec a du = In | tan (£u + }*)! + c, 
and reconcile the results with formulas (11.7.6 f. e). 

6. Evaluate / esc 3 »i du by the substitution tan Ju = p and reconcile the result 
with that from the reduction formula (11.9.9). 

7 . Prove that: (a) / cos 4 x dx = }(§* + sin 2 x + J sin 4x) + c 

(b) J am- ix dx = -2 cos \x + J cos 3 \x - f cos fi \x + c 

(c) J tan" x dx = J tan 4 x - J tan 2 x + In | sec x | -|- c 

(«!) J sec" xdx= l tun" x + § tan 3 x + tan x + c 


+ c 

1 tan x -F 2 - y/3 


+ c 
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8. Show that (a) / tan 3 x sec 4 x dx = J tan 4 x + 6 * an 3 x + * 

(b) f tan 3 x sec 3 x dx = \ sec x - \ sec x + c 
(In (a) isolate the exact differential sec 2 x dx, in (b) f sec x tan x dx. y 
formulate a general rule of procedure?) 

9. To Integrate I — J sin" u cos” u du. Study: 

* (a) / sin 4 x cos 3 x dx = / sin 4 x(l — sin 2 x) cos x dx 

= \ sin 4 x — | sin 7 x + c 
(b) f sin 4 x cos 2 xdx = f sin 2 x (sin x cos x) 2 dx 

= J / (1 — cos 2x) sin 2x dx 
= i (J sin 2 2x dx — / sin 2 2x cos 2x dx) 

= j (Jx — J sin 4 x — g sin 3 2 x) -f* c 

Defend the general statement: If m [n ) is odd / can be integrated after isolation 
of the exact sin x dx (cos x dx) and use of sin 2 x = 1 — cos" x (cos x =* 
1 — sin 2 x). If m, n, are both even I can be integrated through the trigono¬ 
metric identities for double angles. The integral / can also be handled by the 
reduction Formulas 64 , Table of Integrals, p. 602 ; verify these formulas and 
comment on methods of using them. 

10 . Perform the integrations: 

(a) J sin 4 x cos 4 x dx = ^ 3 x — sin 4 x + | sin 8x) /128 c 

(b) J sin 3 2x cos 4 2x dx = cos® 2x (3 cos 2 2x — 4)/48 + c 


cos 3 3 x 


dx 


7= Vsin 3 x (5 — sin 2 3 x) + c 

1 D 


(C) / VW3, 

(d) J (cos 3 t + sin 3 l)(co8* t — sin 2 t) dt 
cos' x dx 


— 7 ~i — 

sin x 


sin x + 


sin x 


_1 

3 sin 3 


+ c 


( e > / 

® / cos 3 x dx/ Vsin 3 x (g) J sin® t tan t dt 

1 1 . The Wallis Formulas for W = /£' sin" u cos n a du. These definite integrals 
arise frequently in practise, and are quickly evaluated by formula ( 4 ) below. 
The following guide outlines their derivation. 

(a) Show that /J* sin" u du = ((m — l)/m) JJ r sin" -2 u du, so that in continua¬ 
tion 

' (m - \){m - 3 ) ■ • - ( 1 ) 7 T 

m(m - 2) • • • (2) 2 


(1) I 


1- 


sin" u du = - 


(m even) 


(m — 1 )(m — 3 ) 


(2) 


1 


(m odd) 


m(m — 2 ) • • • ( 3 ) 

Show that JJ r cos” u du has value similarly given, n replacing m. 

(b) Use successive applications of Formula 64 a, p. 602 , m > 1 , n > 1 on 
IF to find 

(n - l)(ra - 3 ) • • • ( 1 ) f" ■ - , ■ 

W ~ (m + n)(m + n - 3 ) ■•■(« + 2 ) s,n “ du even > 
( n - l)(re - 3 ) • ■ • ( 2 ) 


( 2 ) 

( 3 ) 


W = 


(m + n){m + n — 2) ■ ■ • (m + 1) 


(re odd) 
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(c) Continue (2) with ( 1 ) for m even, and show that both this result an.l 
(3)—whether m is even or odd—subscribe to 


ri' 

(4) / sin " 1 u cos'* u du 

Jo 


= (m r D( m - 3) • > • [2 or l](n - l)( n - 3) • • - [2 or 1 1 

(m -f n)(m + n - 2) • • • [2 or 1 ] * K 

wliere K = \* if m, n, are both even, K = 1 otherwise. Formula ( 4 ) 
also covers the missing cases when m [„) = 0 , 1 , if we agree to disregard 
the factors containing that letter in the numerator on the right- this 
statement should I* checked. Thus (4) is valid for all integers m jj 0 
n = 0 . See Formula 96, Table of Integrals, p. 604. 

1 2. Evaluate: (a) /(• 6 i n s x dx = 8/15 

• |r 

(b) J„ sin ‘ 1 cos ‘ xdx = 3'/256 (c) J ' sin" x cos" x rfx = 8/(193 


11.11 Applications 

>\ e assemble, as we have done before, a number of examples of applica¬ 
tion of the principles of integration of trigonometric functions to by now 

typical situations. These have been 
chosen carefully to illustrate impor¬ 
tant points of technique, as well as to 
review and to interest. 

Example 1. We consider first several 
problems associated with the arch of the 
curve (Fig. S 1.11.1) 

y = sin x, 0 £ x £ 7 T. 

(a) Area. Using vertical strips, we obtain 
the area bounded by the arch and the 
x-axis from the computation: 

A = Jo smxdx = (cos x]o = -[cost - cosO) = -[-1 _ 1 ] = 2 . 

(b) Volume of solid obtained by rotating the area bounded by the arch and y = 0 
about the //-axis. Using cylindrical shells, we write 

V = 2ir [ dx * 2 t f* x sin z dx. 



From the reduction formula (11.9.10) we find 

1 = 2ir l„ X sin xdx = 2 t 1 ” x cos x -f sin x]o = 2 t t = 2 ir 2 . 

(c) Centroid of the area under the arch. Since the arch is symmetrical in the line 
x = \tc, we have x = for the abscissa of the centroid. The ordinate u is computed 
from the formula (9.20.3): 





sin 2 x dx. 
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We evaluate the integral on the right by formula (11.7.10) to have^ 

Ay = \l sin 2 1 dx = \ i - l sin 2* =4 r - 

EftS&d by the a centroid 2 Z ‘reXng^he area'Xut 

result, the same theorem yields 2 .( 2 ^) = 2 - 2 * £/*) = - « the volume o. 

the solid obtained by revolution of the arch about the x-axi -J . . it j 

Example 2. Find the arc length of the curve y = In sin x between the points 
abscissas \ir, \ir. (The curve is sketched in Fig. 11.5^3.) 1 c 

Since VT+77J 5 = Vl + eta** - = cm * on the range *r s 

x ^ Jir, the required arc length is given by 

s = f" ds = I'*' Vl + ( dy/dxY dx = f esc xdx 
J.-\w J\w J \ w 

= (In I CSC X - ctn x |]|; = ln|l-0|-ln|V2-l| 

- -In (VS - 1) - In l/(\/2 - 1 ) - In (V2 + I) - 0.88 approx. 
Example 3. If a projectile is fired with initial speed v 0 and angle of elevation a, 
the range R is given by 

R = — sin 2a. 
g 

Find the mean (value of the) range for variation of a on 0 ^ a ^ \ir. 


Y! 


The mean value R is given (§9.16) by 

R = I sin 2a da 

g Jo 

= (cos 2a)J r - —• 
*g rg 

This R is 2/ir times the maximum range 
R = do/9> occurring when a = }r. 

Example 4. A circle of radius r is ro¬ 
tated about a line L in its plane and dis¬ 
tant D from the center C of the circle, 
D > r. The solid generated is called 
a torus (a doughnut-shaped figure). We 
shall find its surface area (Fig. 11.11.2). 

We take L as the x-axis, the perpen¬ 
dicular to L through C as the y-axis. 
The circle is taken parametrically: 

(1) x = r cos 0, y = D + rsin 0 , 
whence ds = r d$ (this simple result is 
the advantage of choosing the para¬ 
metric representation of the circle). Thus 

S = 2t I (D 4- rsin 0) r 


= 2 itr[De - r cos B\Y = 2xr\2irD - r + r] = Air 2 Dr. 

(The result is corroborated by Pappus’ First Theorem 9.20.1, by multiplying the 
circumference 2 irr of the given circle by the circumference 2 jtD of the circle described 
by its center (centroid) in the revolution. See also Example 9.20.4.j 
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11.12 Exercises 

1. Find the area bounded by ,j = cos x, y = sin *, and * = 0. |d, ls . y/2 - 1 I 

bind tbe centroid of this area. Kind the volume of revolution of this area 
snout me //"Axis. 

2. Find the arc length of y = In sec x, 0 g x £ [An*. In (2 + Vl) ] 

3. Find the volume of the solid obtained by revolving the area bounded by 
y tan x, y - 0 , x - 0 . x = {t, about (a) the x-axis; (b) the y-axis. 

4 ‘ (a) K Kir SqUare<l ° r<linate of * = sin 0 ^ ^ iir, with respect 

(b) Find the mean square of the alternating electric current i = *1 sin lit 
for one period, with respect to time /. 

(c) Find the mean ordinate of the ellipse x = « cos d, y = b sin 0, in the 
nrst quadrant, with respect to x. 

(d) Find the mean squared ordinate to the first-quadrant arc of the hypo- 

♦k C ?v if- " CO , S 9 U y = n s,n *' with to arc length. [Ans.W: 

the Wallis formula, Exercise 11.10.11, is helpful.) 

5. Consider the curve C: x - c‘ sin t, y = e‘ cos /. 0 £ t £ }*■, of Exercise 11.6.15. 
find, (a) arc length; (b) surface of revolution about the y- axis; (c) surface 
of revolution about the x-axis; (d) centroid of arc; (e) area under curve; 
(f) volume ofre volution about each axis. [Ans. (a) \/2(e* r - 1 ); (b) j y/2w 

6 . Find the volume of the solid generated by revolving about the x-axis the 
area under the hyperbola x = a sec t, y = a tan t, in the first quadrant from 
x = a to x = 2 fl. 

7. Find the volume of the solid generated by revolving about the y-axis the 

area under y = cos x, 0 g x ^ (.4ns. x(x - 2).] 

8 . Consider the circular segment S with chord subtending angle 2a at the center 
of the circle C: x = a cos 0 , y - a sin 6 . 

(a) Show that the volume of the solid obtained when S is rotated about 
the diameter of C parallel to its chord is that of the sphere with the 
chord as diameter. 

(b) Find the volume of the solid generated by rotation of S about its chord. 

(c) Find the surface area of the solid in (b). [/Ins. 4xa 2 (sin a - a cos a).) 

9. Fi nd the arc length of y = 2 sec x from x = 0 to x = hr. (Show that 

-n /1 + = 2 sec 2 x - 1 .) 

1 0. What is the centroid of the volume obtained when one arch of y = sin x 
is rotated about (a) the y-axis; (b) the x-axis? [An*, (a) (0, x/ 8 ).) 

1 1. Find the surface area generated by routing the upper half of the hypocycloid 
x = a cos t, y = a sin t, about the y-axis. (.4ns. 12x« 2 /5.) Find the centroid 
of this surface. 

11.13 Trigonometric Integration of Certain Algebraic Forms 

Confronted with the integral 

(,) /«r^’ 

(which previous methods of integration have failed to evaluate), we 
resort to a simple and almost obvious trigonometric transformation. The 
factor 

( 2 ) 1 — x* suggests 1 — sin 2 6 if x = sin d 
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and this rationalizes the denominator: 

(3) (1 _ x *)l = (1 - sin' 9)> ^ (cos 2 9)‘ ^ cos 9. 

Since rfr = cos 9 <*9 under the substitution * = sin 9, the completely 
transformed integral is 

f dx _ f cos 8 dS = f sec ,* gdg = tan 9 + c. 

w J (1 — x 2 )' J cos 0 

Reversing the transformation via (2) and (3), we have 

sin 0 x 

tan 9 3 = (i - x 2 )' ’ 

and (4) continues into the final 

f ** -*—J"T + C, -1<X<1. 

J (1 - *’)' (1 - I 2 )' 

This result should be verified; and see also Exercise 7.7.7. . _ 

Clearly there is something general and highly useful lurking in the 
background of this particular example. Transformation from algebraic to 
trigonometric functions according to the following triply parallel state¬ 
ment is a frequently employed device of integration. 

If an integral involves the factor 

(5) (a) a 2 - u 2 (b) u 2 + a 2 (c) u 2 - a 2 , a > 0, 

the substitution 


+ c, 


-1 < x < 1. 


u = a sin v 


u = a tan v 


(6) (a) 


a 2 — u 2 = a 2 (l — sin 2 v ) 


u 2 4- a 2 = a 2 (tan 2 v + 1) 


a 2 cos 2 v 


a 2 sec 2 v 


du = a cos v dv 


du = a sec 2 v dv 


u = a sec v 


. . u 2 - a 2 = a\ sec 2 v — 1) 

(c) 

= a 2 tan 2 v 
du = a sec v tan v dv 

transforms the given integral into a trigonometric form which is often readily 
integrated. Keeping the paralled treatment, we illustrate the three cases 
of (6) by transforming the important types 


<»>/?tp w/ 


w J (a 2 - u 2 )* ' ' j + a ' ' j (u 2 - a 2 ) 1 

into convenient trigonometic form. 

(a) Under transformation (6a), (a 2 — u 2 )* = a cos v; since the positive 
square root only is symbolized, we use a > 0 with — §ir ^ i; Jtt so that 
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cos v ^ 0; then (7a) is 

(8a) [ - — _ [ g c os vdv f 

J (a 2 — u 2 )* " J a cos v = J dv = v. 

Since reversal of u = a sin v writes v = sin -1 (u/a), we have 

<*•» I-I <- 

Only if | m | < a is the integral defined; on the other hand, sin" (u/a) is 
defined only i( \ u \ £ a since | sin x | ^ 1; the two sides of (9a) are, then 
compatible on the open range. * 

(b) The integral (7b) transforms under (6b) into 
(8b) 

J u + a J a sec v a J a 
From the reversal v = tan" 1 (u/a) we obtain 

The admissible range of u is the entire set of real numbers since any of 
these may serve as tangent. 

(c) Under transformation (6c), (u 2 - o’)' = a tan v, a > 0, tan v > 0 

and (7c) is ’ 

[ — du f a sec v tan v dv f 

J (u 2 - a ’)*“ J ~ a tan v J 8ecvdv 

_= In | sec v -f tan v | + c. 

Since tan v = Vu* - a 1 /a, we computet sec v = u/a, either from the 
elementary identity sec 2 » - 1 + tan’ v or by consulting a right triangle. 
Then 




u , Vu* - a* 

a ' a 


+ c 


= In | u + Vu 2 - a 2 | + C ' [c' - c - In a], | u | > a. 
Appearance of the type forms (7) is so frequent that we supply several 
examples. 

Example 1. It is important to recognize the inverse tangent formula (9b) under 
various disguises. 

dx r dx i r Vzdx 


(a) / 


__ f dx _ _i_ r . 

3x2 + 4 J (V3 x)* + 2 7 VZ J (VZ x) 2 + 2 2 

" yl / [w = ^3 I, du = dx) 


1 . u 


- 7 = tan- ^ 

2 VZ 2 2 y/Z 


1 + 


fConcem as to sign of sec v is waived in this formal work, to be discussed later. 
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(b) Using the transformation (11.9.1): tan \x = v, cos x = (1 — )/( 1 + ^ 

dx = 2 dv/(l + A we have 

= i tan" 1 $i» = ! tan' 1 ($ tan }x) + c. 

<•> + 

Here we have completed the square on the x - 2x by adding 1, subtracting 1 
also for balance; then we have (9b) with n - x - 1, a = V2 . This device is oi 
general application to integrals of fonn 


I Ax’ + 


dx 


Bx + C 


if B 2 - 4 AC < 0; 


we develop this remark later in full (§11.19). 

(d) With the same denominator as the integrand in (c), the integral 


= /** - 2x 7 +3 dx 


hr* 


x - 7 


dx 


+ ( V 2 y 

is best handled by making the transformation u = x — 1 , x = u - f- l, dx = du, 
on the entire integrand. This gives 


r f «-6 , 1 f 2u du „ f du 

1 = J ^+2 du = d ir+2~ b J i? + 

1 . , , . 0 . u 


= |ln(u» + 2)-^-tan-^ 

= |ln(x>- 2 x + 3)-^ 1 tan- ( -^+c. 

< e > / e T^ = /^ = tan ' ,(e ' )+C - 

Example 2. (a) From (9a) with u = x 3 , du = 2x dx, a = 4, 
f _ X dx _ \ 

J V16 - x 4 ~ 2 . , 


2 x dx 1 . x 2 , , , „ 

V.o- ( xy ~ 2 sin 7 + c ’ l" l<2 - 


< b > Nt 


-rr-dx= [ \ - dx 

+ X J \/1 _ 


.r dx 


Vi — x 1 J Vi — x 

+ Vl - X * + 

Example 3. It is straightforward that 


Vl - 


= sin 1 x 


/ 


*/x 


v7? - l 


= l in | 2 x + V4x 2 - 1 | + c, 


2 x | > 1 , 
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((9c) With a = 2x, du =2 dx)\ it is less apparent that the same type serves 
[ dx f du . _ _ 

J i ~ 3 J Vu 2 - 1 = 3 ^ 1 X + VaT- i |+c, [* = **]. 

The inverse trigonometric functions appear in calculus for the first 
time m the basic integration formulas (9a), (9b). The formal work of this 
section needs amplification on several points concerning these functions, 
in the next section we study these functions critically. 

11.14 The Functions sin’ 1 x, tan" 1 x 

Let the function 



Fig. 11.14.1 

be solved for its inverse x = sin -1 //; let the variables be reversed so that 
x is again independent; there results the function 

(2) y = sin"' x, -1 ^ x ^ 1. 

The graph of (2) is obtained (Fig. 11.14.1) from that of (1) by reflecting 
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the latter through the line y - x: it is a continuous sine-wave extending 
upward along the y-axis, wholly contained in the panel 1 3 - 

since the numbers x available for use as sines never exceed 1 in magmtu e. 
Clearly, y = sin"' x is infinitely multiple-valued: for any x on the range 
there are infinitely many corresponding numbers y because of the| w ^ vcr1 ^ 
nature of the graph; thus, for x - }, y — sin (i) - U* + 

(fir + 2kir) , k any integer. . 

But sin ' 1 x has been naturally introduced into the study of calculus 

through the integral 

(3) 


/ 


dx 




= sin" x + c. 


sin 2 v 


In deriving this, we formally set x = sin v, \/\ — x 2 - \/\ 
cos v, to transform the integral into a known trigonometric form. But 
the identity 

cos v s V 1 — sin 2 v 

is trigonometrically valid only if v = sin ' 1 x is a first or a. fourth quadrant 
angle, for only in these quadrants is cos v ^ 0. The equivalent of this 
statement when v = sin " 1 x is a real number is that — §* ^ v ^ }*• (where 
we use — Jw ^ v ^ 0 to correspond to the “fourth quadrant angle” in 
order to keep v a continuous variable) or that v is on a similar range in 
advance or retard of this range by 2 w\ 

Next, we realize that in calculus we require single-valuedness of functions 
in connection with both the integral and derivative. 

In order, then, that the integration (3) shall be valid and that v = sin " 1 x 
shall be single-valued, we abandon the multiple-valued ( 2 ) in its complete 
and unrestricted form. Henceforth we confine attention graphically to 

only the arc A A' of Figure 11.14.1, where A: (— 1, — Jir), A': (1, }x); for 
on this arc one and only one y ( — }ir ^ y 5 * $t) corresponds to each x 
(— 1 ^ x ^ 1 ) and, moreover, the whole cycle of the sine-numbers x is 
run. The new, single-valued function (note the specification of ranges) 

(4) y = sin " 1 x, —1 ^ x ^ 1, — ^ y ^ 

is called the principal value of ( 2 ); it is continuous because y = sin x is 
continuous. We agree that the single-valued (4) is the function symbolized 
by sin " 1 x in calculus. In particular, the integral formula (11.13.9a) is 
now to be interpreted as 

du 


/ 




• -i u 

= sm - + c, 


- < 
a 


1 , 


n . _ i U n 

~2 < SU1 a < 2 ' 


The range is an essential part of the formula, and will be found essential 
in dealing with definite integrals involving the type. 

Similarly, the inverse of y = tan x is the function x = tan -1 y\ again 
we reverse variables to study 
(5) 


y — tan 1 x. 
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The graph of (5) is shown (heavy) in Figure 11.14.2. Argument like that 
just given in the case of sin" 1 x persuades us to restrict the function (5) 
to a single-valued branch, namely to that one passing through the origin 
and contained within y = -Jx and y = + Jx; this branch yields one and 
only one y for any given tangent^number. Thus, in calculus, the inverse- 
tangent function is 

(6) y = tan 1 x, - ® < x < ® , -jx<y<Jx. 



This (6) is called the principal value of the unrestricted (5); we agree 
that it is the single-valued, continuous, function (6) to which the symbol 
tan -1 x refers. In particular, the tan -1 (u/a) of (11.13.9b) shall refer to 
(6), and hence 


r du 
J a 2 + u 2 



— <° < U < co, 




The other inverse trigonometric functions are relatively less important 
than these two in calculus; we discuss them briefly in §11.16. 

The importance of these considerations of principal value of sin -1 x 
and tan' 1 x will be strikingly illustrated in the following examples. 
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Example 1. Figure 11.14.3 gives the graph of the curve y - '{ r V|? olln ,led 

* [-T- fl, - (!) - *" (-))■ 

look up 0.75 as a sine-number in 
Y| 


£ 


we 


(7) J-, -v/16 - - X 

For the value of sin 1 (j) = sin -1 (0.75) 
Table 5, p. 609; the corresponding 
reading is the real number 0.85 (not 
radians, not 48.5‘), for only this inde- 
nominate can be interpreted as area: 
for the first term in (7) we substitute 
sin ' 1 (0.75) = 0.85. 

Now the least positive value for 
which the sine is — J is 3.06. If we 
used this value, the right side of (7) 
would be 0.85 - 3.66 = - 2.81, although 
the left side of (7) is clearly positive. 

We must, then, reject a trigonometric 
instinct for positive angles only; on the 
single-valued range of principal values, sin" (—J) 
we complete (7) as 



Fig. 11.14.3 

— Jir = —0.52 (approx.), and 


£ 


dx 


y/ ic~—•” 


sin- (|) - sin- ( 4 ) 


= 0.85 - (-0.52) = 1.37 (approx.). 
In fact, we note for future reference in such a situation thatf 

(8) sin ' ( —x) = -sin ' (x), 

for if y = sin 1 (— x), —x = sin y, x = —sin y = sin (—//), whence —y = 
or y = —sin ” 1 x; the initial and final values of y supply ( 8 ). (Similarly, 

(9) tan ' (-x) = -tan (x).] 

With the use of ( 8 ), we immediately continue (7) as 


sin 


-i 


£ vie- - ? = sin "(!) ~ sin "( _ i) = sin "(!) +sin "© 


0.85 + 0.52 - 1.37. 
Example 2. Consider the Cauchy integral 

* - /;."*• 


-L 


4 + x s 
The second limit is 
•‘ v dx 


lim 

.i/-® 




lim r T 

V—• .'o ■* 


dx 


4- x 


5, M , N, > 0. 


L™ /. TT7 = J™ [I tan " I X 1 = I [*“" I"] = i 


4 4- x 

The first limit is (using (9) in the second step) 

dx 


IT. 


lim [ 

•V—• J 


~+7 = L™ 


I therefore has the value 


5JT. 


= 4-s I'm 

^ it 


[4 

”[ 


■ (-j«)] 


tan 1 \ M 


fRelation ( 8 ) is universally true only for the principal value sin ” 1 x. Thus, if x = J 
and we wander from this range, sin " 1 (-J) could be 330° = 1U/6 and sin"' (5) could bo 
t/6 , clearly not negatives of each other. 
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11.15 Exercises 

1. Contrast the integrals: 


(a) j 

f x dx 

1 + x 2 

(b) J 

r ^ 
i+1* 

(c) 

(d) J 

r 

Vl - I 4 

(e) J 

f * 

Vi' - i 

(0 


2. Perforin the integrations: 
W /?- -£+ 13 - 

<b> /vnfc? 

M/l5T5? 


«/vr#? 


+13 = \ tan '' § (l - 3) + c 

L_= sin -I (l _3) +C 


cos x dx 
+ sin 2 x 
X + 3 

Vl6 - * s 


w/un^ »/itb 

(i) / Vi Vi - 1 = 2 ln <Vi + Vi - 1) + c 

(i) vfrrkr, o>J£f- t 


3. Perform the integrations: 

fa) [ (2j + » 

( J J Vi' + 2I-15 


V + 2i - 15 

- ln 1 1 + 1 + Vi* + 2i - 15 | + c 


(b) / ?" +~4i ) +5 “ (*’ + •»* + S) + tan-' (i + 2) + c 

f (?* - 1) di f i 4 - 2x* + 4 

{c) J VT^r 4 ? (d) i —* + 1 dl 

4. Use the transformations (11.13.6) to find: 

(a) J V9 — i* dx = | j^i V9 - i* + 9 sin' 1 | xj + c 


(b) / 


dx = | [i Vi' + 1 + In 1 1 + Vi* + 1 |] + c 


(e) J (a* — x ')* dx (d) J V(a + x)/(a - i) , 

5. Obtain: 

(a) J dx/( 5 — 3 cos x) = tan" 1 ^2 tan | x^ + c 

(b) j" dx/( 3 -f 2 cos x — sin x) = tan -1 | ^tan | x — l) + c 

(c) J c os x dx/(5 — 3 cos x) = | tan"' ^2 tan | x) — | x -f < 
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6 . Find the area tt ab of the ellipse b 2 x + “!1 ~ Q 

7. Find the first-quadrant area bounded by y = (« ” x )/( a + c '» a ' 
and the coordinate axes. [4 ns. — 2 In 2).) 

8 . Find the total area between the witch y(x 2 + 4a 2 ) = 8 « and the para )o a 

4 ay = x. [Ans. §( 6 tt — 4)a a .) 2 

9 . Show that the area of the loop of y 2 (a + x) = * (a — x) is jn (4 *)■ 

1 0. Find the surface area generated when a quadrant of a circle is rotated about 
the tangent at the end of a bounding radius, [,4ns. ra (it — 2), a the radnis.j 
1 1. Show that J$ x y/2ax - x 2 dx = f% x y/a * - (x - a ) 2 dx = {ira . 


11.16 Differentiation of Inverse Sine and Inverse Tangent 

By differentiation of both sides of 

f —~== = sin’* u + c, | u | < 1, -5 * < sin - ' u <\* t 

J V 1 — w * 

we obtain 

( 1 ) dfsin” 1 u) = —^L= , | u | < 1, < sin ~‘ u < \ 7r - 

Similarly, from / du/( 1 + u 2 ) = tan' 1 u we have 


( 2 ) d(tan 1 u) 

Here in (2) there is no restriction 
on either u or tan -1 u inherent in 
the algebra, and ( 2 ) applies to any 
branch of y = tan"' u, all of which 
then have parallel tangents for 
given u (cf. Fig. 11.14.2); it is 
customary, however, to use (2) only 
on the principal value branch. 

Example 1. The distinct points 
P\ : ( Xx , yi), Pi : (x 2 , y 2 ), are fixed on 
the curve y = ax . Determine the point 

P: ( x,y) on the arc P X P 2 such that angle 
P X PP 2 is least. (Fig. 11.16.1). 

The angle 0 = P\PP 2 is the difference 


du 

1 + V 



e = X’PP x - X'PP 2 = tan " 1 &-^ - tan ’ 1 &- 


x ^ x x , x 2 , 


Xx - X X 2 - X‘ 

where PX' is the horizontal through P. Using the equation of the curve, we have 

2 .2 

= a(x x + x). and 

x 2 — x 

so that 


y x - y ax 2 - ax 2 , . , 
iT=^ = ~xT- x = “<*■ + *>• 


= “C*. + *>, 


6 = tan"' [a(z, + x)] - tan 1 (o(x 2 + x)J. 
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Differentiating this function according to (2), we obtain 

_ * = [i + «*(*. +1)’] “ [i + «*(*, + *)*] ; 

never infinite, this is zero if and only if 

(x, + x) 2 = (x 2 4- xY or x = — i(x, 4- x 2 ). 

The corresponding y is 

y = \a(x , + x 2 Y = + ax]) + \ax x x 2 = \(y x 4- y 2 ) + \ax x x 2 , 

where we have again made use of the equation of the curve. (A particular case: 
if a = 1,2/= x 2 , P x : (-1,1), P 2 : (2,4), then * = y - }.) 

Example 2. Find the mean latitude of all points of the northern hemisphere. 

I-et (Fig. 11.16.2) R be the earth's radius and z the (perpendicular) distance of 
a random place P on the surface of the hemisphere from the plane of the equator. 
The latitude of P (and all places on the same circle of latitude) is the angle 

L = sin ’ 1 (z/R). 

Considerations of symmetry suggest that the mean latitude of the entire hemisphere 

will be that of the varying latitudes for places P on the single quadrant NPE of 
the great circle through P and N. For such P, the variation of z is from 0 at E 
to R at N. Then, 

1 - 55 *- 

We integrate by parts with u = sin"' (z/R), du = (R 2 — z 2 )‘* dz, dv = dz,v = z: 

T{ l 8in " I dz = S {[ z sin " A ~ L (R1 ~ *’ r ' f *} 

= ft"|/f-(W + |(ft J - *V|5| - - 1) radians [32°42']. 

It is entirely natural and possible to differentiate the other inverse 
trigonometric functions, 

cos " 1 u, ctn~‘ m, sec 1 u, esc 1 u, 
hy rewriting them in terms of equivalent inverse sines and tangents. 
Consider 

(3) y = cos -1 u, | tf | £ 1. 

Then u = cos y = sin (|x — ij), whence 

(4) sin ' 1 u = \r - y = \r — cos - ' U. 

For the principal value of sin " 1 u = \* — y, namely, — Jx ^ — y ^ $x, 

we have — x ^ —y ^ 0 by adding -Jr throughout, or 

0 ^ y = cos -1 u ^ t. 

Adopting this last as the range of principal values of cos"' u, we write (4) as 
( 6 ) sin - ' u + cos"' u = \r, - \x ^ sin 1 u ^ jir, 0 ^ cos ' u g x. 

This is pictured in Figure 11.16.3. From (5) arises the easy differential 

relationship 

( 6 ) d(cos~' u) = —d(sin -1 u) = ^==, | u \ < 1 , 0 ^ cos - ' u g x. 

Clearly, the relation (5) is the crucial one to remember. 
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Similar procedure with y = ctn' 1 « leads to the key equation 

( 7 ) tan- « + ctn" » = §x, -Jx < tan"' « < i*. 0 < ctn' 1 « < 

the latter range being then chosen as the principal value of the inverse cotangen . 
From (7) we find 



d ctn 1 u = — d tan 1 u 


— du/(1 + u 2 ). 



The functions in (8) are principal values (although the differential formulas for 
tan -1 u, ctn" 1 u, clearly apply on any branch of the functions).f 

11.17 Further Trigonometric Integration of Algebraic Forms 

The trigonometric substitutions of §11.13 and the technique leading to 
the important formulas (11.13.9 a, b, c) can be effectively employed on 
many other individual integrals and type forms. Among these the following 
forms are perhaps the most used; we repeat the three previous ones for 
completeness. 

fThe functions y = sec -1 u, y = esc -1 u, are defined naturally by 

y = sec" 1 u = cos -1 (1/u), y = csc“' u = sin" 1 (1/w), 

the ranges of principal values being those of the inverse cosine and sine, respectively 
In general, the functions are treated by these easy replacements. The differentiation 
formulas are readily obtained from the definitions: 

(9) d sec" 1 u = ±du/uVu 2 - l,d esc" 1 u = =Fdu/u vV - 1 , |u| > 1 , 

the upper signs pertaining to u > 1, the lower to u < - 1 . [The above is one possibility 
of definition; practise is not uniform.| 
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(l8> / VV- n» = S “ ' a + - - eos " a + C '’ I u I < I a I 

(lb) / = a ,an ‘' l + e = - I ctn ~' ; + c ' 

(lc) f . = = In | u + Vu 1 — a' | + c, | u | > | a | 

j Vu — a 

U d ) [ / i U , 2 = In (« + Vu* 4 a*) + c 

J Vu + a 

(le)t I ?*=-?-h* ^ii +c 

™ /A-s-lSi + • 

Ug) [ vV - u 3 du = Ju Va* — u 2 4- }a 2 sin -1 - 4- c, | u | g | a | 

(lh) J W 4- a 3 du = \u Vu + a 3 4- Ja 3 In (u + Vu a + a 3 ) + c 

(li) J Vu* - a 3 du = JuVu* - a* - Ja 3 In | u + Vu S - a 3 | + c, 

. ^_, I u I — I a ) 

/I,v f du 1 I a 4- Vu 3 4- a* 

(1J) _ u — + C 

(lk) / uVu^ 1 — a»"a COS ~'u +C ' I" I >1*1 

The inverse trigonometric functions involved are, of course, the principal 
values. The reader can easily derive these formulas. 

Example 1. Formula (lp) at last computes the area of a circle by integration 
directly from the equation j* 4 ’ l/ = a : 

A = 4 J y dx = 4 J Va* — x 1 dx = 4 x Va 3 — X* 4* ^ sin -1 

= 4(0 4- W * sin -1 (1)] - 4 • \a 7 • jir = ra’. 

Example 2. The following integrations are performed bv direct use of the forms 
(la-k). 


(a) / 


iV14- 9x‘ 


*-{/ 


(fix dx) [form (lh)] 


= Mix’ Vl + Ox*) 2 + J In (8** + Vl + (3**j , H + e. 
(b) V? C0S '^ + C| 1*1 >3 [form (lk)]; 


[ - > to 

J xVx‘ + 3 VZ 


VZ + Vx 2 + 3 


4- c [form (lj)]. 


(<•) J 


= = [ dx . — 
J V(x + 2 )' - 4 


J V4x + i a J V(x + 2Y - 4 
_ = In | i + 2 + V4x + x 2 \+c, | r + 2 | > 2; 

tAlso lo Im* obtained by the method of partial fractions (§10.17). 
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but, since 4z - x J = -(*’ - 4x) . -(x* - 4x + 4) + 4, 


/ 


= sin 


4- c, 
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- 2 I < 2. 


\/ 4x — x* ^ y/-i ( x 2 ) 

Other integrals than those covered by the type forms (1) can be treate 
by recourse to the basic trigonometric substitutions (11.13.6) 


v- 

Example 3. The radical y/\ + x in / x~' Vl + xdx suggests 
1 = tan v (note that x > OJ, whence x = tan v, VI + x - sec v, d 

O • MM 

J tan 2 v + 1 


that we set 
dx = 2 tan v 


sec 2 v dv. Then 

/ 


vTT 

X 


dx - 2 


/ 


sec 3 v 


tan v J tan v 

2 J tan v sec v dv 4- 2 J esc v dv 


sec v dv 


= 2 sec v 4- 2 In | esc v — ctn i> | 4- c 

= 2 \/l 4- x 4- 2 In 1 "^ 7 = -- 4- c 

V J 

= 2 -v/r+x 4- 2 In ( y/\ -f x - 1 ) - In x 4 - c, x > 0 . 
(The example can also be handled by the algebraic substitution y/\ 4 - x — 
followed by use of (le).J 


11.18 Exercises 

1. Derive formulas 11.17.1 c-k. 

2. Derive formulas 66 of the Table of Integrals, p. 601. 

3. Study the usefulness of the formulas in II D,E, of the Table, pp. 599-601. 

4. (a) Perforin / tan ' 1 u du; integrate each of the other inverse functions 

(cf. 83-88 of the Table, d. 603). 

(b) Obtain f x sin " 1 x dx; J x tan 1 x dx. 

5. Perforin the integrations: 



(b) J ^x 2 — 1 dx = j x Vx* — 4 — In | x 4- Vx* — 4 | 4 - c 

(c) J (a 2 — u 2 )" 4 du = a _ 2 u(a 2 — u 2 )" 1 4- c 

(d) / V4 = -| xV4 “ z4 4- 2 8i n, |x4-c 


( e ) f = “/vV - u 5 - sin~‘ (u/a) 4- c 

(f) J y/a* - u J du/u 2 = — Va 2 - u 2 /u — sin ' 1 (u/a) + c 

(g) / -^“7 =f=i = vV “ 4- c 

J u vu — a 2 



dx 

iV?TT 



X + 2 

Vx 2 4-4 


d.r 




dx 


x 
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6. Establish the indicated value for each Cauchy integral: 


w £t+5 + 2 = 
(0 /' -JL 

Jo Vl — 

(.) [ 


= ^ IT 


X 

dx 



TT 

12 


'3/8 V9 - 16? 

7 ' SU u a ° e Tf " hen one “ rch of v = sin x is rotated about 

the x-axis. | Am. 2 x| x /2 + In (1 + v '2)|.| 

8 - Find the surface area generatedwhen y = x 1 is routed almut (a) the ./-axis; 

(b) the x-ax,s. [An (a) M3 vTo + In (3 + vTo)l; (b) ,(10 v/fo- |)/27.| 
9. Find the area between the curves y(x + 3) = I and y(x 2 + 9 ) = 5. Un*. 
0.87, approx.) 1 

1 0. Find the length of the curve y = In (s' - I) between the points with abscissas 
2 and 10. 8 + In (27/11).) 

1 1. Find the area between the witch y(x‘ + 4 a 3 ) = Sa 1 and its asymptote. 

1 2. Differentiate; (a) sin ' 1 ( 1 /*); (b) Ian" VT=~?\ (c) cos ' 1 2x; (d) x tan"' lx: 
(e) x sin x. 1 ’ 

13. Locate the points -4 (0,0), /i:(4,0), C:(4,l), D:(0,4), and the point M on 
AB from which the largest angle is subtended by DC- 
1 4. Is there a line with maximum inclination which can be drawn from (—a 0 ) 
to the parabola y = y/lax? 

15. Solve the differential equations: (a) }(x dy — y dx) ** \/ x * — ? dx‘ 

jw, + M d !f + (x - ./) dx = 0. [Am. (a) y = x sin (In x + c); for (b)! 
2 (x -f 2 y) is an integrating factor.) 

16. A body weighing W lb. is thrown vertically upward with initial velocity 
180 ft./sec., against an air resistance estimated as 1^/3000, v the instan¬ 
taneous velocity. When did the body achieve maximum height? [Ans. 2.34 
sec. after thrown; start with — IK - Wtf/3600 = (W/g)v ,.) 

17. Find the volume of the solid obtained by rotating the smaller segment bounded 
by the circle x+y+2x-3=0and the [/-axis, about that axis. [Set up 
the volume in terms of cylindrical shells and use the transformation x + 1 = f.) 

1 8 . Find the area between the circle x + y* = 5 and the parabola u = 4 x. 
[.4ns. J(4 + \bir) - 5 sin"' ( 1 / y/5).] 

1 9. Find the first-quadrant area bounded by x + y - 2a, ay 2 = x 8 , and the 
y- axis. 


11.19 Completion of Method of Partial Fractions 

We are now in position to complete the method of partial fractions for 
integrating a rational function 


( 1 ) 


fPM 

J PM 


dx, 


where P,(x), P 2 (x), are polynomials with real coefficients . We assume 
the degree of P 2 (x) greater than that of P, ; in the contrary case a long 
division will replace the proposed function by a polynomial which is 
readily integrated and a rational function of the type assumed. 
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In §10.17 we discussed (1) in the special 
into real linear factors. In review (cf. p. 329). corresponding 
linear factor Ax + B, A, B, real numbers, of P, , we supplied a 




Ax 4- B 


j-m 


Pi 


if (Ax + B) occurred just once as factor , 
if (Ax 4- B) occurred m times as factor t 


f=i (Ax 4 -BY ., . , . ... p /P . 

in a sum of "partial” fractions assumed to be identical in * with PJ 2 , 
the p, p, , were real, p m * 0, and were to be determmed by a method of 
equating coefficients of like powers of I in the numerators of the identity. 
After the breakdown, each term in the sum could be integrated either by 
the power formula or as a case of / du/u * In | u |. 

Now the Fundamental Theorem of Algebra asserts that every poly¬ 
nomial with real coefficients has at least one root, real or complex; in 
extension, a polynomial of nth degree has exactly n roots; but the complex 
ones of these must occur in conjugate pairs— e.g., if a 4- W is a root, so 
must a - bi appear as root (i - V-l. a, *>. real)—in order for the co¬ 
efficients of the polynomial to be real. Since (x - r) is a factor if r is a 
root, the pair of roots r, - a 4- W, r, - a - bi, contribute the quadratic 
factor 

(2) [x- (a 4- W)][x - (a - bi)) m x 2 - 2ax 4- (a 2 4- b ) 

with real coefficients. The reader will recall that the real quadratic form 
Ax 2 4- Bx 4- C has real roots r, , r 3 , if and only if the discriminant 
D = B 2 - 4.4 C £ 0, and in this case A(x - r,)(x - r 3 ) is its factorization 
into real linear factors; but if D < 0, the roots are not real and the form 
cannot be factored into real linear factors as above. [The form (2) has 
D = 4a 2 — 4(a 2 — b 2 ) = — Ab 2 < 0 since 6 is real.) We call Ax 2 + Bx + C 
with D < 0 irreducible into real linear factors. Thus, a real polynomial 
P 2 (x) is factorable (theoretically) in terms of real factors into a product of 
linear and quadratic factors, where a quadratic factor with negative dis¬ 
criminant cannot be further broken down into linear factors with real 
coefficients. 


Example 1. For (a) x 4- x — 1, we can factor by first finding the roots of 
x 4- x — 1 = 0, which are r, = }(— 1 4- \/5), r 2 = }(— 1 — \Z%). Hence 

+ i - 1 - (i - r,)(x - r 3 ) = [x - J(-l 4- VS))[x - $(-\ - y/b)) 
and these are real linear factors. But for (b) i 2 4" x 4“ 1, we find the roots of 
x 4- x 4- 1 = 0 to be r, = §(— 1 -f- y/Z i), r 3 = }(— 1 — V3i); hence 

x 2 4- x 4- 1 = (x - r,)(x - r 3 ) = [x - $(-1 4- \/3i)](x - 1 - VS i)\ 

but the linear factors are not real. 


For full generality of factoring the polynomial P 2 (x ) into real factors, 
we must, then, tolerate quadratic as well as linear factors with real co¬ 
efficients. This raises the question of breaking / > ,(x)/P 2 (x) into partial 
fractions of which some denominators may be quadratic. The following 
rule applies for each irreducible factor Ax 2 4- Bx 4- C. 



3»J] THE CALCULUS OF TRIOO NO*! T«IC FUNCTIONS [11.19 

(a) For each irreducible factor Ax’ + Bx + C occurring but once a3 
factor xn P 2 (x) we assume a single term 

px + q 

Ax 2 + Bx + C 

among tire terms of the set of partial fractions; p and q are real numbers, 
not both zero. ' 

(b) For c^h irreducible factor Ax 1 + Bx + C occurring m times as 
factor of P 2 (x) we assume the sum 


i- 


P,x 4- q. 


( Ax 7 + Bx + O’ 

among the terms of the set of partial fractions; p, , q t , j = 1 2 • • • m 
are real numbers, with at least one of p. , , * 0. It can be’proved’(an 

advanced algcbratc prooff which we shall omit) that observance of these 
two rules, together with the previous two relating to linear factors, single 
or repeated, leads to one and only one sum of partial fractions identically 
equivalent to P, (*)//>,(*). J 

Example 2. Obtain the partial fractions of 

3x* 4- x 

W + l)(2x* + *+!)*■ 


(3) 


According to instructions we assume the identity of the integrand with 

P.X + <?■ 


x 1 + 1 T 2i + x + 1 




thence obtaining the polynomial identity 

3x 3 + X - (px + ,)(2*’ + x + 1)’ + (p lX + qMl 2 + 1)(Zt T + , + ,) 

... + (f*r 4- ?*)(** + 1). 

After expansion we equate coefficients to obtain the system 

4p + 2p, =0 

4p + 4q + p, + 2 q t = 0 

5p + Aq + 3p, + qi + p 7 =3 

2p 4- 5? + p, 4- 3 q t + q 7 == 0 

p + 2q 4- p, + q t -f p 2 = 1 

q + q t 4- q 2 = 0 

We readily find the unique solution p = 0, q = 1, p, = 0, q x = — 2, p 2 = \,q 2 = 1. 

Hence the original rational function is identical with 

(4) _!_?_ ._ x 4- 1 

4- 1 2x 2 4- x 4- 1 + (2x 2 + x 4- l) 2 * 

To complete the integration of the new type of partial fraction we 

must know how to integrate [cf. (4)] 

px 4" q 


(5) 


/ 


( Ax 3 + Px + O 


- dx f k ^ 1 an integer. 


tCf., for example, Arnold Dresden, Introduction to the Calculus, pp. 245-48; W. F. 
Osgood, Advanced Calculus, pp. 5-10; H. B. Fine. College Algebra, §§529-36. 
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COMPLETION OF METHOD OF P 

We begin by completing the square on the quadratic according to the form 


( 6 ) 


Ax 2 + Bx + C = ^ (4AV + 4ABx + B 2 ) + C - 4A 


-i- f(2Ax + B ) 2 - (B 2 - 4AC)I 
4 A 

^|(2A* + B) 2 - D], 


We make the transformation 2A x 
then (5) assumes the form 
PJ + Q 


(5') 


/ 


(Ax 2 + Bx + O* 


dx 


Is 


D = B 2 - 4 AC. 

m, x — (u — B)/2A, dx = du/2 A ; 

u du f du 


D) k 


+ 


r du 

c 'i <uT^ 




(u 2 - ny 

c t , c 2 , constants. 

The first integral in (50 is } In | u 7 - D | if k - 1, and subscribes to the 
power law if k > 1. As for the second integral in (50: if * - 1 and D < 0 
the inverse tangent form (11.17.1b) is in order; if A: = 1 and D > 0 the 
logarithmic form (11.17.1e) is applicable (if D = 0 there is no problem); 
when k > 1, use of the reduction formula 

(7) / * 


(u 2 + m)‘ 

[(u 2 -f m)‘- + (2k ~ 3) ’ / (u* + «)*-']• 


2(k 


k y* 1, 


+ m)* 

will after k — 1 reductions lead to the preceding cases k — 1. Thus, any 
partial fraction encountered in the resolution of (1) can be integrated in 
terms of powers, logarithms, and inverse tangents, of known rational 
functions. 

We apply these techniques in 

Example 2 ( continued ). For the integral 7 of (3) we have from (4): 

(8) 1 “ / PTT “ 2 / 2x’ +*X + 1 + / CZx* X +x + 1)* ***• 

The first of these integrals is tan"’ x. For the other two terms we use (6) to write 
2x 2 + x + 1 = J[(4x -f l) a + 7J, and we set 4x + 1 = u, dx = du/ 4 . Then the 
middle term of (8) is 


- 2 / 


dx 


-*/s 


du 


tan 


2x + x -j- 1 *Ju' + 7 y/i 
Under the same transformation the last integral in (8) becomes 

(9) I, = 4 / (u , + 7)2 + 12 / (u . + yj,, 

The first integral in (9) is the power 

1 f 2 udu 1 

2 




M = 4x + 1. 


1 


(“ + 7) 2 2(u 2 + 7) 16(2x 2 + I + D 
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To the second integral in (0) we apply (7) with k= 2, m = 7, and find 

f _ du _Lf « , f du 1 

J (u 1 + 7) a - 14 L«’~+7 + J 

= j- — j z + ! _ , _L (\X + i\l 

i4 l«( 2** + x +1) + vt tan v~vrvl 


14 [_8(2x 

The two parts of (9) collect into the value 

j _ 3x - i r, 

’ 7(2x’ + x + 1) + 7 V 7 tan 

Final collection into (8) completes the integration: 

7— 


V7™‘ v V7 


+ c. 


3x - 1 


+ 


tan 




T 7(2z s + x + 1) T TVl V~Vf 
= tan - * + . (te+rt 3* 1 

7V7 \ Vl ' 7(2x + x + 1) + c 

This should be verified. 


+ c 


Apart from its technical aspects in specific problems, the theoretical 
advance afforded by the method of partial fractions can be summed up in 

THEOREM 11.19.1. The integral 

J R(x) dx- J [P,(x)/P,(x)] dx 

of any rational function R(x) can be expressed in closed form in terms of 
elementary functions: rational functions of x and logarithms and inverse 
tangents of rational functions of x. 

The reader should convince himself of the validity of this statement by a 
review of the theory of the present section. 


11.20 Exercises 

1. Obtain the reduction formula (11.19.7) from formula (11.9.4). Use the formula 

to show that 


dx 


(i a + 9) 1 


1 x 
36 (x‘ + 9) 


1 X 

* + Za 


216 x 1 + 9 + 6i8 tan ’'| I + c - 


/ 

2. Perform the integrations: 

, x r x a - 2 x - 2 , 

(B) J - x l - 1 dx 

= I 1" K* - »<* + *+» I - (^) + 

r x 7 dx 1 r 2 - 3i , 1 , x - 1 II , 

(b) J (x - i)*(x +1) - 5 L(T=i? + 2 ]n m IJ + c 

(C )ff +12 


+ 4x 


dx = 3 In 


VFT1 + i t “"5* + e 
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( d ) / 

(e) / (? 


2 dx 


1 


+ 1 
— a 
4- a 


2y/2 

;)’ ** = 


r 1 * i *• +1 
\. 2 h '\ 7TT 


1 - y/2 


x — 2 a tan 1 \ + 
a 


+ V2x 

2 a 7 x 


4- tan 


-1 


y /2 x 
1 - * 2 
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+ c 


x + a 
lx - 5 


2 4 - c 


/ (X 2 1 27T« i dX (g) / &*• - 2*’ + x' dX 


-1 * + Q 
6 


4-c. 


(0 

3- / - 1 p ■» IC + »>• + »•! -'t 12 ' “» 

Prove the fonnula and apply to / (ox — 3)dx/(x 2 — 2x 4- 5). 

4. Obtain formulas 8, , 8 a , 26, 28, of the Table of Integrals, pp. 596, 598. 

5. Find the area of the loop of the folium of Descartes x = 3al/(l 4- f), V = tx - 

(/Ins. %a; the loop is traced for 0 ^ ^ 

6. Evaluate the definite integrals: 


CO 


<•>/; 


(i 


+ xY’dx 


<b>/' 


dx 


X 4- X 


I 1 " 2 


W//5Tl.-jO 7 - 2 *'"* 

dx 

(X 2 4 - a’X* 4 4-' 


1 


<■« 1 . 


<•> r 


x 3 _ 

(x 2 4- a*)(* a 4- 6 s ) 
0, x = 1. Find the 


6 2 ) 2 ab(a 4- b) 

7. Find the area bounded by y = (x — 2) *, y = 0, x 
centroid of the area. Find the volume of the solid obtained when the area is 
rotated about each axis. 

8. Trace the curve y = x/(x 4- *0. For the area A bounded by this curve, 
the x-axis, and the ordinate to its first-quadrant point of inflection, find 
(a) A; (b) the centroid of A; (c) the volume of the solid of revolution of A 
about each axis. 


11.21 Simple Harmonic Motion 

The physically important type of rectilinear motion known as simple 
harmonic motion is defined as one such that the acceleration is proportional 
to the displacement from, and is always directed toward, the origin of motion. 
If s represents displacement, l time, the typical differential equation is 

( 1 ) d 2 s/<*t 2 = —k J s, k 2 a constant. 

If initial conditions on velocity and displacement are given: 

(2) $'(/<>) = v o » s(t 0 ) = s 0 , 

the differential system (1), (2), describes the motion completely. 

The simplest cases of simple harmonic motion are verified to be 

(3) y = c sin kt, y' = ck cos kt, y" = - ck 2 sin kt = -k 2 y, 

(4) x = c cos kt, x' = —ck sin kt, x" = -ck 2 cos kt = -k 2 x. 

Since x = c cos kt, y = c sin kt, are parametric equations of the origin- 
centered circle of radius c, the motions (3), (4), are seen to be those of 
the feet of the perpendiculars to the y-, x-, axes from a point on the 
circle, as the point travels steadily around the circle in a counterclockwise 
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sense. The special y = sin t is thus typical of the nature of the motion- 
a periodic progress through the usual sine-cycle of numbers -1 S ;/ g I 
the displacement-time graph a sine wave. In (3), (4), the gamut is from 
-c to c, and according to trigonometric usage the | c | is called the ampli¬ 
tude, measuring the greatest deviation from zero. The modifying k of t 
modifies the period of sin I from 2, to T = 2r/*. Such modified trigono¬ 
metric functions are readily graphed (as in courses in trigonometry) 
Finally, we note that the motions (3), (4), are not only periodic as to dis¬ 
placement from the origin, but of variable and again periodic velocity [cf if 
in (3)); the reader can readily show in (3) that the velocity-magnitude is 
greatest when y = 0 (the center of its range) and is least when y = ± c 
(the ends of its range). 

We aim to find the most general simple harmonic motion by obtaining 
the most general solution of the differential system (1), (2). We assume 
k > 0 represents the numerical value of the acceleration when the 
particle is at distance s = 1 from the origin). Let « = s(t) be any solution 
of (1), with » ? 0; we seek the necessary form of s(t). An integrating factor 
of (1) is the generally non-zero 2 (ds/dt), for the resulting 


2 dt di ' - 



is the exact j£ (jg)* - £ <*). 


'fhe solution is 


W {fit) ~ + kV = *V - s'), c arlritrary, | c | > | s |, 

wherein the positive form kV of the arbitrary constant is needed to match 
the positive left side. Writing (5) as 

(°) = kdt ' 1 5 I < I c 

we find the solution 


(7) cos 1 - - =F(A-/ + c'), I 8 | < | c |, c ' arbitrary. 

Finally, we reverse (7) to obtain (for either sign) 

(8) s = c cos (kt + c'), c,c', arbitrary. 

Thus, any solution of (1) must have the form (8). We easily verify that the 
formal solution (8) satisfies the originating equation (1) without exception. 
The initial conditions (2), enforced on (8), yield 

(9) So = ccosc', v 0 = —cksinc'. 

Solution of these for c gives 

(10) c = Vsi + (v„/k)*, 

the deliberate choice of the positive square root being justified by the 
fact that | c | is the amplitude of the cosine wave (8) and a positive c 
ab initio takes complete care of the situation. Thus the c written in for¬ 
mula (10) is the amplitude of the motion. Once c is computed, equations 
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(9) supply sin c', cos c', hence determine c' uniquely. The number c' is 
the initial phase number of the motion: when t = 0 , s 0 = c cos c' and 
the cosine-numbers in the oscillation start their cycle with cos c' . When 
M 4 . c' - 0, kt = — c', we have s = c: the graph of the motion, Figure 
11 . 21.1 * has the ordinary cosine wave displaced a distance —c' horizon¬ 
tally. Maximum s = c occurs when 


cos (kt + cO = 1 , kt + c' = 2 mt, n an integer. 



Minimum s occurs when 

cos (A:* + c') — — 1, kt + c' = (2 n -f l)w, n an integer. 

On the “first” wave (n = 0) these times are 

max s when kt = —c', min s when kt = w — c'. 

From the period T = 2ir/k we obtain the frequency / = k/2ir, the number 
of complete oscillations per unit time. 

The displays ( 8 ), (9), (10), constitute the complete solution of the defining 
differential system (1), (2).f There are other, equivalent, forms for the 
solution. Since the cosine wave (Fig. 11.21.1) is a sine wave referred to 
the origin at kt = —W, we can replace the former solution by 

( 11 ) s = c sin (kt -b c ") t c = \/sl 4- (a 0 'A*) 2 , s n = c sin c", v n = kc cos c", 
where c" = c' + Jtt. Expansion of either ( 8 ) or (11) gives 

(12) s = Acoskt -f B sin kt, .4, B , constants, 

with A = s 0t B = v 0 /k. This (12) is a linear combination of the particular 
simple solutions (3), (4). 

Example 1. A particle moving in simple harmonic motion has an acceleration of 
— 9 ft./sec./sec. when at unit distance from the origin. If so = 2 ft., v 0 = —8 ft./sec., 
discuss the motion as to amplitude, phase, period, and frequency. 

fThe limitation | s | < jj: | in (6), keeping the denominator real and non-zero, can be 
replaced by | s | £ | c | in (7) since cos -1 (s/c) is one-sidedly continuous at the endpoints 
5 = ±c. Choice of the positive square root in (5) apparently restricts the derivation to 
the case v = ds/dt > 0; but the development (8), necessary from this choice, is verified 
with no restriction and so pertains all of the time. 
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From a = -ami the given acceleration we have t- ! = 9, k = 3; the period is 

2x/3 seconds the frequency 3/2x oscillations per second. From (10) we find 

. !°^ 3 a "'i , s ' n . c _ ° •»« = °- 6 - Hence, c' is on the range 0 < c' < ix 

s - (10/3) cos (3 + n ■ Tl ' e m ° tion thercfore has equation 

s (10/3) cos (.it + 0.003). The reader may graph this motion, after showing 

itvr.- TS ?£- ■= 

Example 2. Figure 11.21.2 shows a 
mechanism in which the horizontal rod 
r bearing rigidly the vertical grooved 
piece g is moved in the collar A by 
steady revolution of the crank // about 
O: as the end C of the crank turns, yet 
can slide only in the groove of g, the rod r 
is forced to slide backwards and forwards 
horizontally. The motion of r is that of 
any point on it; we select C', the foot of 
0 n . ... the Perpendicular from C on OR. IJut 

as c revolves, C moves in simple harmonic motion, best expressed by 

s = c cos (kt + c'). 

lake for example, // = 9 in., revolving steadily at 60 revolutions per min. Each 
revolution causes one complete cosine-cycle, / = 60 cyclcs/min. « 1 cycle/sec. 
and / - k/ 2 w yields k - 2r. If initially the rod is farthest to the right, then the 
crank length // - 3/4 ft. is likewise the amplitude c of the formula. Finally 

c ~ °\ for . the cos,ne wave not displaced from its usual position. Hence the 
motion is given by 



s = f cos 2x(, ((sec.), s(ft.). 

From v = — §*■ sin 2 trl we readily find 

max velocity = §x ft., sec., when 2x( = (4n + 3) x/2, nan integer, 

min velocity = -jir ft ./sec., when 2x( = (4 n + 1 ) x/2, n an integer. 

11.22 Exercises 

1. Solve the equation (d 7 y/dt 7 ) = — k 7 y under the conditions 

(a) k = 4, y( 0) = 0, i/'(0) = 2 ; (b) k 7 = 9, y( 0) = 10, y'(0) = 0- 

(c) A- 1. y(0) = 4, y'(0) = -3. ' 9K * ’ 

i Ans - (a) y = “^os (2< + }ir) = sin 2f; (c) y - 4 cos ( - 3 sin t.] 

2. For the simple harmonic motion y = 6 cos (Jf + Jr), state the amplitude 

phase constant, initial velocity, period, frequency. When is the velocity 
greatest? J 

3. A light spring vibrates according to the formula y = 0.8 sin lOirf. Find the 
amplitude, period, acceleration, and the maximum value of this last. 

4. A particle in simple harmonic motion has acceleration —8 ft./sec. when 
2 ft. from the center. If »/(0) = 4, c(0) = - 6 , find and discuss the motion. 
[Am. y = 5 cos (21 + tan j).J 

5. A particle in simple harmonic motion makes two complete oscillations per 
second. If the amplitude is 0.5 ft., find v and a when y = 0.1 ft. 

6 . Prove that the projection of uniform circular motion on a diameter of the 
circle is simple harmonic motion. 

7. Prove that if a^particle is given constant acceleration a* together with the 
acceleration —ky, it will oscillate in simple harmonic motion about the 
central position y = n 0 /k . (Set y = y — a 0 /k 7 . J 
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11.23] 
8 . 


n SUMMARY AND MISCELLANEOUS . - 

A . _ o _L 2 cos 2 f; prove that tins 

(a) The motion of a particle is given *'9 ,, xercise 7 . Find its center, 

is Simple harmonic motion ° f the i>pe = *1 

amplitude, and maximum acceleration. [Ans. ampl. 

(b) Study the motion y = sin }x<- , r . . . *_ 0 ( a i n 0)/L 

9. The motion of a simple P*"*Uu , S®‘siting is small, we approximate 
(if the system is in a vacuum). If the angle u oi s k __ Q 

sin 0 by *; solve the resulting differential equation if 0(0) -■ *> . ™» 

, 1. Solve the equation Ely" + Py " lf ^ ^2001. Ire fed into the 

,2 ‘ two. What is the period 

and the maximum i? 

11.23 Summary and Miscellaneous Exercise* 

of sines and cosines ( Fourier Series ) in problems of wave propagation in the t e 
of heat. sound er electricity. Many other types of problems are inert .^nMy 
set up in terms of trigonometric functions, notably those in wluch *intfe iJ • atura 
independent variable to introduce. Among these is the calculu ^,ate 
curves expressed in polar coordinates (to be discussed in §§12.1. 2), and 
curves in a parametric coordinate representing angle (&&12.4, 5J. 

An astonishing feature of the calculus of the trigonometric functionewtheneces- 
sity of employing these in integrating many algebraic forms (§§11. 3- J) the 
resulting integral often involving inverse trigonometric functions. Underlying 
this effect is, of course, the fact that the trigonometric functions are t o^ei es 
algebraically interrelated through the large collection of trigonometric identities. 


Miscellaneous Exercises 

1. A boy moves along a diameter of a circular area of radius a at a steady rate r. 
His shadow is projected on the wall by a light at one end of the diameter 
perpendicular to the one he traverses. Find the velocity of the shadow. 
[Ans. 2 n 2 r/(x 2 4- a), with x the boy's distance from the center.) 

2. (a) Prove that the curve C, : <j = 2 cos x passes through all the points of 

inflection of C[ : y = x sin x. 3 2 

(b) Show that the same property holds for C* : y — x — dx 4" ox 4 
and C' : y = x 3 — 3x 2 4- 2. 

(c) Show the same property for C: y = /(x) 4* /"(*). C : y = /(x), provided 
/"(x) is continuous. Supply several other examples. 

3. Trace the curve y = x — 2 sin x. [Find: (a) minima for x = iw 4- 2 At, maxima 

for x = — sir 4- 2 At, P.I. for (At, At), A- an integer; (b) the curve, a modified 
sine wave, tangent to the lines y = x ± 2 for x = 4" 2 At.J 

4. Use Newton’s Method to compute that root of the function in Exercise 3 
which lies between and §r. [Ans. 1.586.) 

5. Prove Jordan’s Inequality 20/w ^ sin 0^0, for 0 2 s 0 ^ by studying 
maximum and minimum values of the mean value of the area under y = 
cos x, over 0 ^ x ^ 0. [Hint: minimum for 0 = Jtt.) 

6 . Two equal rectangles lie inscribed in a circle of radius a, the shorter sides of 
one parallel to the longer sides of the other, to form a cross-shaped region. 
Find the maximum area of the cross. [.Area = 4a 2 (sin 20 — sin 2 0), with 0 
the central angle subtended by half of a shorter side.] 
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7. Find the vertical angle 2d of an open right circular cone designed to hold 
specified volume and use least material (and dually). 

8. Integrate: 


(a) 



+ sin x dx = 


— 2 Vl — sin x + c 


1 4- cos x 


(b) '“/a + soos, 

W) /"'si Sin9 + 

•' I» SI 


dx 


(c >/i 


dx 


i 2 + b 2 tan 2 x 


sin 0(cos 6 + 
du 


(g) f • _ 

J a sin u + b cos u c 

(h) J sin x sin 2i sin 3 x dx 


FT)" <*>/." 3+7=5 m tsi 

+ C, c 2 


dx 


In 


6 tan j u - a c 
b tan J u — a — c 


+ 2 

a 2 + 6 2 


9. A rectangle is inscril>cd in a circular sector with central angle ‘2a, with one 
pair of opposite sides at right angles to the bisector of that central angle. 
Show the area of the rectangle maximum when the side joining points in 
the circular arc of the sector subtends angle a at the center. [A = 2a sin 0- 
(a cos 6 — a sin d ctn o), with 2 d the angle subtended by the side described 
in the answer.) 

10. In a right circular cylinder, height h, base-radius a, two planes through a 
diameter of the base and tangent to the upper base on opposite sides cut off 
a volume of (3ir — 4)a 2 A/3. Prove. 

1 1. Find the centroid of the area bounded by y = sin"’ x and the lines y = 0, 
x — 1. 

1 2. Prove that / sin In x dx = Jx (sin In x — cos In x) + c, and find J cos In x dx. 

1 3. A sphere S of variable radius r has center on the surface of a sphere S' of 
fixed radius a. Show that the surface area of S inside S' is maximum when 
r = 4a/3. (Center S at 0, S' at (0,a).) 

1 4. The Catenary. If a flexible, inextensible, cable is suspended from two points, 
the differential equation of the curve assumed is 

y' = k' + k J Vi + y' 2 dx, y' = dy/dx, 

where x, is fixed, k, k’, are constants. Under the conditions i/'(0) = 0, y(0) = 
k~ l = a, show that the solution is the standard catenary y = Ja(e' /a + e~ I/a ). 
(Differentiate the given equation.) 

1 5. Show the catenary to be the curve for which arc length between points with 
abscissas a and x is k times the area bounded by the arc, y = 0, x = a, x = x. 
(Assume i/(0) = k~ l = a.) 

1 6. Find the first-quadrant area bounded by 6 2 x 2 + ay 2 = a l? and 3 xy = y/2 ab. 

1 7. Damped Harmonic Motion. If a particle moves linearly as in simple harmonic 
motion but subject also to a restraining force proportional to the velocity, 
the differential equation of motion is of the type y + 2by -f- icy = 0. If 
6 2 < k 2 and n = k 2 — b 2 , the solutions y = Cie” fc ' (cos nt — C 7 ) can be verified. 

Draw the graph of the typical solution y = e~ hl sin nt, showing a sine wave 
compressed between its tangent curves y = ±e" *. The function e~ b ‘ is 
called the “damping factor” of the oscillation. This situation is frequent in 
physics. 



18 . 


19 . 


(c) i g + y = sin z (d) % = X + tan X 

20. A spring is stretched | in. from natural length by a weight of 16 lb. j^ging 
from it; the system is then stretched an additional § in. and released to os¬ 
cillate up and down. Assuming clastic force in the spring to vary as the 
elongation, find the motion. (Show that F = — 128s, so that F - ma yields 
5 = —3072s, where s is the additional stretch.] 

APPENDIX TO CHAPTER II 

Resume of Integration and the Table of Integrals 

The reader has studied indefinite integration at various stages of Chap¬ 
ters 7 10, 11. The important methods and techniques have been presented; 
they merely need centralization. The focal point of this summary is the 
Table of Integrals, pp. 594-604, and the reader is expected to turn to it 
as part of the discussion. Attention has, of course, gradually been turned 
toward the Table throughout the exercises of Chapter 11. 

Formulas in the Table are either complete or are reduction formulas. 
The first ten entries arc considered basic and carry the special labels Bl- 
B10f to indicate the fact. The directional legends accompanying the several 
sections of the Table are to be kept in mind; in particular, the prohibition 
of a formula if a denominator vanishes for specific values of the letters must 
be observed. The tabular entries can be verified by differentiation or 
derived by standard methods of integration: by partial fractions, integration 
by parts, transformation. B 6 , 26, 28, are, for example, clear evaluations by 
partial fractions; 1-4, 64, 81, 83-88, 89, 90, 93, have patently emerged from 
integration by parts. The Table is, of course, merely a selection of formulas 
possibly the most used in elementary practise. The reader may purchase 
more complete tables.t The coverage is, however, far greater than is appar¬ 
ent, for many proposed integrals can be transformed into conformity with 

tThe boldface numerals are those of the corresponding tabular formulas. 

JTwo excellent tables are H. B. Dwight, Tables of Integrals and Other Mathematical 
Data (Macmillan, 1934); B. O. Peirce, A Short Table of Integrals (Ginn and Co.). Tables 
in the several scientific handbooks are standardly good. 
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If a particle in simple harmonic motion is subject also to a Periodic <lls ^ r V^ 
force the motion is given by y-b cos nt + <•’„ = 0. The solutions 
„ = V, cos (M - C,) + \b/(J? - n*)] cos nt can be verified. Thcseconsist 
of two simple harmonic motions. The most significant case occurs if k anu 
„ are nearly equal: the amplitude b/(k’ - n)is then large and the 
oscillations are violent; the situation is realized when marching tr0 ° p . 
ordered to break step in crossing a bridge lest the rhythm of the marc 1 s 
the ordinary oscillation of the bridge to the breaking point. 

Solve the differential equations: 

(a) (sin i) ^ + 2(cos x)y = sin 2x (b) (sin x) dy = (1 - V cos x) dx 
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formulas given: the reader’s previous study with the art of transformation 
l§§7.6, 8 , 10; 10.15, 17; 11.9, 13, 17 especially] will serve him well here, and 
further types of transformation he will develop in the Exercises following 
this discussion should prove helpful. The hyperbolic functions serving as 
alternates in several formulas [e.g., B7, B9, BIO; and see Part D] are 
studied in §16.4. 

I The Table and Indefinite Integration 

The reader intending to make use of the table of integrals must learn 
to study his proposed integral in order to plan his method of attack. 
Expccially is this important in employment of reduction formulas. Often 
the same reduction formula may be used repeatedly until the finally 
reduced integration is by a tabular entry or by some standard method; 
sometimes a combination of formulas is to be used. The following examples 
point these remarks. 

Example 1. For /, = J x 3 y/~2x -f 3 dx we plan to use the reduction formula 17 
first, then 17 3 on the reduced integral. With u = x, m = 3, a = 2 , b = 3, this plan 
gives 

/, = | [x 3 (2x + 3)' - 9 j x'V2x + Zdx 

= *[x 3 (2x + 3)' - 18(60x 3 - 72x + 72)(2x + 3)*/105-2 a ] 

= (l/315)(2x + 3)'(35x' - 45x 3 + 54x - 54) + c. 

Example 2. For I 2 = f x*(a 4- x) * dx w e dec ide to try x* = u to bring the inte¬ 
gral under a form (29-38) involving \/ n* -f- c- Indeed, the transformation gives 
/ 2 = 2 / u 9 du/ y/a 4 -^**, which is 34; then 

/; = Vx Va + X — a In | \fx 4- Vx 4- a | 4- c. 

Example 3. In studying I 3 = / (a 3 4- x 3 )~ 3 dx we note that an increase of the 
exponent —3 to — 1 will lead to the basic B 6 . Twofold application of either formula 
Id or 21 will accomplish this maneuver. The former (m = x, m = 0, n = 2, a — 1, 
6 = a 2 ) first with p = —3, then p = —2 in the first reduced integral, gives 

. x(a 7 4- x 2 )- 2 3 f . , . , 



Example 4. To handle / tan 3 x sin x dx we write it in the form / sin 4 x (cos x )~ 3 dx 
to call upon formulas 64. We plan to use 64d first, to be left with J sin 4 x (cos x) _l dx; 
a second application of 64d being prohibited, we then will use 64b twice for reduc¬ 
tion to the known / sec x dx. Details are left to the reader. 

II The Table and Definite Integration 

Some judgment must be used in inserting the limits of integration of a 
definite integral in an indefinite integral lifted from the table. The reader 
has seen (§11.14) that the values of sin -1 x, tan -1 x, for the limits x = a, 
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x = 6, must be selected from the range of P r,nc P a [ t not contain 

He knows that surely a range of integration of J tan x dx mus" q{ 

a point x = ifar of discontinuity of the integrand. More 8 e " era ‘ * 
course, he must be alert to appreciate when Ins Integra * f , indly 

S£. of transformation 

he must observe Theorem 8.18.1. 

Example 6. We easily find the antidifferential 

2x + 1 


/ 


dx = In I x 2 — 1 I 


1 


- x' — 1 

Suppose we (carelessly) fill this in to evaluate 

f , , ln2 

'0 


+ 2 1 " 


x — 1 
X + 1 


+ c * 


/. 


1 


+ 2 1 " 


V3 - 1 


« x- - 1 V3 + 1 

This respectable looking number has no relation to mtjgnd - 

infinitely discontinuous at * - 1 on the range of mtegrat on, and:Uw^ reader cwi 
easily show that this Cauchy integral has no value, not even a Cauchy 1 nnc.pal 

' Example 6. The table (63a) gives / Vl + cos'd dB = 2^2 sin We might 
conclude that 

f 


\/l + cos 0 dO = 2 


^ [ sin 1*1 


0. 


This must, however, be incorrect, for this integral of a non-negati\e fun tion *ritist 
be non-negative. Indeed, the definite integral calculates the area 0A *CI> shaded^ 
the figure, a positive value; instead of this we have found the area OABL D, zero 



because its symmetric pieces nullify each other. (The identity 1 4* cos 0=2 cos^ }0 
used in deriving 63a is multiple-valued on 0 ^ 6 ^ 2* and gives a false result in 
the definite integral.] 

The resolution? The graph (and the following device should become standard 
equipment) suggests the use of symmetry in writing 

* 2* _ /•* _ 

/ Vl + cos 0 d0 = 2 I Vl + cos 0 d0 

= 4\/2 (sin i0] o " = iV2. 


(1) 
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Without the graph we could write 


( 2 ) 


/.It _ r 

Jo v/l + cos e do = J Vl 4- cos 0 dd 4- J 3 ’ vT 


cos 0 dO 


and make the substitution 2w - 0' = 0 in the second integral on the right. Since 
cos 0 = cos (2x - 0 ) = cos 0 , while d0 = -dd' and the limits 0 = tt 2 r trans¬ 
form into 0 ' = it, 0 , respectively, we have 


• 2 r __ -o 

j, Vl + cos 0 = -J' Vi + cos e' de' = j" Vl + cose de 

(changing dummy 0' to 0). Hence (2) becomes (1), to complete the example satis- 
factorily. 1 


The technique of splitting the range of integration and making a suitable 
change of variable on one part is of widespread utility, and we supply a 
second example. 


Example 7. The integral 


f i 


x sin x 


dx 


+ cos x 

lias value because of the continuity of its integrand everywhere on the range 
0 ^ x £ 7r > but the antidifferential of the integrand does not exist in closed form. 
Following the technique in (2) we write 

j _ J* r x sin x dx 


(3) 


cos X 


+ fifi 
J», 1 + 


si n x dx 
cos* x 


/, + /, 


In the second of these we set x = x — x then 






ir — x') sin x' dx' 
_ cos' x' 


f*' sin X dx __ f 
do 1 + cos 2 x ./ 0 


J sin x dx 
1 4- cos* x 


= 7r( — tan 1 (cosx))J r — f 


‘ r x sin x dx 


l i . _ r*' x_sL 
X 4 x Jo 1 + 


sin x dx 


cos 2 x 


1 4- cos 2 

With insertion of this evaluation into (3) we immediately obtain 7 = \x*. 

Example 8. The integral I = /»' sin 2 3 1 cos 4 3x dx can be reduced to a Wallis 
integral , 96: set 3x = 0, so that / = J /' sin 2 0 cos 4 0 d0, then split the range (0,7r) 
into (O.Jir) and (\x,x) and use 0 = *■ — 0' on the second. The result is 

/ = | J sin 2 0 cos 4 0 d0 = * 


3-1 


3 6-4-2 2 


X 

48 


Exercises 

1. Study the motivation of each transformation indicated, and complete the 


integration: 



(a) 

* 

f dx lx - y*] 

1 x + x 1 

(b) 

/ 3x-2 * 131 2 - <] 

(<•) 

w 

f xV dx [x 1 = 1] 

(d) 

f' y /tan x dx (tan x = z 2 ] 

J 

7 sin x 4- cosx , . 

f -. To -dx tan x = y\ 

! sin x 4- 2 cosx 

(0 

N„ + x d ^ b+x -^ 
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( g ) / dx [x = .-] (W / dx/(e- + + «*> I c ' y 1 

(i) I" sin x ctn (x+a) dx [x + a = 2 /] 0) f *~(* + »"* [ * + 1 ° f 
[An*, (e) fx - * In | sin x -^2_cos x 1 + ‘ c ' { - 

f-W *«Kr 1 v+ fc J 

2 - 

a*rational in^and^'."wly "to /V - V7=D/<fc=l\ dx - 

0 f («* - «* + ><’) d« if x - 1 = » • 

3. Prove the (cf. the special cose, Theorem 7.8.2] 

THEOREM. If p, q, are integers, the integral 

(1) j x m (ax' + b ) p/ • dx 

is rationalized by the transformation: 

(2) ax' + b = u’ if (m + DM * an integer, 
or by: 

(3) a + bx- = u* if [(m + l)/n] + [p/ll »'* »n 

(To establish the sufficiency of (2) make the indicated transformation. For 
(3) factor x" from within the parentheses in (1) and apply UJ-I 
Integrate J x"'(x 3 + 1)* d* by (2); but show that (3), not (2), can be used 

for J x(x 3 + 1)* dx. _ 

4. Integrands Containing VAx 2 + Bx+C Irrationality. Use the 

identity (11.19.6) t o show that: 

(i) If X > 0, -vA-ls* + Bx + C a M~ V(2.‘lx + «)'' - D 

= -~D_ 

(ii) If /l <0, V/lx’ + fii + C ■ \(-AyWD - (2 .-tx + fl)' 

= J (-AVWD - u* 

where u = 2/lx + B, D = B 2 — 4/4C. |If A < 0, D < 0, the quadratic is 
always negative and the integrand not real for any real range.) These results 
furnish a new in tegrand ofte n to be read from the Table , B6 - B10, 29-64. 

Evaluate / Vx 2 -f- 2x - 3 dx /{2 - Vx* + 2x - 3). 

5. (a) Show that the transformat ion y/ x 2 4- a x + 6 = 1 ~~ * rationalizes 

an integrand containing y/ x 2 4- ax + b as the only irrationality. 

(b) Show that an integrand containing y/6 4- ax — x 2 as only irration¬ 
ality is rationalized by \/6 -j- ax — x 2 = (<* ” -0* or (0 4" *)*. where 
(a — x)(/3 4- x) is the factorization of the quadratic. 

(c) Integrate by (a), (b), which are often easier than the method of Exercise 4: 

J dx/xy/x* + 4x — 4, J dx/xy/2 + x — x 2 , 

J dx/y/(x 4- a){x 4- b). 

[4ns. The third integral = 2 In ( y/x + a 4- y/x 4* b) 4- c.] 
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6. Use the Table of Integrals as much as possible to integrate: 


(a) J dx/Vx* - 16 
(c) J dx/V 2 x * - x 3 - x 4 
(e) / y/x cos Vx dx 
(g) / (1 + **)»*-» dx 
(i) /sin 2x cse 2 x dx 
(k) / x 2 (2x + 1)-* dx 


7. Evaluate after transformation to a Wallis integral 
•J* 


(b) J rfx/( Vx + 1 + Vx - 1) 

(d) / VsT^ lZr Vs?rfx 

(0 / xV rfx 

(h) j" sin 2 x sec 2 x dx 

(j) f x'Wl + x* dx 

(1) J x 2 In x dx 


-|w ^ 

( a) sin* x cos 2 x dx = 3r/32 (b) J[' sin 2 x cos 2 x dx = 10/105 

(*) /. (1 ~ 008 X)* dx = JT* ( 2 sin 2 | x)‘ rfx - 32 J[' sin 2 1 rf( = 35ir/4 


/»a r | 

(d) ^ sin* 3 x rfx (e) J ' cos* 3x dx 

8 . Show that the area enclosed by y 7 = x 3 (l — x) is t/ 8. 

9. Prove the following results: 

(a) / o sin x rfx = 2 j[*' sin x rfx (b) cos x rfx - 2 Jf*' cos x rfx 

(c) £ (sin x + cos x) 2 rfx = r (d) JT ’ sin- x cos* x rfx = 0 (n odd) 
r * r 

(e) J sin"* x cos" i rfi = 0 (m odd) 

1 0. Through the transformation x = tan t show that 

dx = (2n - 3)(2n - 5) • • • (1) * 

J o (1 + xT (2n - 2)(2n - 4) • • • (2)V 
1 1. Evaluate the following definite integrals: 

(a) / x\x 7 - 4) 1 dx (b) /* sin 3x cos 5x dx 


(c) f y/2x — x 2 dx 
•'o 

(e) [ xe~ ^ dx 

•'o 
r\ w 

(g) j sin' x sec 5 x dx 
(i) J sin - ' x dx/\/l — x 2 


(d) x 2 (3x - x 2 )* rfx 

(f) (a* - x‘)*x rfx 

r* r _ 

(h) ^ cos x dx/ vl — sin x 


^ ii 

[/In.*, (e) 12 - 16*"; (f) 512a"7l5015; (h) 1; (i) S/8.) 
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12. Show that • * /r 

Jo cos 2 X + 1 2 j cos 2x + sin x ^ shoW in suc- 

1 3. Assuming existence of the Cauchy integral Jo 
cession: -» 

(a) I - f In cos y dy = 2* ~ V J 

(b) 21 = J * l In sin 2i — In 2) rfx 

{c) 2/ - i/; In sin x dx - i W In 2 = / 0 ‘' In .in x | - In 2, 

u. - ——- * “ 

show that 


f* sin_te dx = f+i»» * > °» 

Jo X l-J» f * < 0. 



<( 12 )) Curves, Curvature, 

and Curvilinear Motion 


12.1 Polar Coordinates: Differential Properties of r = f ( 6 ) 

Some loci are best studied through their representation in terms of 
l he polar coordinates r {radius vector) and 0 (angle); it is usual to consider 
r the dependent variable, r = /(*). It is assumed here that the reader 
understands a point by point plot of such a polar relationship (cf., for 
example, Fig. 12.1.1), together with some tests of symmetry which aid 



in the discussion. It is also assumed that he is familiar with the conversion 
formulas connecting a polar system and the Cartesian system super¬ 
imposed upon it by using the pole O as origin and the initial ray OH 0 as 
positive half of the x-axis; the formulas are read from a simple figure: 

Jx = r cos 6, y = r sin 0, 

l r ~ (** + y 2 )\ d = tan"' {y/x). 

We are presently concerned, of course, with studying properties of polar 
curves which are associated with the derivative and integral; we shall 
find a reasonable parallelism preserved between these and corresponding 
discussions in Cartesian coordinates. We group the materials around 
central topics, illustrating each in terms of 
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Example 1. The locus (a cardioxd C, , Fig. ^ 

The curve is symmetric in the ini^»y(J^u^sm^ 10(1 ^ ^+7/2)', = 
10(1 — cos 0), but is not symmetric in the vertical ra> 

10(1 + sin 0). Moreover, r and its derivatives 

g=10sin9, 10 cosO, 

are continuous, so that r "£^derivative^^ K ra P h ' 

TObm” facts*°togethe'r*with the set - ta —^ ^ 

figure, partially justify the graph made in Figure 12.1.1. 

S,r.=.n» Sl»“S. 2 .M. In E„mp,. ■.*!» - £ 

sin e is positive for 0 < e < x and r increases from 0 at O to 20 at / , , but 
dr/dB < 0 for x < 0 < 2 x, and r decreases through a reversal of values. 

(II) Extreme r. The theorems of Chapter 5 apply to the problem of 

finding extreme r. In Example 1, dr/d0 - 10 sin 0 0 if and only if 0 88 0 

and x (angles coterminal with these need not he considered since the curve 
fs lsed when * = 2x); since /"(0) > 0 but /"(-) < 0. r » minimum 
when 6 = 0 [the point O). but r is maximum when 6 = x [the point / 2 . 
(20, x)J. These facts tally with the discussion given in (I). 

(III) Angle Between Tangent and Radius Vector. We note in Figure 

12 1 1 that at the point P, of extreme r the angle between tangent and 
radius vector is Jx and the lines are perpendicular. The suggestion is 
that the angle between tangent and radius vector at an arbitrary point 
might be of importance. We shall find a formula for this angle, discussing 
its uses after its derivation. , „ x 
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differentiable. The point P: ( r,0) lies on C. The line PT is the tangent at P 
with slope-angle <p. We define the angle between tangent and radius vector 
at P to l>e the positive angle ^ from the radius vector OP produced to the 
half tangent drawn forward from P in the direction in which the curve is 
traced with increasing 0 (the angle VPT in the figure). 

Choose the neighboring point Q: (r + Ar, d + A0). With O as center 
and with radius r draw the circular arc K intersecting 0Q at R. Draw 
the chords PR and PQ. As Ad —* 0 we observe that: 

(a) the secant PQ —► tangent PT; 

(b) r = Z PQJi_—* 

(c) the secant PR of the circle K —► tangent to K at P, which is perpen¬ 
dicular to the radius r; thus, as AO —* 0, angle PRQ —> *x. 

The law of sines for the triangle PQR: 

PR _ sin \J/* __ sin _ sin 
RQ * sin P ~ sin (x — P) ” sin (^* + R) 
persists throughout the limiting process Ad —* 0, so that the limits of 
the flanking members will be equal. According to the previous observations 
and the known continuity of sin x, we have 

si n _ sin _ _ sin ^ 


it™ sin (}//* + R) sin + Jx) 
On the other hand, 


cos ^ 


tan \J/. 


»• PR PR PR v PR y (rA0\ 

lim == = lim • == = lim • lim I - -1 
a 0 —o RQ a 0-0 pR RQ a 0 -o rr ^#-n \ Ar / 

lim ^ ■ lim (r/£) = r/% 

A 0 -o nil a 0-0 \ / A0/ / d0 


0 


i# - n PR 

since the ratio of chord to arc of a circle —* 1 as the subtended angle 
[Theorem 9.5.1). Hence.t we have the formula 

(3) tan* = r/^. 

The relationship (read from Fig. 12.1.2) 

( 4 ) * = 0 + + 

links slope-angle of the tangent with ^ and the angle coordinate 0 in 
an important way. 

Example 1 ( cont .). For the cardioid (2) we compute 

/dr _ 1 — cos 0 
/ d0 ~ sin 0 


tan 


tan \0 y 


fFig. 12.1.2 has r > 0 increasing with 0, so that dr/de > 0 generally, tan f > 0, and 
+ is acute: follow the upper half of Fig. 12.1.1. If r > 0 decreases as 0 increases, dr/d0 < 0, 
tan ^ < 0, and * is obtuse; follow the lower half of Fig. 12.1.1. If negative r are admitted 
the facts are reversed. If dr/de = 0, proof and result are not defined; if also r ^ 0, 
the formula has ^ (as at P 2 of Fig. 12.1.1), and if r = 0 only an appropriate limit¬ 
ing process can give information (point 0 of Fig. 12.1.1). 
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DIFFERENTIAL PROPERTIES OF r-f<*> 

.1 » ^ = 10 at every point. This fact is of use in drawing the curve U►fit a 

certain number of tangents, 0=1*. Again, J the o’rigin 

0 ^'approached'through the fourth quad- 
rant 0 —* 2 r with the tangent approach¬ 
ing the position OR, and f -* *; but as 0 
is approached through the first quadrant, 

0 _> O 'vith the tangent dragging behind 
/since we are tracing the cardioid backwards) 
to approach position OR 0 , and * -* 0. This 
difference in limits of + accounts for the 
cusp at 0, for although the line R,R 0 is 
the common tangent at O, the tangent-ray 
OR, needs to turn suddenly through tt 
radians before continuing as the tangent-ray 
OR 0 (as the continuous curve is traced 
through 0 from fourth into first quadrant). 

Example 2. The logarithmic spiral r = e* , 

1 c > 0 a constant, has tan \J/ == k , so that 

fpimn. C oftS n ~n2d'* equian^laTTTh^curve has the shape shown in Figure 
12 . 1 . 3 , approaching O in a never-ending curl as 0 —► ® • 


f rs 

'N 1 
^ ) (1 * 0 > 

j 

—Vn 




Fig. 12.1.3 


(IV) High and Low Points. Knowledge of tan * and the relation 
* - 9 + * enables us to detect the “high” and “low” points on the curve 
r « f( 0 ), these being points of (relative) extreme height with reference 
to the horizontal initial ray. In Figure 12.1.1, the point H is a high 
L (* 0) is a low, on the upper half of the curve. These are both typified 
by possession of a horizontal tangent, that at minimum L having - 0, 
that at maximum H having * - ir, for increasing 9; these events are 
best seen by letting the eye trace the curve. Hence, from (4) we have the 
conditions 

(/,) 9 + + = 0 and 0 = - W 0 + - * and 0 - * - 


from both there follows the necessary condition 
( 5 ) tan 0 = —tan ^ = — r (dr d 0 ) 

for an extreme, since tan (—-A) = -tan * = tan (x - *)• The solutions 
of (5) are those coordinate angles for which highs or lows may occur; 
sufficiency conditions are best devised according to the example under 
consideration. 


Example 1 ( cont .). In the case of the cardioid (2) condition (5) is 

tan 9 = —(1 — cos 0)/sin 9, 

equivalent to 2 cos 2 9 — cos 9 — 1 = 0; this yields the solutions cos 0, = — £. 
cos 0 2 = 1. In the former case, 0, = and r, = 15, coordinates of the high H of 
Figure 12.1.1; in the latter case, 0 2 = 0, r 2 = 0, the low at 0 on the upper half of 
the curve. The low and high on the lower half are obtained by symmetry, or by 
using 0! = 4ir/3, 0 2 = 2x. 
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(V) The angle between two curves C, , C 2 , of Figure 12.1.4 intersecting 
at P : ( r, 0 ) is readily found to be 

where , are the angles between the common radius vector to the 

point of intersection and the tangents to the two curves at that point. 



It is customary to consider * a positive acute angle; that is, we evaluate 
, ^2 , take the smaller from the larger, and, if the result is not acute we 
subtract it from ir. 


Example 3. We show that the cardoid C, : r = 10 (1 — cos 0) and the parabola 
C j : r — 10/(1 — cos 0) intersect orthogonally (Fig. 12.1.1). 

The curves intersect for those 0 for which 


10(1 - cos 0 ) = 10/(1 - cos 0). 

From the equivalent (1 — cos 0) 2 = 1 we find cos 0 = 0 or cos 0 — 2; the latter 
is impossible. Hence, intersections are at 0 = Jw and 0 = jir; because of symmetry 
of both curves in the initial ray we need consider only the former. When 0 = 
r = 10 in both equations. For C, , when 0 = {ir, 


tan = 


10(1 - cos 0) 
10 sin 0 


1 . 


10 


For C 2 , when 0 = {*•, 

tan + 2 = - 

1 — cos 0 , 

Hence \f' l = Jrr, = Jir, and ♦ = Jx; the curves intersect orthogonally. 


/ —10 sin 0 _ 

i/ (1 - cos 0) 2 ~ 


12.2 Polar Coordinates: Integral Properties 

This section is concerned with integral properties (area, arc-length, 
etc.) connected with a curve given in polar coordinates. 


(I) Area. Let C (Fig. 12.2.1) be a continuous curve r = f(0); we inquire 
for the area bounded by C and the radius vectors corresponding to the 
angles 0 O and 0 t , 0, > 0 O . 

We partition the angle-range 0, — 0 O into n parts, of which (A0), is 
the ith part. Let r, be the minimum radius vector for the interval (A0), , 
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and Ri thejnaximum; these extrema surely exist if /(») 1S 
Let r* = OP* be an arbitrary radius vector for the interval ( )• • 

0 as center and r, . r* , R. , as radii we draw the circles! s ’ tor 
spectively. Then, from the formula \r‘B for the area of the circular secto 
containing the angle 6 we can write the inequality 

Jr?(A0), £ J(r*)’(Afl). g i R'.W), . 



and by summation over the entire 0 -range 0 O ^ 0 ^ 0, we have 

(1) E £ E J(r*) 2 (A0), £ E • 

<-i *-i *•* 

It is now easy to adopt the formulation 

(2) A = lim { £ §(r*)’(A9).} = i f r* dd, r = f(0) 

n— V <-1 ^ 

<^#» O 

as the area in question. This definition is justified by the inequality (1). 

In problems of area a sketch is essential to the decision of the limits of 
integration. Symmetry helps greatly in this decision and should be called 
on as much as possible; indeed, in some cases its use is demanded in order 
to avoid a paradoxical result which might be obtained because of the cyclical 
repetition of the trigonometric numbers. 

Example 1. To calculate the area enclosed by the cardioid r = a(l — cos 0) 
(cf. Fig. 12.1.1) we have 

2 • $ r 2 dO = a 2 £ (1 - cos 0) 2 dO 

= a 2 J (1—2 cos 0 + cos 2 0) dO, 

with the easy result %ira 2 . 
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(II) Arc Length. The length of the arc P n P x (Figure 12.2.1) is defined, 
as in §9.4, as the limit-of-a-sum 

ft-iF ,-O 

As before, the element of arc length ds is given by 
(3) ds 2 = dx 2 + dy 2 . 

Superimposing a rectangular coordinate system upon the polar system 
in Figure 12.2.1, origin at pole and positive x-axis along the initial ray, 
we have the connections ( 12 . 1 . 1 ): x = r cos 0, y = r sin 0, between the 
pairs (r, 0 ) and (x,y); the differentials 

dx = (dr) cos 0 — r sin 0 d0, dy = (dr) sin 0 + r cos 0 d0, 


are squared and added, to give 

(4) ds 2 = dr 2 + r\dO) 2 


as the expression of ds in terms of polar coordinates. Hence, 

(®) s = /,. \F+(£) de 

if the arc is read in a direction assigned to be positive along the curve 
from a fixed point; this is, in polar coordinates, in the direction of in¬ 
creasing 0. 

Example 2. For the equiangular spiral r = e* # (k > 0) (Fig. 12.1.3] we formulate 
the arc length from 0 = 0 to arbitrary 0, as 

(6) « = / ’ V e "‘ + k 2 e“' d9 = Vk 2 + 1 ( e" de 

= Vki k ± A (***■ - 1 ). 


Tliis result is proper if 9, > 0, for by choosing the positive square root in ( 6 ) we 
measure arc length in the positive direction of increasing 0. But if 0 X < 0, the arc 
length should he the negative of the s in ( 6 ); this -s is positive since c* ■ < 1 
if 0 , < 0 and the right side of ( 6 ) has the negative factor c ** 1 — 1 . 

More than this, however, as 0 X < 0 becomes numerically large without bound 
( 0 , _* -«) we have e* # * — 0 , the * of ( 6 ) -► - Vfc 3 + l/k, the arc length 
__ iS _> y / k 2 ~\/ic, a finite limit. The conclusion from this finite result for the 
Cauchy integral _ 

Vk 1 + 1 


/: 


ds 


and from the discussion of the curve in Example 12.1.2 is that, although the spiral 
winds about O an infinite number of times as 0 —*— ®, yet the “total length of 
the diminishing spiral is finite. 


(Ill) Centroids of Area and Arc are important since they lead most 
easily to formulas for volume and surface area of solids of revolution, by 
use of the Theorems of Pappus. 
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The centroid of the area bounded by r = /(*) and the rays 9 - *o and 
9 = 9 , , ft, < 8 . . is given by 

( 7) Ai = J (*' r 1 cos 9 d9, Ay = i / # r 1 sin 9 d9, 

where A is the area. [This Cartesian (x.y) is readily translaWd to polar 

9 ) in the usual way.) To establish these we return to Figure 12.2.1. 
Sn the circular sector of angle (A9). we use for r* the bisecting radius, so 
that the centroid of the generic sectorf is 

f< = §r* sin $(A 0 )</i(A 0 ). • 

With this, the coordinates (£. , y.) of the centroid of the sector are 

£ = f cos 9* fi, = f, Sin 9* . Then the abscissa of the centroid of the 

entire "areiTis to be defined by A ■£ = lim E ^ E * cos 9* • 

AA, according to previous lines of reasoning; thus, 

Air = lim {g K cos 9f ■ }(r*)’(A9).} . 

To handle this we now decide to use equal partitions (A0), -A 0 so that 
we can remove as factor the quotient [sin }(A0).!/i( A0), which appears 
in each term of the sum; then 

a* = iim [ 8 -iS?] • lim {* £ (r,!) ' cos 

and this leads immediately to the first formula of (7). The second formula 
of (7) is established similarly. 

Centroid of arc is easily found to be given by 

( 8 ) sx = J x ds = J r cos 0 ds, sy = [ y ds = J r sin 0 ds, 

where r = /(0), ds 3 = dr 3 + r 3 dO 2 as in (4), and appropriate limits of 
limits of integration are supplied. 

(IV) Volume and Surface Area of Solid of Revolution. Using (7) and 
the Second Theorem of Pappus we obtain for the volume of the solid 
generated by revolving about the line sin 0=0 the area bounded by 
r = /( 0 ), 0 = 0 « , 0 = 0\ , the formula 

( 9 ) V = 2*y • A = \k J r 3 sin 0 d0. 


If the revolution is about the line cos 0 = 0 we 
have the companion formula 

(10) V = 2tcx • A = fir f r 3 cos 0 d0. 

|To find the centroid of the circular sector of central 
angle 20 o in the circle x = a cos 0, y = a sin 0, (Fig. 
12.2.2) we compute separately the abscissas x, , x* , of 
the centroids of the areas A, , A 2 , shown in the figure; 
these are given by 

A x £i = Ja* sin 0 O cos* 0 O , A& — la* sin* 0 O - 
Thence, if A, x, refer to the complete sector, .4x = 
Aiix + A t i, furnishes the formula i - \a (sin 0 O )/6 O . 



Fig. 12.2.2 
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Similarly we find surface area of these solids of revolution given through 
(8) and the First Theorem of Pappus: 

S = 2icy • s = 2w j r sin 0 ds (about 0 = 0), 


(ID 


*. 


S = 2kx • s = 2ir [ r cos 0 ds {about 0 = W). 

Example 3. Find (a) the volume of the solid generated by revolving the cardioid 
r = n(l — cos 0), 0 0 ^ ?x, about the line 0 = Jr; (b) the surface area when 

the cardioid, 0 ^ 0 ^ x, is rotated at>out the initial line sin 0=0. 

(a) From (10) we write 


r 

V = fra 3 J (16 — cos 0) J cos 0 d0. 


By expansion of the binomial and repeated use of the Wallis formulas, we find 
V' = irn 3 (16- oir)/S. 

(b) Appealing to (11) we write 

S — 2ra f (1 — cos 0) sin 0 ds = 4x a 7 f (1 — cos 0) sin 0sin }0 d0 

since ds = dr 2 -+• r d6* = a {2 — 2 cos 0) dd 2 = 4 a 7 sin 2 }0 d0 2 . Expressing the 
integrand in terms of functions of \6, we have 

2 f r ■ < ia 32xa 2 P . 32xa 2 

S = 16 na 2 J sin \0 • cos \0 d0 = —g— ^sin j 0 j = —— • 


12.3 Exercises 

1. (a) Show that r = a cos 0 is a circle tangent to the y-axis at O. Show that 

xf, = 0 Jir and explain geometrically. Sketch. 

(b) Discuss r = a sin 0, for which ^ = 0. 

2. (a) Trace r = a cos 20, with 4 leaves if negative r’s are admitted. Use sym¬ 

metry. On the basic half-leaf: 0 ^ 0 2 a J-x, use the angular relation 
^ 0 = <f>. What is max r? What is the high point? 

(b) Trace r = a sin 30. 

3. The curve r = em/(l — e cos 0) is a conic of eccentricity e with focus at 0, 
axis on the initial ray, and distance m from directrix to focus. Trace for 
e = 1, with \J/ = x — \0. 

4. Using derivative information as much as is feasible: 

(a) Trace the limagons r = 3 -f 4 cos 0, r = 4 + 3 cos 0, admitting negative 
r's in the former to add an inner loop. What can you say of the general 
r = a cos 0 zh b according as a > b, a = 6, a < 6? 

(b) Trace the conchoid r = a sec 0 ± 6, b > a. (c) Trace r = a sin §0. 

5. (a) Let P:(r, 0) lie on C: r = /(0). Draw the line through 0 perpendicular 

to r = OP, intersecting the tangent at P in T and the normal at P in 
N. Show that 

subtangent OT = ^ / j~g ’ subnormal ON = j- g - 

(b) If r* = /(0*) = 00 then P* is infinitely distant, OP* and TP* are parallel, 
and TP* is an asymptote of r = f{0). Obtain the asymptote of the cis- 
soid r = 2a sin 0 tan 0 [r* = ® for 0* = and here OT* = 2aJ. Trace 
the curve. 
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lB£r °' RueT ' flrc 

r = 3; (c) r = 1 + cos 6 r = 1 - «“_*• _ flrc farthest from the 

Find those 0 for which the points of r - a{l 

line sin 0=0. (4ns. 0 = 2*73, 4tt, 3.J __ o«. 

Compute the areas bounded by: (a) A loop o r = ^ tan 0 + sec 0. 

(b) r= a0,0= 0,0= 2 Jr; (c) r - e W 

show Find the arcft of that 

part from 0 = 0 to 0 = |ir. [4ns. hob + w(« + *>/«•! „ CQS , + 

On the same reference system trace the curves 

r • r 2 cos 20 = a (equilateral hyperbola), C 2 . r - n cos 

Show that the area enclosed by C 2 is a . 

For the spiral r« = «. show that the area bounded by any two rad,us vectors 
is proportional to the difference between their lengths. 

srsWiTs 1 .2 “.tr*. . - o ». -.. 

»> Th * Ur.'uvrrs? +! m <a.+ 

% 7 - S» (a - aw.i »» * in a™ ■' «*J 

Show that r" = c sin n0 are the curves for which the angle + between radius 
vector and tangent at any point is n times the angle 0. 

Find the mean distance from O of the points: (a) of the area r = a cos 0', 

(b) between the circles r = a, r = a cos 0. (4 ns. (a) lba/.hr.J 

Find the centroid of a circular sector, according to the footnote, p. 405. 

Find the centroid of each area: 

(a) a loop of r = a sin 20 ; (b) the cardioid r = a(l - cos 0); 

(c) the area swept out by r = a0, 0 £ 0 £ 2*. (4ns. (a) y = 128n/l0oir.] 

Find the volume when each area is rotated about the initial ray: 

(a) the cardioid r = a(l — cos 0 ); (b) r = a cos 0; 3 /0 , . . 3 , 

(c) the parabola r = m/( 1 — cos 0) and 0 = \x. (4ns. (a) 8?rn /3; (c) \*m .) 
Compute the surface area got by rotating about its axis: 

(a) one loop of the lemniscate r = a cos 20 (4ns. xa (2 V2)-J 

(b) the cardioid r = a( 1 — cos 0) 

Compute the area: 

(a) inside both r = a sin 2 0, r = a cos 20 

(b) inside r 2 = 4a 2 cos 20, outside r = V2 a] 

(c) inside r = a, outside r = a(l — ^cos 0). 

(4ns. (a) (Jir — l)o 2 ; (c) (2 — Jir)a .) 


12.4 Angle as Parameter; The Cycloid 

In previous work with parametric equations the parameter used was 
some geometric item closely connected with the configuration being 
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studied (such as slope of a pivoting line) or some arbitrary simplifying 
change of variable. In many situations an angle is an obvious parameter 
to select; indeed, in most previous cases employing slope as parameter 
slop e-angle could as readily have been used. The resulting parametric 
equations will then be trigonometric in form; cf. Example 6.7.1 and Ex¬ 
ercises 6.9.1, 2, for trigonometric parametric equations for the circle, 
ellipse, and hyperbola. 

We illustrate principles of procedure by a detailed study of an important 
locus called the cycloid, which appears in a number of geometrical and 
physical situations. It is the simplest of a type of curve called roulettes, 
from the fact that the locus is generated as one plane curve rolls upon an¬ 
other; others are presented in Exercises 12.5. 

The cycloid is defined as follows: Let a circle K, of radius a roll without 
slipping on a fixed straight line L (Fig. 12.4.1), remaining always in a fixed 



plane containing the line. A marked point P on the circumference of the 
circle is followed in its progress across the plane. The locus traced on the 
plane by the point P is defined as the cycloid. 

Let P initially be the point of tangency of K, and L; select this point as 
origin 0 of a Cartesian system with L as x-axis and the diameter of K, 

through 0 as y-axis; thus P initially is at 0. Suppose that K, rolls to the 

right into position K 2 such that 0, on K, becomes the new point of tan¬ 
gency 0 2 of K, with L. If 0 designates the angle 0C,0, at the center C x 
of K, , the arc 00, = aO is rolled out on the line-segment 00 2 = ad. The 
marked point is then at P, measured backwards from 0 2 on K 2 so that 
arc P0 2 = a0\ hence the angle PC 2 0 2 = 0, if C 2 is the center of K 2 . 

We compute the coordinates of P: (x,y): calling Q the foot of the per¬ 
pendicular from P to the radius 0 2 C 2 , we have 

jx = 00 2 - PQ = ad - PC 2 sin 0 = a (0 - sin 0), 

|y = 0& - QC 2 = a - PC 2 cos d = a(l - cos 0). 

These equations constitute parametric equations of the cycloid. [Although 
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the derivation given is for a particular Potion of the rolJ* ‘“ e 

therefore is not general, a generalisation can be ivMH» 
cycloid by an analytic discussion of the from [ h e mechan- 

We trace the cycloid from equations (1). Fir. , the x-axis 

ics of the situation that the curve is necessarily aUvays above t 

[y S 0 also from (1)1. and that the tracing point P vdl d^cnbe p ^ 

Moreover*the curve is con¬ 
tinuous, for equations (1) involve only continuous functions. Next, 
dx = (a - a cos 9) dB, dy = a sin 9 dd, we have 

^ _= ctn \e. 

y dx 1 — cos 0 

From the second form, y' = ctn J9, we find (on the first arch): 

C.P.H.: he - e " T (pom* (irjira, 2a)] 


C.P.V. 


[point (0; 0, 0)] 


he = o, 0 = o 

J 0 = T, 0 = 2w [point (2w; 2xa, 0)] 

[The first form, / - sin 9/(1 - cos 9), would have revea'ed the same 
CPU hut not the C.P.V. except through considerations of singular 
points-—note the cusps at O and A.) To study concavity we compute 
[from y' = sin 9/(1 - cos 9)1 

« 41 


dy' = - 


de 


_ 
dx 


a 

? 


-y 

l — cos 0 ’ u* v 

Because y" < 0 for all points (except the end-points of the arch where 

y = 0 and the tangent is vertical) the curve is always concave downward. 

Hence the C.P.H. at (ir; ira, 2a) is a relative and absolute maximum. 

The two C.P.V. are cusps. 


The cycloid possesses the following interesting tangential property: the tangent 
at an arbitrary point (tangent PT, at P of Fig. 12.4.1) passes through the topmost 
point of the circle-position generating the point [T 7 : (0; aO, 2a) on K 2 generating / J, 
the normal [P0 2 ] at an arbitrary point passes through the lowest point on the circle- 
position generating the point. Proof is left to the reader (Exercise 12.5.1). 

An important physical property is known as its brachistochrone (shortest time) 
property: suppose a bead is to slide on a flexible wire from .4 to B in the least time ; 
it can be proved that for such a requirement the wire should be bent into the shape 
of an arc of a cycloid. Indeed, it was for the solution of this problem that the 
cycloid was “discovered.” # , 

It is interesting and instructive to accumulate some integral properties of the 
cycloid: areas, volumes, arc-length, etc. The reader should verify the results listed 
in the following catalogue, applying to the first arch, 0 ^ 0 ^ 2w: 

Area = 37ra 2 

Centroid of area: (ira, fa) ^ # 

Volume of rotation about x-axis = ox a 
Volume of rotation about y-axis = fir a 
Arc-length = 8 a 
Centroid of arc: (ira, 4a/3) 

Surface areas : S r = 64ira 2 /3, S w = lfiir 2 a 2 
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Whereas for a cycloid a circle rolls along a straight line, a hypocycloid is 
generated by a marked point on a circle which rolls on the inside of a 
larger circle. The hypocycloid of four cusps (astroid) which has already 
been studied to some extent is generated if the smaller rolling circle has a 
radius equal to one-quarter of the radius of the large fixed circle (Fig. 
12.4.2). If these radii are \a , a, respectively, and if the parameter is the 



central angle 0 of the fixed circle measured from the radius through the 
initial point of tangency of the circles to the line joining their centers, 
the parametric equations of the astroid are 
(3) x = a cos 3 0, y = a sin 3 0. 

Elimination of 0 from (3) leads to the usual Cartesian equation x* + 2/* = a*. 
We outline briefly the derivation of equations (3). The initial marked 
point P x on the small circle K, (follow Fig. 12.4.2) is in position P on K 2 
such that a0 = arc P x 0 7 = arc P0 7 = Ja0', where 0' = angle PC 2 0 2 ; hence 
0' = 40. Then in triangle PC 2 H, angle P = 30. Then x = 0C 2 + VP = 
(a — Ja) cos 0 + \a cos 30 = (3 cos 0 + cos 30) = a cos 3 0 (since 
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cos 39 = 4 cos 3 9 - 3 cos 9), and y is found similarly. Cr.Ucal po.nts at 
P, : (0; a, 0) and P 2 : (i*; 0, a) and always upward concavity (for ^ = 

quadrant arc) are obtained from the derivat.ves y = -tan «, " 

(3a cos 4 9 sin 9)-. It is obvious mechanically that the curve is symmetric 

in both axes and that P, , P* , are cusps. 


12.5 Exercises . . 

1. Establish all the differential and integral properties of the cycloid listed 
§12.4 (except the brachistochrone property). In addition, find, (a) the ce 
troid of the volumes V, , V. ; (b) the volume of the solid obtained by rotating 
the arch about x = ica. 

2. For the hypocycloid of four cusps (12.4.3) compute integral properties (area, 
arc, centroids, volumes, etc.) as is done in the text for the cycloid Iftesafts. 
Total area = 3xa 2 /8; Centroid of first-quadrant area: X = y - 2of>«/31 .«r, 
Arc length = 6a; Centroid of first-quadrant arc: X = y - 2a/,y, Total volume.. 
V = 32xa 3 /105; Total surf,we S. = 12xa’/5. (Wallis's formulas are very 
helpful and will be precisely applicable if the natural symmetry of the curve 
is used to make the range of integration extend from 0 to $x.)) 

3. (a) The “inverted” cycloid results if the circle of Figure 12.4.1 rolls below 

the line. Show that its equations are x = a($ + sin 0), y = a( 1 — cos 0). 
(b) The "companion to the cycloid” has equations x = <i0, y = «(1 — cos 0). 

Obtain its trace and the area under one arch. (.4/ix. 2x« .] 

4. The Trochoid. When a circle K rolls along a straight line L but the tracing 
point is a fixed point P on the radius, not an end-point, the locus of P is 
called a trochoid. According as P is on the radius or on the radius produced 
the trochoid is “oblate” (Fig. 12.5.1) or “prolate” (Fig. 12.5.2). Show that 



Fig. 12.5.1 Fig. 12.5.2 


the equations of either trochoid are x = a0 — b sin 0. y = a — b cos 0. (a) Show 
that the cycloid results if b = a, and the locus is oblate or prolate as h < a, 
b > a. (b) Discuss the traces of the curves, (c) Show that the area between 
one arch and the tangent mm' joining the lowest points is x6(2a + b ); specialize 
to the cycloid. 

5. The Epicycloid. When a circle rolls on the outride of a fixed circle the locus 
traced by a marked point P of the rollng circle is called an epicycloid. In 
Figure 12.5.3, circle K' (radius 6, center C) is one position of the circle rolling 
on K (radius a, center O). Let the marked point be P. originally at P x when 
C was on the x-axis; then arc P t T = a0, 0 = angle P x OT , and arc PT = l>0\ 
0' = angle PCT, whence (*) o0 = b0' . Hence obtain the parametric equations 



a) 
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6. Figure 12.5.3 is based on the data a = 2, 6 = f, for the epicycloid, so that 
O' = SO/'S by (*). From this it is easy to locate points on the curve: the reader 
should check those indicated on the figure, particularly the P[ for which P 
has traced K' a complete revolution 0' = 2ir. 

(a) Show that P returns to P, , to close the curve, if and only if 
2k'*b = 2kira, k, k' positive integers, i.e., if and only if k'b = ka. If k = 1 
so that P lands on P, the first time around, a contains 6 an integral number 
of times. 



(b) In continuation, show that there is one cusp (P,) if 6 = a (the curve is 
then a cardiuid). two if b = \a, three if 6 = J a, etc. Sketch representative 
figures. 

(c) In (1) set b — a, translate the origin to P, by means of x' = x — a, 
j' — y, to have 

(2) x' = 2 a cos 0(1 — cos 0), y' = 2a sin 0(1 - cos 0), 
as parametric equations of the cardioid, cusp at O. 

7. The Hypocycloid. If the rolling circle K' rolls on the inside of the fixed circle 
K (Fig. 12.5.4) instead of on the outside, the marked point P traces a hypo- 
cycloid. Its equations result from those of the epicycloid (1) by replacing b 
by —6: 

x = (a — b) cos 0 + b cos (* ^■) d » 

(3) /a - b\ 

y = (a — b) sin 0 — b sin ^—-— JO. 

(In Fig. 12.5.4 we used a = 2, b = J. as in Fig. 12.5.3; points can be located 
from 0' = 80/3. Again (cf. Exercise 6) P returns to P, the first time around 
if a contains 6 an integral numl>er of times. If b = a the locus is P, solo ; 
if I, = \a the locus is the x-axis diameter of the large circle; prove these 
statements. If b = Jo. b = J«. we have the most interesting three-and four- 
cusped hypocvcloids, respectively.) 




12.6 The Osculating Circle 

Differential geometry is the study of “local” properties of curves, that is, 
properties which belong to a curve at a point or in its immediate vicinity 
but which change from locale to locale. Such properties should naturally 
depend both on the point and on the derivatives of the function defining 
the curve, evaluated at the point. In this section we begin the study of one 
such property, that of curvature of a curve at a point. 

We begin by introducing the osculating circle of a curve C: y = /(x) at a 
point P, : (x, , f/i) on C. We assume that /"(x) is continuous over a range 
R(r) which includes x, and the abscissas of two other points P 2 : (x 2 , y 2 ), 
P 3 : (x 3 , y 3 ), on C, which are not collinear with P, . The points P. , P 2 , Pa . 
determine a unique circle 

(1) K: (x - a) 7 + (y - b) 7 = r 2 . 

In general, when P 2 , P 3 — P, along C, the a, b, r, of (1) vary and a set of 
circles |K| is generated; we shall show how to obtain the limiting values 
a*, b* } r*, thus to define the limiting circle K* of the set |K|. This limiting 
circle K* is called the osculating circle to C at P, . Because of the nature of 
the limit process P 2 , P 3 — P, along C (and along K), it is clear that C 
and K* have a common tangent at P, ; but this tangency is stronger than 
the ordinary type since P, is at least a threefold common point of the two 
curves. If we observe that there is a whole family of circles having the 
tangent to C at P, in common—their centers all lie on the normal to 
C at P,—the osculating circle K* appears as that one of the family which 
has P, in common with C more than twice . Thus, “near” P, the osculating 
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circle K* approximates C more closely than any other circle, and more 
closely than the tangent which they have in common; the important 
consequence is that its local properties at P, can be taken for those of C. 

We set about determination of the center (a*, b*) and radius r* of K*. 
We consider the function 

(2) F(x) m (x - a) 7 + [fix) - b) 7 - r* 

Since we are using /(x) here in place of the y of (1), it is clear that P, : 
(x, , !/»), P 2 : (x 2 , y 2 ), and P, : (x 3 , f/ 3 ), which lie on both C and K, will 
render P(x) = 0. Thus P(x,) = P(x 2 ) = P(x,) = 0. We assume x, < x 2 < x 3 
without loss of generality. 

Then, by Itollc's Theorem there is a value x[ , x, < x[ < x 2 , and a 
value x 2 , x 2 < x' 2 < x 3 , for which F’(x\) = 0, P'(x 2 ) = 0. From this last, 
also by Rolle's Theorem, there is a value x", x\ < x " < x 2 , for which 
P"(x") = 0. Moreover, the process P 2 , P 3 —► P, means x 2 , x 3 , —► x, , 
and x\ , x 2 , x" , —► x x . Because of the continuity of fix), /'(x), f"ix), 
reflected into continuity of Fix), F'ix), F"ix), we have these same effects 
throughout passage to the limit and in the limit itself; thus a*, b *, r*, are 
to be determined from the equations 

(3) Fix t ) = 0, P'(x.) = 0, F"ix,) = 0. 

These determining equations are: 

(4) P(x.) = (x, - a*)’ + (/(x.) -/>•]’- r* J = 0, 

(5) F\x t ) = (x, - a*) + [/(x.) -/>*!• /'(x.) - 0, 

(6) F"(xi) = 1 -f l/'(x,))* + I/(x,) - 6*] • /"(x.) - 0. 


From (G) we find 

(7) /(x.) - 6* - 

(8) b* = f(x.) + 



!/"(*.) ^ o| 

i + i r(x,)] a 
f / 7 (X|) 


Using (7) in (5), we find 



Finally, (7) and (9) in conjunction with (4) yield 



Formulas (10), (8), (11), locate completely the osculating circle to 
C at P, . Their validity is clear except at a point P, for which fix ,) = 0. 
In this case, however, a*, 6*, r*, are all infinite and the circle can be con¬ 
sidered to have degenerated into a straight line, the tangent to C at P x . 
On the other hand, /"(x,) = 0 occurs at a relative extreme [e.g., at O if 
y = X 4 ] or at a point of inflection [e.g., at O if y = x 3 ] of C; in such situa- 
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“wf SS'-»y.» ttk. u» p»«™ ■*»■"> "”*■ I 1 + lrwn ' in 

finding r* from (11). Then the sign of the quantity 

_ 11 + l/ '(x,)li! 

(12) R ~ /"(*.) 

m, the norma, dr^vn in the concave side of the curve viewed from F. ■ 
Example 1. We determine the osculating circle to C: y J at (l.i). Here 
fix) = x\j\x) = 2*,/"(*) = 2.X, = l./M - 2./ M =* - 

n* = 1 _ 2 • | = -4. *>* = 1 + i = 9 ’ r * J = T ’ 




and the required circle is 

/ 7 V 125 

K*: (.t + 4) a + (y - 2 ; = “ 1 

x 2 + 1/ 2 + 8x - 7y - 3 = 0. 
The render may verify by algebraic solu¬ 
tion of the equations of C and K* simul¬ 
taneously that P, : (1,1) is indeed a 
triple point of intersection; the curves 
also intersect simply at (—3, 9). Figure 
12.6.1 illustrates the configuration; note 
that the center of K* lies on the concave 
side of the curve at P x . 

Example 2. In finding the osculating 
circle to C: y = x 2 at P, : (0.0) we obtain 
/'(0) = 0, /"(0) = 2. Hence a* = 0, 
b* — \ t r* 2 = }. The circle is 

K*: x 7 + (y - J) 2 = i, 
x 2 + y 7 - y = 0. 



Simultaneous solution of the equations Fig. 12.6.1 

of C and K* reveals that P, is a quad¬ 
ruple point of intersection. Thus, the osculating circle may have even higher order 
of intersection than three with C. 


12.7 Curvature 

Let a circle K, center O, radius r, be traversed in a counterclockwise 
(positive) sense, with P Q (Fig. 12.7.1) the origin of distance s along the 
circumference. Let the tangent T x at P x be directed forward in the direction 
of motion along K. The direction of the tangent is undergoing change as P, 
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moves along the circle, and this change in direction is reflected in change of 
its directional angle <p, measured positively from the positive direction on 
the x-axis to the positive direction of the tangent. The instantaneous rale of 
change of ? with respect to traversal of arc (i.e., with respect to s) is called the 
curvature of the circle. Denoting curvature of the circle by k (kappa), we 
have 


( 1 ) 



Curvature expresses the rate at which the (tangential) direction along 
the circle is changing—the rate of “curving” of the circle. 

But, if 0 = Z P 0 OP\ , we have (see the figure) 

<P = 0 + s = re, s = r(<p — }ir), 

whence ds = r dp, and 


( 2 ) 



1 

• 

r 


Thus, (a) the curvature of a circle is constant —as it should be, intuitively, 
since the “curving” of the circle is constant. 




(b) The curvature of the circle is positive if traversal is positive. Again, 
this is as it should be, for *p is always increasing. If traversal is clockwise 
(ds is negative) we should take the curvature as negative, -(1/r), for tally 
with intuition and the decreasing nature of <p. 

(c) The curvature (2) of a large circle is small, because of the inverse 
dependence of * on r, and that of a small circle is large—once more as it 
should be, for the curving of a large circle is gentle, that of a small circle 
abrupt. For a circle of r - 1000 in., * = 0.001 radians/in. of arc; for a 
circle of r = 0.001 in., * = 1000 radians-'in. of arc. 

Now consider the curve 


C: y — fix), 
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,»<„> i, continuous; 1,. its gr.ph, Figure .«* t* «?£ 
riht Let K*. radius r*. be the osculating circle to C at ri • l 


k = ±1 /r* 


12.7] 

where /' 
left to right. 

the curvature of K* being 

lation of (3), ambiguous sign included, is 


(4) 


|cf. (12.6.12)] 


|1 + If'(*.)]*l' 

which we discuss as follows. As we read C from left to right (in direction 
of increasing x), /"(x) is + or - according as the concavuty of C is upward 
or downward, except at a point of inflection. As we trace C let us add to 
the figure the osculating circle at each point, Figure 12.7 2 ane1 pretend 
that we trace the circle before progressing to the next point of c - ' 

C is concave up, the numbers /"(x) and « of (4 are positive (we consider 
the square root in the denominator of (4) as always positive), while the 
osculating circle K* lies in the concave side of the arc of C and is traced 
positively to make 1/r* positive. Precisely the contrary is effective at a 
point P, where C is concave downward. Thus the ± in (3) is cared for in 
the positive or negative sign inherent in /"(*) in (4), and in an intuitively 
natural way. [If C is traced in the opposite direction, the sense of the 
above remarks is reversed.] The definition of curvature and the formula 


(4) for it are justified. 

Thus, curvature may be positive, negative, or zero; some writers use 
the absolute value of (3) or (4) so that curvature is non-negative, but 
the usage here seems somewhat more discriminating. * = 0 when / (x) - 0, 
or possibly when/'(x) = «,/"(*) - « (as a limiting case). The former 
happens obviously if C is linear; it occurs also whenever K* is to be con¬ 
sidered the tangent-line itself, say at a point of inflection or at certain 
types of extrema. The possibility of infinite derivatives is generally ruled 
out by the smoothness of C; it occurs standardly at singular points and 
is to be discussed, if at all, by limiting considerations.! 

Because of its central importance in the concept of curvature of a curve 
at a point, the osculating circle of the curve at the point is standardly 
called the circle of curvature, its center the center of curvature, its radius 
the radius of curvature. The radius of curvature is the numerical value of the 
reciprocal of the curvature. Thus, all the facts concerning curvature, except 


fit is possible to define curvature of a general curve C immediately by (1), hence to 
obtain (4) by differentiating <p = tan" 1 l/'(x)J. This definition is equivalent to the one we 
have chosen. 
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possibly its sign, can l>e determined from the standard facts about the 
osculating circle. The necessary formulas are assembled into the list: 

y" 

(6) curvature: k = -— , 

(l + y )* 

(6) center of curvature: a* = x — (1 + y /2 ) t b* = y + 4? (1 + y' 2 ), 

1 (1 4- v /2 l* 

(7) radius of curvature: r* = | k~' | = :-- , 

i y 

with y' = dy/dx, y" = d 2 y/dx 2 ; these are evaluated at the fixed point 
(x,y) of C. 

Example 1. Transcribing the results of Examples 12.6.1, 2, we compute the curva¬ 
ture of y — x 2 at (1, 1) to he * — 2/5* = 0.18 radian/lincar unit, approximately. 
At (0,0) k = 2 radians linear unit. 


Formulas (5)-(7) arc immediately in form for the curve C: f(x,y) = 0 
at an ordinary point. 

If C is given parametrically, C: x = x(t), y = y(t), with x(t), y(t), pos¬ 
sessed of continuous second derivatives, we still can use the formulas 
after calculating 

-431 -*3L /<*£ U " = tC . /dx 

,J ~ dx~ <U/ dt' y dx dl/ dt • 


in the usual way. It is best in most cases to do this, although neat formulas 
can be written in terms of the /-derivatives of x and y, e.g., 


( 8 ) 


x'y" - x'V z , _ dx 
(*" + y ' 1 ) 1 ’ * 


etc. 


(see Exercise 12.8.2.) 

If C is in polar coordinates, C: r = /(0), we find 
r a ^+2r^-rr^ , dr 

( 9 ) « - (r » + r -»)< ' = dt ’ 


etc., 


proof of which is outlined in Exercise 12.8.3. 

Example 2. Find x, a*, 6*, r* for the cycloid 

x = a (0 — sin 0 ), y — a(l — cos 0 ). 

From dx = a ( d0 — cos 0 d$) t dy = a sin 0 </0. we find 

dy sin 0 dy^ _ _ * ,.// _ _ __ni_ 

y ' = dx ~ 1 — cos 0 ’ d0 1 — cos 0 ’ dx a(l — cos 0) 2 

Then (5) is filled in to give 

-i / 2‘ _ _ _ =i _= .. n . 

“ _ a(l - cos 6) 2 / (l - cos 0) 1 2 ! a(l - cos 0) 1 sm \6 

Moreover, we compute 

a * = a (9 + sin 8), 6* = -o(l - cos 8), r* = 4a|sin}9|. 
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12 . 8 ] 


12.8 Exercises /v/TT^ = 

1. Using thefact that for y = /WI and an averse * Q * t 'b\r*, forx = g(v)- 

_ r / vT+ xf. modify equations ^ 8 * 

i: o°± :r; h : f ::^=pr= 

[.-Ins. o 5/4 /(3-2*).] , 2 -* (<t + „)!. Find the 

5. Show that the radius of curvature of y = 4px > s -/' + P> 

osculating circle to y - 4x at (1.-); sketch. / __]) 

6. Draw the curve y = cos x and its osculating circle at the point (*, t ) 

7. Find the curvature of each curve at the specified point; discuss graphically. 


(a) y = In x, (1,0) (-2*1 

Show that max \ k | is 2*3“*. 

(b) xy = a 7 , (x, , y,) |±2 a 7 /(x\ + vD'l 

(c) b 7 x 7 + a 7 y 7 = ab 7 , (a, 0 ) [b'/a] 

(d) y = ia(c"* + e-"’), (x, , y,) |a/V?l 

(e) x = a cos 1 9, >/ = a sin 1 0, (», I x, . !/,) Ho , C8c29 1 ] 

(f) r « a sin 30, (a, Jr) (10a _, | 

(g) r J = a* cos 20, (a, r) [Ja| 

(h) r = a9, (r, , »,) [(r? + 2a 7 )/(A + a’)') 

(i) y = In sin x, (or, , i/i), 0 < x, < r ^ 

8. Show that the radius of curvature of the equiangular spiral r = e' 1 ’ is propor¬ 
tional to r and approaches zero as 0 —► — 00 - 

9. A train runs on a track shaped according to y = x (x, U, m miles). At what 
rate is its direction changing when x = 1? 

10. Draw each curve and its osculating circle at the point specified: 


(a) x = 2t, y = 4/1, (t = 1) (b) y = e', (0,1) 

(c) y 2 = x 3 , (1,1) (d) x = 2 cos t, y = 4 sin t (x = 1) 

1 1. A simple beam L ft. long and supported at both ends carries a uniform load 
totalling w lb. The deflection y of the beam due to the load is given by 
y = cw(2Lx 3 - x 4 - L 3 x)/V2L, referred to the left end as origin, where c 
is constant. Practically, the slope of the beam is numerically small with 
respect to unity; neglecting this slope, find the curvature of the beam 3 of the 
way from the left end. [.4ns. 2cwL/9.) 

1 2. Find all curves for which curvature is constant. [This amounts to solving 
a dx = dy'/( 1 + y' 2 ), a constant and y' = dy/dx , assuming that a suitably 
smooth function y = /(x) satisfies the requirement. Hence show that y = 
(ax + c)/ y/\ ~ (ax -M)*, where (ox + cf < 1, from which the family 
of circles (ax + C Y + (oy + c 'f = 1 is obtained.! 
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1 3. Evolute of a curve. The evolute E of smooth C: y = f(x) is defined as the locus 
of the centers of curvature of C (Fig. 12.8.1); its parametric equations are 

x = X - y\l + y'*)/y", Y = y + (1 + y' 2 )/y". 

Show that the evolute of the parabola x = 4py is .Y = —2 y*/p\ Y = 3y -\- 2p; 
elimination of y gives 4(F — 2p) 3 = 27 pX 2 , the semicubical parabola of 
Fig. 12.8.2. 



Fig. 12.8.1 Fig. 12.8.2 


14. Show that the evolute of the cycloid x = a(0 — sin 0), y = «(1 — cos 0), 
is X = a(0 + sin 0), Y = — a(l — cos 0); use the result of Example 12.7.2. 
Set 0 = 0' — ic, then translate axes by A" = X + <•*, Y' = Y -f- 2a, to show 
that E is the cycloid itself referred to new axes (Fig. 12.8.3). 



Fig. 12.8.3 


1 5. Prove the following two theorems concerning the evolute: 

theorem 12.8.1. The normal to C at P is tangent to E of C at the center 
of curvature corresponding to P. (Cf. Figs. 12.8.1, 2.] 

theorem 12.8.2. The length of an arc of E of C is equal to the difference 
between the radii of curvature of C which are tangent to the arc at its end¬ 
points (if r* is monotonic). 

(For Theorem 12.8.2 find (d*)* = ( dR *) 2 . and solve if « = 0 when r* = r* , 

the radius to one end.| _ 

1 6. Involute. Ix*t an inextensible cord of length r* = C 5 P 5 ( in Fi S- 12.8.1) be 
wound on the evolute E. If the end at C 5 is held fast and the free end P 5 
removed from E with the string kept taut, it will come off tangentially at 



[421 


'the various centers of curvature A'cTrve 0 ^ l.as'infinitely 

srsasft- 

17. Show that the involute of a htf-w* of ^ | ^°'^ ( , ulum the bob swings 
12.8.3, is the originating cycloid. (In a c>c ‘ , QC q C G f l'ig. 

on a String constrained between^.eye^ rio ' d 0 / suctl a pen- 
12.8.3, upside down) and thus traces a cy 
dulum is independent of the amplitude.) 

1 8. Obtain the following evolutes: ( , 

(a) (AT + Y)' + (X - n* = 2a . for " 

(b) (X + Y)' - (X - 10' = 2a'- for 


X' + y' 

2 xy = a 2 


a*; 


(c) X = a~ l (a* - b 2 ) cos’ t, 

for x = a cos /, !/ 

In (c) trace curve and evolute for « = 


= — 6“'(a* - 6*) sin’ t, 

= 6.sin L 
2, 6 = 1. 


12.9 Speed of a Particle in Curvilinear Motion 

Let a particle P be in motion along a rectifiable curve C (Fig. 12.9.1). 
We choose an origin P. on C from which to measure arc-distance ». and 
assign a positive direction of motion along 
C. Let 

(1) s - /CO 

give the position s = arc of the particle 
at any time t. If the particle is at P*: (/*, «*) 
and P’\ (t * + A/, s* + As) at the times 
indicated, it is natural to take 

As _ (s_l+ As) - s* 

At Af 

as the average rale at which P is covering C during the interval Af (its 
average speedf), and to define the instantaneous speed of P at time I 

through 



( 2 ) 


As 
™ At 


It = ^ 


provided the limit exists. The speed »«•) is signed according as progress 
is positive or negative from P„ along C. if we reasonably take f as increasing^ 
But merely to consider the rate at which P is coursing along C. its rate ol 
coverage of arc. is to miss the fact that the direction of the motion of / 
is, in general, instantaneously changing also. We should expect to be 
able to lay hand upon a rate of change of direction of motion as well as rate 
of change of amount. Indeed, we can reasonably expect that directional 
rate of change of position of P should involve the curvature of C. Intuition 
urges the feeling that C should be in the picture somehow. Thus, (2) can 
tell only part of the story. 


fFor a discussion of this word, as contrasted with velocity in general, see §12.12. 
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The quantity we seek to measure completely is the rate of change of 
position of P as it moves along C. Containing in its makeup both rate of 
change in amount and in direction, it is the type of numl>er called a vector. 

A vector is a number which has both magnitude and direction. The vector 
we seek will be the velocity-vector of the motion of P. We first present a 
brief discussion of vectors. 

12.10 Vectors: Representation and Some Algebra 

A quantity which necessitates both a magnitude and a direction for its 
specification is called a vector quantity, and a numl>er to represent it com¬ 
pletely is called a vector. A physical force, e.g., 50 lb. pulling in direction 

120° counterclockwise from the positive x-direc- 
tion, is a ready example of a vector quantity. As 
we shall see, and have predicted, vclocitg of a 
particle moving on a plane curve is a vector. 
Flow of heat and electricity and many other 
physical quantities are properly to be regarded, 
for full specification, as vectors. 

A vector is represented geometrically by a line- 
segment equal in length to its magnitude, tipped 
with an arrow head pointing in the direction of 
action of the vector; in Figure 12.10.1 we see 
several forces pictured as vectors. Literal repre¬ 
sentation of a vector is effected by using a 
boldface letter, viz., F; the magnitude of F is 
then | F | and the directi on i s Z F. Often a vector of magnitude equal to 
that of the line-segment PQ and pointing from P to Q is indicated by 
PQ. Here we shall deal only with vectors in a plane, although much of 
what we say will apply verbatim to vectors in space. 

In contrast, a quantity (or the number representing it) which does not 
involve direction in its specification is called a scalar. Length or area, time 
or temperature, mass or electrical charge, be these represented by single 
positive or negative real numbers, are scalars. To be sure, a negative 
number connotes an “oppositeness in direction” to that of the correspond¬ 
ing positive; temperatures of +10° and -10° differ in the direction in 
which they have been measured from 0. But - 10° is represented graphically 
by a point on the real scale, whereas a force of —10 lb. (10 lb. west) needs 
an mrow, a directed line-segment, for its complete picture. 

It is often convenient to indicate a vector v by v = | v | U, where U 
is the unit vector (arrow of length +1) in the direction of v. Thus, a vector 
of length 3 lying along the tangent to a curve is often indicated by 3 T, 
where T is the unit vector on the tangent. In particular, vectors along the 
x-axis are written xi, where x is a signed real number, those on the y-axis 
are written ij), where y is a signed real number, the vectors i, j, being unit 
horizontal and vertical vectors, respectively. Thus, — 3j is the vector 
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12 . 10 ] . . . 17 : i s the vector of 

L“ r&uSo th not°S^ tku i With the a.gehraic 

Tw^tlrs are equal if they have the -^^td^te^n 
Thus, two arrow-tipped line-segments of equal length 
parallel directions of the same sense arti equa . attaching a vector 

The vector b is added to the vector « geom s y extending from 

b' equal to b to the tip of “• tbe " jj vector sum a + b is called 

the origin of a to the tip of b (Fi*. 1 simultaneously on a 

simultaneous actions of a and b. Geometrically, b ^ d b which 

Si £ KSS= M-— 

be computed by the law of cosines- c suc h that 

„ ?* ril o“-’ U .“ SV. ?which would h„v. to 

b, ,dd 7 d (.Irdin, .he p«ll*r» <£“>“ ‘ * “ 

resultant: a - b is therefore the vector drawn from the 

(Fig. 12.10.3). Its magnitude and direction can I* computed by the law of 
cosines. 



A vector d is completely determined by any two vectors of which it is the 
(vector) sum; the lengths of such vectors are called components of d and 
can be chosen in an infinite number of ways. It is particularly useful to 
refer d to components along the axes of a conveniently located Cartesian 
coordinate system, the components being the appropriately directed 
projections of d on the axes. If d (Fig. 12.10.4) is a vector, length | d |, 
angle 0, and we set 

( 1 ) d x = | d | cos 0, d„ = | d I sin 0 , 

both d z , d v , being scalars , then these are the x-component and y-com¬ 
ponent , respectively, of d on the axes; and 

d = d x i + d j 
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in terms of the unit vectors i, j, on the axes. The vector d is often written 
by coupling its x- and //-components: d = [d, , d y \. From (1), corroborated 
in Figure 12.10.4, we have 

(2) | d | = V<i; + d;, e = tan- (djd.). 

In the latter formula the precise quadrant of 0 is determined from the 
signs of both d M , d ¥ : 

If d ¥ > 0, 0 is in I or II according as d M > 0 or d, < 0, 

If d u < 0, 0 is in IV or III according as d t > 0 or d M < 0. 

A convenient way of adding several vectors emanating from the same 
point (like the forces of Figure 12.10.1) is to resolve each into x- and y- 
components by ( 1 ), find the real number sum. X, of all x-components and 
the real number sum, Y, of all //-components, and compound Xi and Y j 
into the resultant vector-sum by (2). This method is easily justified. In 
particular, a ± b has x- and //-components a, b, , a„ ± b y , respectively. 

Example. The forces pictured in Figure 12 . 10.1 have the components 


F, : 

(F,). = +2, (F ,), = 0, 

F, = [2,0] 

F a : 

(.F,). - 0, (F,), = +2, 

F, = |0,21 

F:, : 

(F,). = 1 • cos 120°-i 1 

(F,). = 1 • sin 120° - +JV3) 

F, = |-J, +W3] 

F« : 

\{F>), - 3 • 008 225° - -J\/2l 
\(F,), = 3 ■ sin 225° = - iV2) 

F. = \-\V2, -iV2\ 


We add the forces by adding the several x-components and the //-components, 
that is, by adding the first meml>ers of the couples and by adding the second mem¬ 
bers of the couples. Thus, the resultant F of the four forces is 

F - [} — iV2, 2 + } V3 - § V^2] = 1-0-61, +0.54] 

approximately. Using (2) we find 

| F | = ((-0.61)’ + (0.54)’]* = 0.81, 

0 = tan“' (0.54/( — 0.61)] = tan " 1 (-0.89), 
where 0 is in II because F v > 0, F t < 0; from the tables, 0 = 138°20', approxi¬ 
mately. 

12.11 Vector Functions and Derivatives 

Suppose that the position vector r = OP is a function of a scalar param¬ 
eter t which is conveniently thought of as time: 

r = r(f). 

Then as t varies the variation of r induces through the motion of its free 
end-point P the tracing of a curve C (Fig. 12.11.1), continuous if r varies 
continuously with t. The function r(/) is called a vector point function. We 
are to concern ourselves with its rale of change with respect to t. 

Let h , (h + Af), be two distinct values of t, with r(f,) = OP, r (t x -f- AO = 



W.UJ VICTOR FUNCTIONS AND OER,VATIV 

OQ, the associated vectors to points P, Q, <> n c - The vectorl 
during A t is (watch the figure) 

Ar = r(f, -I- A/) - r(f.) = OQ - OP = PQ- 
The average rate of vectorial change per time A t is 

At = J_ pQ 

At At 

a scalar multiple (1/AO of PQ which has the effect of preserving the 
direction of PQ but stretching or contracting it in length (for mstance, 
PS in Figure 12.11.1 might represent At/A t). Supposing that At/At ap¬ 
proaches a limit vector as At -* 0, we would write the definition 


( 1 ) lim ~ = lim 

Al-0 At 41-0 

for the derivative of the vector, r 
with respect to l. 

We need to interpret (1). As 
At —► 0, the point Q —* P along C, 
the secant PQ approaches the tangent 
at P and the direction of the vector PQ 
approaches the direction of tangency 
at P. The limit vector 


PT = — 
dt 


r (t. + AO - r (t t ) _ dr 


L 



r (t,) 


is therefore tangent to C at P, pointing 
in the forward direction in which C is FlG - 12111 

traced. 

Removing the fixation of the point t = t x , we state the general result: 

THEOREM 12.11.1. IfT(l) = OP is a vector function with P describing 
a curve C as t varies, then the derivative 

for any t is a vector which is tangent to C and points in the forward direc¬ 
tion of the tracing of C. 

The reader will readily appreciate, and he able to prove, the special 
results: 

(a) The derivative of a constant vector function is zero. For example, 
di/dt = 0, dj/dt = 0, which we shall use later. 

(b) The derivative of a sum of vector functions is equal to the sum of the 
individual derivatives , provided all derivatives exist. 

(c) If r(t) = f(t) c, where c is a constant vector atul f(t) a differentiable 
real (scalar) function , then 

(2) 


di/dt = /'(f) c. 
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In particular, 


(3) if r = r,i + rj, then r = r,i + rj, 

where r = (r, , r„) and the dot means differentiation with respect to l. 

This result (3) will be useful. 

(d) If r is a function of arc length s on C (Fig. 12.11.1) rather than of l, 
then 


dr 

ds 


lim = lim 

A •—O AS 4.— 0 


£ 0 . 

PQ 


Since the magnitude of the vector PQ/PQ is the ratio PQ/PQ of chord 
to arc which —* 1 as Q —* P, the magnitude of the derivative vector is unity. 
The directional argument is as before: the direction of the derivative 
vector is that of the tangent pointing in the direction of the tracing of C. 
In summary, if r = /(s), then 


(4) dr/ds = T, 

where T is the unit tangent vector (in the direction of tracing C). 

These developments constitute the barest essentials of what we need 
for the problem set concerning velocity of a particle moving on a curvc.f 


12.12 Velocity of a Particle in Curvilinear Motion 

We return to the problem begun in §12.9. We let a particle P move 
along a rectifiable curve C (Fig. 12.11.1), tracing C in its motion according 
to the vector function 

( 1 ) r = r (0, 

where t is a real parameter which can be considered as time. We assume 
t increasing, so that a positive sense is ascribed to the trace of C. 

The instantaneous rate of change of r with respect to t , the rate at 
which the position of P is changing relative to the origin O both as to 
magnitude and direction , is defined as the velocity of the motion of P: 

(2) Velocity v(f) = ^ • 


According to Theorem 12.11.1, the velocity vector v is tangent to C at the 
point P{t) for each t, and points in the direction of positive traversal of C. 
Moreover, if v is a function of arc-length s, in turn a function of t, both 
s, t scalar, we have 


(3) 


v 


dr 

dt 


dr ds 
ds dt 


*0 T 


by (12.11.4), where v(t) is the scalar speed function defined in §12.9. This 
result displays through the unit tangent vector T the direction of the 
velocity along the tangent pointing forward on C, and shows that the 
numerical value of the speed v is the magnitude of the velocity : | v | = \ v\. 


tAn inquiring reader may pursue the subject of vectors and their applications in the 
very readable Vectorial Mechanics by Louis Brand (Wiley, 1930). 
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, 2 12] VELOCITY OF A PARTICLE 

“Velocity” combines both facte in its conception and 
is negative the curve is being traced in reverse directio .j 
retical results are thus summed up in (3). 

If C is a straight line, reducing to the rectihnear motion S f t ^^ n P ^) with 
(re-read §§ 1 . 4 , 2.4), the vector velocity reduces to the scalnr f rcctiUnear 

T = ±1. Thus velocity and speed (as here used) are the . ai * ; n 

motion; of the two synonymous terms ^hose as co g t • K 

physics (though we should have preferred speed). Note * 

situation to be substituted for velocity-magnitude, as it is colloquially. 

It remains only to extract a workable form of thc resnlts-a form, 
that is, pertaining to more standard presentation of C than through ( ). 
Let the components of r - r(l) be r, - x(t), r„ y( ), so a 

(4) r = xi -f yi or r = [*M, iKOl- 

Then the equations 

( 5 ) x = x(t), y = y(), 

constitute a parametric description of the motion of P on C. We assume 
x (t) t y(t), differentiable, with continuous derivatives, implied by suitable 
smoothness of the curve C. Then 

<«> '-a-S'+i* - 

the components of velocity v, , v ¥ , are the time derivatives of the parametric 
equations (5) of the curve. In terms of these we find 

(7) | v | = Vi' + y\ v> = tan - ' (y/x), 

for the velocity-magnitude | v | and directional angle v of the velocity. 
[There is obvious and satisfying correlation of this work with intuition: 
the form of | v | clearly has connection with arc-length, and >p = 
tan ” 1 (y/x) = tan"' (dy/dx) is tan¬ 
gent inclination.] 

Example 1. I-ct a particle be in 
motion along the parabola x — t 2 — 1, 
y = f — t + 1, with the parameter t rep¬ 
resentative of time. Determine the veloc¬ 
ity and velocity-magnitude of the particle 
at time t = 1 , and attach to the graph 
the appropriate velocity-vector for that 
time and position. 

From £(t) = 2t, y(t) = 2t — 1 , we 
find the velocity vector v(l) given by 



v(l): 


components v r — i(l) = 2 , v 9 = J/(l) = 1 , 


^directional angle = tan 1 (v,/v r ) = tan -1 ( 2 ). 

The velocity-magnitude at t = 1 is | v(l) | = \/o- -f- I*' = \ 7 5 ft. sec. These 
results are pictured in Figure 12.12.1. 
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Even though the parametric equations (5) most naturally carry us 
from vector to ordinary expression of a curve, the results ((>), (7), are 
still valid if the locus of motion is given by 

(8) y = /(*) or F(x,y) = 0. 

In such case, the technique of implicit differentiation yields a relation 
among x , y, y, i, say 

(9) g(x, y , x, y) = 0. 

If a further piece of information connecting these quantities is known 
we can often use it with (9) to obtain x, y, hence | v | and y> for v. 

Example 2. A particle travels counterclockwise on the circle x -f- y = It 7 at 
constant velocity-magnitude r 0 ft./scc. Find its velocity at random point ( x,y) on 
the circle. 

We have immediately 

(10) xx + yy = 0 [of type (9)) 

and we know that 

*>o , x 7 + y 7 = vi. 

Solution of (10) and (11) for i and y 
yields 

(12) x = ±v 0 y/R, y = =F v 0 x'lt, 

the upper signs being paired for one 
j»ossibility, the lower ones for the other. 
But the specification of counterclockwise 
motion dictates the choice of signs. Con¬ 
sideration of Figure 12.12.2 reveals 
that as the particle traces the upper 
half-circle counterclockwise, i < 0 and 
y > 0, while i > 0 and y < 0 on 
the lower half. Thus i and y must be 
oppositely signed in the problem stated. 
Similarly, i/ and x have like signs for 
counterclockwise motion—study the 
right and left half-circles. Hence, we 
must select from (13) the unique 
solution 

v, = i = —Vo y'R, v, = y = v 0 x/R . 

(For clockwise motion the other pairing in (13) would be the proper selection.) 
From these, | v | = t’ 0 , as it should, anti y> = tan 1 (— x/y ). 

12.13 Acceleration 

\V e turn now to the acceleration of the particle P in motion along the 
suitably smooth curve 

( 1 ) C: t = OP = r(f): * = V = 2/(0, 

where r = xi + !/j = [*(/), 2 /( 01 - The facts as to the velocity of P are 


(11) | v | = \/F+ y 2 = 



Fig. 12.12.2 
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pictured in Figure 12.13.1, assembled here for comparison with the coming 

discussion. 

Consider the curve 

(2 ) H: X = v M = x(t), Y = v 9 - ViO, 

” p„i. 8 m. m, - - differentiable ***%££?£ pS” 
parametrically by (2). i. the .^ecUs^rre or hodo| rapb I < 

L ceordinate, <X,V> - . point 9 - H U. ^ 

of the potion-vector OQ of Q, with OQ / » 




The hodograph H of C is, then, obtained mechanically by transferring 
the origin of each y = PT of C to the origin 0 of the Cartesian coordinate 
system; the hodograph is, however, best traced through the equations (2). 

Let H be the hodogruph of C. We can easily apply the complete argument 
of §12.12 to H. We quite naturally define the lime-derivative of the velocity 
to be the acceleration 

(3) «« - Jt 
with the components of a given by 

(4) a, = v t = £(0, M- 

Then the magnitude and directional angle of a are 

(5) | a | = Vi 2 + y\ « = tan - ' (Q'£). 

The acceleration vector is attached tangentiallj to H at Q just as the 
velocity vector was attached tangentially to C at P. 

Example 1. A particle moves along C: x = t 2 , y = discuss its motion (velocity 
and acceleration) for t = 1 . 

Since x = 2t, y = 3 1 2 , we have, for t = 1, 

v = [2,3], I v | = \/l3, V = tan- (§) in I. 

Since x = 2, y = 6 *, we have, for t = 1, 

a = [2,6], | a | = V40, 


a = tan 1 3 in I. 
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The curve C is shown in Figure 12.13.3, with the vectors v, a, just calculated, 
attached at the point P: (1;1.1). The hodograph H: ,V = 21, Y = 3 t 2 , is shown 
in Figure 12.13.4, with the vector a attached at the point Q: (1;2,3) corresponding 
to P. 



Fig. 12.13.3 Fig. 12.13.4 


Example 2 . A particle moves on the ellipse x -+- W = 23. When it is at (3,2), 
v y = } in./sec. and a , = —25/48 in /sec. Find the corresponding v t and a„ . 

We differentiate the equation of the ellipse twice with respect to t : 

xx + 4j ,y = 0, x’ + xi + 4(v* + yj)) = 0. 

From the first of these results we find ± = v B ™ — § in./scc. at (3,2); from the 
second we then find r? = a ¥ = 25/18 in./sec./sec. 

It is natural to inquire just how the acceleration, the rate of change of 
velocity, changes the magnitude of the velocity. Since the length | v | lies 
tangential to C at P (Fig. 12.13.5), the component a T of a along this 
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tangent PT should represent that (vectorial) part ol a which acts to 

v \ The part of a complementary to a r will be the component a of a lo g 

the normal PN. We first calculate a r and a, from knowledge of a and v. 

We have immediately (consult Fig- 12.13.5) that 
(6) or = | a | cos (a - *-), a, = | a | sin (*-#>)■ 

From these, we see that a r and a, will he (signed) real numbers. Smce 
the vector v = PT extends always from P in the direction of tracing 
C, or will extend along PT in this same direction. We continue (0) 
a T = | a | cos a cos <p + I a | sin a sin 
( ? ) a .v = | a | sin a cos *> - | a | cos a sin 

But | a | cos a = a, = i, | a | sin o = a, = y, cos y> = v./\ v I - */l'».1’ 
and sin , = vj\ v | = y/\ v |-consu!t the figure or relations (12.10.1)- 

Under these substitutions (7) becomes 

a.v. + aj>. _ i* + yi) aN = Vt ~ ^ . 

(8) a r -jf] - | v | " I v I I v | 

Now (recall that we are asking f or the connection between a T and the 
rate of change of | v | = Vi' + >j‘) we compute 

d | v | = d( VFTs 5 ) = (i* + yy) <W I v I- 

Comparing this with (8) we have 

d I v I 

(9) a ' " dT * 

This verifies the prediction that a T is the component of a productive of the 
change in velocity-magnitude. 

To consider the a. v displayed in (8), we recall the curvature formula 

(,2 .7.S) ‘ " ' 

Since v 3 = | v | 2 = (i 2 + y a ) we have immediately 

(10) a.v = v\. 

Moreover, curvature k is the rate of change of tangential angle of inclina¬ 
tion, here <p, with respect to arc length s, so that 
, . 2 2 dtp 2 dip dt dtp 

< n > = dtds = V di 


since ds/dt = v. From (11) we read that a v is proportional to the rate of 
change of the velocity angle <p, as we expected. Finally, from (10) we realize 
that a.v has the same sign as k, and this sign goes with the concavity of 
C: hence, a. v N points as a vector into the concave arc of the curve. Indeed, 
we can say that a. v is always directed toward the center of curvature of 
C at P, and is in magnitude inversely proportional to the radius of curva¬ 
ture k~ 1 . [If the motion is rectilinear then v lies always along the line of 
motion and a s = 0 constantly. In this case, and only in this case, is a T 
the entire acceleration, a T = dv/dt, v the speed (or velocity).) 



432] 


CURVES. CURVATURE, AND CURVILINEAR MOTION 


[12.14 


Example 3. We return to Example 12.12.2, in which it was shown that for a 
particle traveling at constant velocity-magnitude v 0 counterclockwise on the circle 
x y — R 2 the velocity was fixed by the components 


v, = x = -v n y/R, 
From these we compute 


v w = y = Vox/R. 


vl 




„ v n . vl 

a * = y = j t x = - ui y. 


R- 


Then substitution in (8) gives 


a T 


k [(- fX- f)+(f)(- f)] - ° 


(which is to l>e expected since v n is constant and n T = 0 is its rate of change), and 


a.v 


;[(-TX-t)-(¥X-§)]-!-* 


(which tallies with (10)1. These results show that the acceleration and hence the 
constraining force are wholly directed toward the center of the circle. 


12.14 Exercises 

1. For a particle in motion on each of the following curves, given parametrically 

in terms of the time /: (i) trace the curve; (ii) compute, for t = 1 and t = 2 , 
v t , v, , n t , , l v |, | a I, and attach appropriate velocity and acceleration 

vectors at each of the specified timed-positions on the graph; (iii) trace the 
hodograph and attach the appropriate acceleration vector to the specified 
timed-position; (iv) find for each specified timed-position the tangential and 
normal components of the acceleration, and hence the rate of change of | v (. 

(a) x = 4 — /*, y = 21 (/Ins. For t = 1 , a, = —2,a k =0,a r =y/2.] 

(b) x = / ', y = 1 — / (Exercise 6.9.5e.) 

(c) x - 'St 3 , y = 2C* (d) x - t 3 , y = / 3 + 3/ 

(e) x * 2< + 3, »/ = t 3 - St 3 + 8 (Exercise 6.16.1a! 

(f) x = t 3 , y = r 1 (g) x = at 2 , y = 2at 

(h) x — (l + 0*» V ™ (1 — 0 (Exercise 6.16.31 

2. For a certain batted ball (Exercise 6.9.10) the equations of motion are 
x = 96/, y = 4 -f 80/ — 16/ 3 . with / representing time in seconds, x and y 
distance in feet. Find | v |, | a |, and a T , (a) in general; (b) when / = 0; (c) 
when the ball is highest. When is the velocity-magnitude maximum? 

3. The equations of motion of a projectile moving in a vacuum arc (Exercise 
6.9.10) x = v 0 1 cos A, y = vj sin .4 — \gt 3 , in which v 0 is the initial velocity- 
magnitude, .4 is the angle of elevation at which the projectile is fired, / is 
time in seconds, g is the acceleration of gravity, and x and y are measured in 
feet. Show that: (a) the path is a parabola; (b) acceleration is constant; 
(c) the highest point is {c n g ' sin .4; \i a 0 g x sin 2.4, |i^"'sin 2 i4); (d) the 
velocity-magnitude is least at the highest point; (e) the range is i%g~ sin 2 / 1 , 
and the time to cover it is 2v 0 g ~ 1 sin .4. 

4 . In a baseball game a batter hits a ball directly on a line over the head of an 
outfielder standing 300 ft. from home plate. If the ball is hit with v 0 = 120 
ft./sec., A = 30° (cf. Exercise 3(, and if air resistance is neglected, how fast 
must the fielder run in order to catch the ball just as it reaches the ground? 
(.4ns. 24 ft./sec., approx.] 

5. A particle moves on the path x = a/ y /1 + t*» y = ot/ V1 + t 2 , in the 
direction of increasing time /. (a) Find the equation of the path; (b) find the 
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MOTION ON A POLAR CURVE 

velocity Witude at any time and W ** ” 

and acceleration when * " 1 1 = ^ - n such a way that * - 

*• isr =sf rBzttzxziz -— 

7. A particle travels along the line I2x+ J Find j „ at any 

ward with a constant velocay-magn.Urde of _10 rt./aec. 

fny _ pott m ofth\ C ^ann^rTicS'ar, at the point ( 1 , 2 ). I*«• »' 

Ay/ VY + 4. - 8 / \/y 2 + 4 j_ f the origin toward the right; 

9. A particle moves on the curve y Vx, . a t the instant that the 

ii s 4 ft./sec. constantly. Find v y , a, , a, , | ▼ |. i l» 

-tsilissssHS 

then the vertical component of the velocity is constant. .. . 

and what is the velocity-magnitude? t . . , 

A particle moves along the first-quadrant portion of the hyperbola 
IQx* - 9 y = 144. If, at the instant that x = 5, - 6 f t /sec _, 
ft./sec./sec., find v 9 and a, at the instant. [Ans. v y = 10, - 1/6/ 

1 3. A point moves on the ellipse 3x* + !/’= 48. At "hat points w,lithe_vert«ca 
and horizontal components of its velocity be equal.' [.4ns. (2, -b), [ 

1 4. Show that if a particle moves on a straight line the normal component of its 
acceleration is zero. 


12 . 


12.15 Motion on a Polar Curve 

We consider briefly the motion of a point P along the curve with polar equation 

(1) C: r = f(0). 

The fact that r is a radius vector transfers this immediately into the vectorial 

(r) r = r <0, 

provided we think of 0 as a function of the time, 0 = 0(t). Then the motion (1) 
is reduced to motion along C given parametrically: 

(2) x = r cos 0 = fWOi cos 0(0, y = r sin 0 = f[0(O\ 0(t). 

From (2) the methods of §§12.12,13, will yield the components of v and a, hence 
the magnitude and direction of each. 

The function 0 = 0(t) can be specified in numerous ways. Often it occurs as a 
differential system concerning angular velocity 0 of the motion of r: 0 = 0(t), with 
0(0) = 0. In particular, the system 

(3) 0 = c, 0 = 0 when t = 0, 
states the angular velocity as constant. 

The resolution of v and a into components along the radius vector r and along its 
forward perpendicular at P is a useful demand in mechanics. The components v r . 
a r , are called the radial components; the other components are called transverse 
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components and are symbolised by v t , a, , since the direction is that of tl»e tangent 
to the circle r = OP through P (Fig. 12.15.1). 

If is the angle (§12.1) from the prolongation of r to the tangent at P drawn 
in the direction of increasing motion (0 ^ 0) along C, we have immediately 

(4) v, = | v | cos v t = | v | sin 

But, as in (12.1.3), with r' = dr/dd, 

(5) tan = n , cos ^ - , sin » - v / + f> , ; 

for r ^ 0, the signs agree with the fact that^ is a first (r' > 0) or second (r' < 0) 
quadrant angle. To find | v | we need x and y from (2); these are 

( 6 ) x = r cos 6 — r sin d • 0, y = r sin 0 + r cos 0 • 0. 

Hence 

I v | = VFT7 = - \/(^y + *. 



\ 



From this and (5) we turn (4) into final form: 

(7) 


v r 


= dr 

9 d«dt 


= rtf. 


We can obtain a, and a # similarly. Let a make angle a with the polar (*-) axis, and 
angle ft with the forward prolongation of r (Fig. 12.15.2), where ft = a — 0. Then 

a, = | a | cos ft = | a | (cos a cos 0 + sin a sin 0) 

( 8 ) • = x co 6 0 + y sin 0, 

a 8 = | a | sin ft = y cos 0 — x sin 0. 

We obtain x, y, by further differentiation of ( 6 ): 

x = r cos 0 - 2 r sin 0 • 0 - r cos 0 • tf 2 - r sin 0 • 0, 
y = r sin 0 + 2 r cos 0 • tf - r sin 0 • tf 2 + r cos 0 • tf. 
Substitution of these appropriately into ( 8 ) produces 


(9) 


i, = r — rtf 2 , 


a. 
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Formulas (7) and (9) are the desired radial and transverse resolutions ova 
of course, 2 

I v I* = | a | 

and the corresponding angles of v and a are easily determined. 

Example 1. Find v, . v, , a, , a, , \ v | | . | 

angular velocity along the leaved rose (Fig. 12.10.3) ^ • » 

figure showing the vectors and components when 0 - X*- 



Assuming 0 = k > 0, with 0=0 when f = 0. to express the condition of con¬ 
stant angular velocity, we have 0 = kt, 0=0. Differentiation furnishes the further 
general tools r = 2a cos 20-0, f = — 4a sin 20-0 2 + 2a cos 20-0, wherefrom the 
special motion 0 = k, 0 = 0 , gives 

r = 2ak cos 20, r = — 4a& 2 sin 20. 

Hence (use (7)]: 


v r = r = 2ak cos 20 , tr# = t0 = afcsin 20 ; 

also [use (9)]: 

a r = —oak 2 sin 20, a, = 4aA : 2 cos 20. 

At the point P: (a, fir) these become 

v t = 0 , v 9 = ak; a, = —oak 2 , a« = 0 . 


The first result shows v entirely transverse, as it indeed should be at this point 
P of maximum r (see figure); the second result shows a entirely radial, reasonably 
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I>ointeil backward toward (). (Fig. 12.15.3 is scaled with a =8, k = 0.25. To 
show the fitness of things we have indicated v and a also at P, : (0.87a, £tt) and 
at O: ( 0 , \tc) as drawn from the components which the reader should compute. 
At 0, r = 0 should be considered as the limit of upward pointing r, as they have 
been all along the first quadrant loop, so that tv = — 2ak points downward as 
shown; accordingly, a 0 = —4 ok* points to the right, since the left horizontal 
direction is +i* in advance of upward r. Note how a always points on the concave 
side of the curve: the force constraining P to stay on the track should certainly 
do so.| 

Example 2. The planets move on ellipses with the sun at one focus; the equation 
in polar coordinates, with pole at the sun-focus, is 


( 10 ) 


r 


_ *2 _ 

1 — c COB 0’ 


where e is the eccentricity, p the distance from focus to directrix, and the major 
axis is along the line sin 0=0. Kepler’s Second Law of planetary motion states 
that the radius vector from the sun to a planet sweeps over equal areas in equal 
times; since the polar element of area is dA = Jr* dO, the implication of the law is 
that 




h, 


where h is constant. But [cf. bracketed form of (9)] 


a,-»t + r6- = 0. 

We conclude that for planetary motion the acceleration vector continually is directed 
toward the sun. A simple computation has a, = — h*/rcp , so that | a | = )\ /rep : 
the acceleration varies inversely as the square of the distance from the sun. 


12.16 Exercises 

1. Find tv , v 0 , a, , a, , v, and a, for a particle in motion along the curve given, 
at the point and angular velocity specified; graph to scale: 

(a) r - 4(1 - cos 3 1), 6=3, (<, = Jir) 

(b) r = 20/(1 + 3 cos 0), 6 = r"*, (20, 

(c) r = 20, 6 = o, (r, , 0.) 

(d) r = ac\ 6 = c, (t, = In k) 

[A ns. (a) v r = v 0 = 12; (d) tv = ak, v, = ack .] 

2. A point moves on the circle r = a with OP having constant angular velocity 
of c radians per second. Find tv , v 0 , a, , a t , and interpret the results geo¬ 
metrically. 

3. If a comet moves along the parabolic orbit r = | sec 2 $0 with r6 = J, find 
its velocity and acceleration when it is nearest the sun (pole). 

4. A particle moves on the spiral r = ke° 9 with r u nder cons tant angular velocity 
c. Find | v | when 0=0,. (.4 ns. | v | = kce a0 ‘ V 1 -f a*-l 

5. A particle moves on the cardioid r = a(l — cos 0) with tv = 2a. Find v 0 when 
0 = } 7r. [Ans. 2a.| 

6. Prove that when a particle moves along a curve r = f(0) so that r'0 is constant, 
the acceleration is always directed toward the pole. Also establish the converse. 

7. Assuming that the acceleration of a planet is always toward a fixed pole and 
varies inversely as the square of the distance from that pole, determine the 
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h L S l S T= r p = p,’r f =~p',v. solve”the r'eluulng^diffeTential equation 
= -fa + »r- + c. Divide by = M. extract the square root 

and integrate (transformation r = t ') to find * + c . _ 
r solution for r = /(d) gives a family of conics in polar form. 
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12.17 Summary and Miscellaneous Exercises 

This chapter furthers the study of plane curves, and extends kmematicaj 
knowledge from linear to non-linear curves. Parametric loci are stu ^ e y 
being especially important. Differential and integral properties of cunes gnen in 
polar coordinates are developed. The intrinsic property of curvaturej emerges as 
a valuable feature of the study of curves. Rate of curving is theoretically essential, 
and there is close connection between curvature and the motion of a Particle 
constrained to move along a curve. To make this last the more definitive the notion 
of vector is introduced-a fruitful concept, with its own algebra and calculus, in 
applied mathematics. Velocity and acceleration in curvilinear motion are vectors, 
best considered so; their direction and magnitude, together with their components 
along principal lines associated with the curve, tell the story of the motion. 


Miscellaneous Exercises 

1. Find the area between the cardioid r = 2a(l - cos 0 ) and circle r = 2« cos 0. 
[Ans. a(7x/Z - 4\/3).) 

2. Find the area enclosed between the two loops of the lima^on r = 5 - 10 cos 0. 
[Ans. 2ir(ir - 3\/3).] 

3. Find the area between the parabolas r = 2a/(l ± cos 0). 

4. Find the surface generated by revolving the cardioid r = n(\ -f cos 0) about 
the initial ray. (.4ns. 32 wa/5.] 

5. Show that the arc of the upper half of the cardioid r = n(l — cos 0) is bi¬ 
sected by the point for which 0 = \k. 

6. Find the mean r with respect to 0 for r = a(l — cos 0). 

7. A planet has elliptic orbit r = em/( 1 - e cos 0), sun at focal pole. Find the 
mean distance of the planet from the sun, with respect to 0. 

8. Find the volume when one loop of the lemniscate 2 = a cos 20 is revolved 
about its axis. 

9. Find the surface area generated when the arc of r = er\ 0 ^ 0 ^ tv, is rotated 
about the line 0 = }ir. 

10. Let P*T be the tangent to fcV + ay = nV at P*; let r* be the radius of 
curvature of the ellipse at P*; let p be the perpendicular distance from 0 
to P*T. Prove that p 3 r * = a 2 b 2 . 

1 1. Prove that the maximum point of y = x 3 — 3x is not the point at which 
curvature is maximum. 

1 2. Find the condition that P* be a point of y = f(x) at which the radius of 
curvature is least. (.4 ns. \y'"( 1 + y'") = y’y" 2 , evaluated at P*.) Is the 
condition sufficient, necessary, or both? 

1 3. Show that the radius of curvature of y 2 = ax 2 -f 2b.r at P, : (j, , [/,) is r* = 
N 3 /b 2 , where N is the length of the normal from P, to the j-axis. What is 
the relationship between r* and N for the cycloid? 

1 4. Write the equations of the evolute of if = 4x in the form X = X(x), Y = F(x), 
x parametric. What is the length of that part of the evolute lying inside the 
parabola? (Ans. 4(3^3 — 1).] 
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1 5. Show that if a particle moves along the curve y = x so that v„ is constant, 
then v, and a, are inversely proportional to the square and the fifth power, 
respectively, of the abscissa of the particle. 

1 6. Show that if a particle moves along the parabola y = 2/>x so that v ¥ is con¬ 
stant, then the acceleration is constant during the motion. 

17. A ladder 25 ft. long reaches from a horizontal floor to a vertical wall; the 
lower end is pulled away along the floor at the constant rate of 8 ft./sec. 
Find the components of the velocity and the acceleration of the mid-point 
of the ladder at the instant that the lower end is 7 ft. away from the wall. 
(An*. Vj = 4, v y = —7/6; the mid-point satisfies the locus 4x 2 + 4 y 2 = 25 z .| 

1 8. Prove that if the velocity-magnitude of a motion is constant the hodograph 
is an arc of a circle. 

1 9. Prove that, if a point moves along any plane curve with constant speed, the 

velocity and acceleration vectors are always perpendicular to each other. 
(Make use of n r .1 

20. A particle moves along the first-quadrant portion of the curve y = x* . At 
a certain position of the particle, v t = 1 in./sec., v ¥ = 4 in./sec., and it is 
found that the velocity and acceleration vectors are perpendicular to each 
other. Under these circumstances, what arc a, and a y ? (Ana. a, = —8/17, 
= 2/17, in./sec./sec.) 

2 1. Compute the area between the paral>ola j/* = 4 px and its evolute (Exercise 

12.8.13). (An*. 352v^2 p 2 /\b.\ 

22. (a) Find 12a for the length of the epicycloid for which the radius a of the 
fixed circle is twice that of the rolling circle. 

(b) Show for the same epicycloid that the surface of the solid of revolution 
about the x-axis is *>>rV/ 2 ; that about the y-axis is Gira 2 . 



<( 13 )> Taylor’s Theorem 

and Taylor Series 


13.1 An Extension of the Mean-Value Theorem 

Let /(x) satisfy the conditions of the Mean-Value Theorem for De¬ 
rivatives (Theorem 6.12.1): /(x) is single-valued for all x on the range 
*1 ^ x ^ x + Ax, Ax > 0, differentiable on the open range and con¬ 
tinuous at the end-points. The conclusion: there exists a value x = £ between 
x x and Xi + Ax for which 

(1) A/ - /(x, + Ax) - /(x.) = /'©-Ax, 

is to be the starting point in this chapter. We recall first that (1) offers 
an exact equivalent, /'(£)• Ax, for the increment A f(x) = /(x, + Ax) — 
/(x,), the value £ being localized to the range between x, and x, + Ax, 
but being otherwise not specified precisely. 

If in (1) we arbitrarily set * * x, , we destroy the exactness of the 
Mean-Value Theorem, and throw it back to the original definition of the 
differential (cf. (6.12.1)]: /'(x,)Ax - df, not A/. But we can attempt 
to restore exactness in a new way by writing 

(2) /(x, + Ax) - /(x.) = /'(x.) Ax + /?,(Ax), 

using the function R 2 ( Ax) as a corrective term. We seek specification of 
the function R 2 ( Ax) which will accomplish this. 

R 2 (Ax) might take many functional forms. But if we rewrite (2) as 

(3) /(x, + Ax) = /(x.) + /'(x.) Ax + /*,(Ax) 

we note that the first two terms on the right constitute a linear polynomial 
in Ax of the type a„ + a, Ax, with a„ = /(x,) and a, = f'(x,) fixed co¬ 
efficients. In extension, then, it would be most reasonable to seek a poly¬ 
nomial containing the second power of Ax in complement to the first two. 
Accordingly we set 

R*( Ax) = K{ Ax)*, 

K a constant to be determined, so that (3) becomes 

(4) /(x, + Ax) - /(x.) - /'(x.) Ax - K{ Ax) 2 = 0. 

The constant K is defined by (4). 

In (4) we set x, = x and x, + Ax = 6, so that Ax = 6 — .r, = b — x, 
to create the function 

(5) F(x) = Kb) - fix) - f(x)(b - x) - K(b - xy 
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to which Roll's Theorem will be applicable. That F(x t ) = 0 is guaranteed 
by (4); that A(x, + Ax) = F(b) = 0 is readily seen in (5). If we now 
assume that /"(.r) exists for all x on x, ^ x x, + Ax, then F(x) is single- 
valued and differentiable on that range because its separate terms are. 
Thus, F(x) satisfies all the conditions of Kollc’s Theorem; hence for at. 
least one value x = $, x, < £ < x, + Ax, we must have 
«i) F’(S) = 0. 

\Vc compute F’ (x) = - f"(x)(b - x) + 2/C (b - x), whence ((>) is 

-/"(*)(*> - 0 + 2A(6 - «> = 0. 

Since $?**» + Ax - 6, we find 

(7) A - }/"(*), x. < $ < x, + Ax. 

Making the substitution (7) in (4), we have 

(8) /(*, + Ax) - /(x.) - /'(*,) Ax + 4/"(0(Ax)’, x, < * < x, + Ax. 
Proof is now complete for the following 

t ii E O u K m 13.1.1. If /(x) is single-valued and possesses both first arul 
second order derivatives for all values on the range x, g x g x, + Ax, then 
there exists at least one value x « such that 

(8) f(x, + Ax) - f(X|) = f'(«.)Ax + J f' # tt)(Ax) 2 , x, < $ < x, + Ax. 
That further generalization can be carried out along analogous lines 
of work is clear. This extension we state as 

theorem 13.1.2. If /(X) is single-valued and has derivatives of the 
first n orders over the range R : x, ^ x £ x, + Ax, then there exists at least 
one value x — ( such that 

f(x, + Ax) - f(x,) - f'(x,)Ax + f -^ (Ax) 2 + • • • 


(9) 




+ (Ax y t Xl <( < X, + Ax. 


(n - 1)! 

The clerical job of writing the proof of this theorem, following the pattern 
which led to (8), is left to the reader. Theorem 13.1.1 is the special case 
„ = 2, the Mean-Value Theorem is the case n = 1, of the generalf Theorem 
13 i 2 Formula (9) may be called the Taylor formula. 

Dissecting (9), we find A/ = /(x, + Ax) - /(x.) approximated by the 

polynomial in Ax 

(101 /'(I.) ax + L ^r <**>*+ • • • + £r^l)i (Axr '' 

the remainder after the approximation being given by 

(11) KJL Ax) = ^ (Ax)". x. < « < *. + Ax. 

tThe Mean-Value Theorem can be established by following the precise line of argu¬ 
ment of Theorem 13.1.1. leading from the Kitear/(Xi + Ax, -/<*.) ~ - 0 mstead 

of from (4) above. Such proof was omitted in §0.12. 
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Then the error in this approximation is 

(12) | ff.(Ax) |=^| /'"ft) H Ax T. *.<«<*' + 

and, if jW = max | /"'(x) | on x, S x g x, + Ax (or any greater number), 
the error can he estimated by 

(13) I «.<Ax) I £ £f I Ax |\ 

From (13) it would seem that if | Ax \ is small enough we can obtain better 
and better approximations to A/ by using more and more terms of the 
polynomial (10), that is, by taking n larger and larger. 

Example. To compute ^3275 we consider/(x) = z''\ x , = 32, Ax = 0.8; then 
a / _ /( 32 . 5 ) — /(32) will give the decimal correction to the approximating jy >-) 

On the right side of the Taylor formula (9) we choose to set n = 4; this has us 
compute the first three terms of the polynomial ( 10 ) and estimate the error b\ 

| R 4 (Ax) |. Since 

m = i /"(*) - -n r\x) = I x—, 


the first three terms of the Taylor formula are 

/'(32)(0.5) + ^ /"(32)(0.5) J + ^ /'»(32)(0.5)‘ 

= i-2-*(0.5) - i p-2-(0.5)* + I f, •2-‘(0.5) 1 = 0.00621124; 

this approximates A/. Since | /'*' (z) | = 14 ■ 36 - 5~‘ ■ is continuous and decreas- 
ing on the range 32 ^ x ^ 32.5 its maximum M is given when x = 32: M - 14-36* 
5“ 4 -(32)~ ,9/a = 14-36-5" 4 -2"'*. Hence from (13) the error is estimated by 

| «,(Ax) | < 2_ ” (0 5 >‘ < 0 00000013 < 0.0000005. 

This estimation implies that the computed Af is surely correct through the first 
six decimal places. Hence, v / 32l5 = 2.006211, with all the digits certifiable. 

13.2 The Taylor Theorem 

The Taylor formula of Theorem 13.1.2, derived through a deliberate 
generalization of the Mean-Value Theorem and preserving in extension 
the form of that theorem, is not in best symbolism for future work. It 
will be advantageous to change its expression to one focusing attention 
on a polynomial approximation of f{x) itself , plus a remainder. To do this 
we make the replacements x, + Ax = x, x, = a, so that Ax = x — a, in 
(13.1.9); and Theorem 13.1.2 becomes 

theorem 13.2.1. If f(x) is single-valued and its derivatives of order 
1,2, • • • , n, exist on a range including x = a, then 


(1) f(x) = f(a) + f'(a)(x - a) + (x - a) ! + 


f'-'(a) 


for some { such that a < | < z. 


f'"’(i) 


(* - 
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Formula (1) is known as the nth order Taylor expansion of f(x) in the neigh¬ 
borhood of x = a. Theorem 13.2.1 is referred to as the Taylor Theorem. 

The Taylor expansion presents a function /(x), under the hypotheses 
stated, as broken down into two parts. The first is a polynomial in (x — a): 

( 2 ) P.-M ■= t (j '"% <■* - a >'"- 

where we agree that l! = 1, 0! « 1, and / <0, (a) = /(a), for usefulness 
of the summation form; note that the generic term in (2) is the last definite 
term of (1) withy replacing the n. The second part of /(x) is the remainder 
term: 

(3) tf.(i) = (x - «)". «<*<*. 

which lumps together under one head all the non-polynomial nature of 
/(x). The £ between a and x is often represented as 

£ = a + 0(x — a) where 0 < S < 1. 

The development on the right of (1) represents f(x) for any value of x; 
it often turns out, however, that for x sufficiently close to a the remainder 
after a certain number of polynomial terms is negligible and the polynomial 
essentially serves for the function near a. It is for this reason that the Taylor 
formula is called an expansion of /(x) in the “neighborhood” of x = a. 


Example 1. The following Taylor expansions of elementary functions will be 
future stock-in-trade: 

1. If /(x) = e' ,/ <n (x) = t ,j = 1,2,3, • • • , and /* ’ * (a) = e . Hence (1) furnishes 
(4) e' - «‘[l + (x - a) + ~° j - + U “r 1 - + • ■ • + 

L ~ £ 


where 


a < £ < x. 


2. If /(x) = sin x, we have 

/'(x) = cos x = sin (x + Jw) 
f"{x) = cos (x + \r) = sin (x + 2 • W 

and so on to 

f in \x ) = sin (x + wM, f ,m \a) = sin (a + n-Jrr). 
With these specifics we fill in (1): 

(5) sin x = sin a + sin (a -f M(* “ a ) + 

sin la 4- (n — ^ 


+ sin lt + " - ^ (x - a)-, a < | < x. 

71! 


3. If/(x) = cos x, we obtain in similar manner, 

(6) cos x = cos a + cos (a + $x)(x “ a ) + 

. cos |a + (71 - !)•§*] (x _ a y-l 
(ti — 1)! 

+ cos !* + »■& (I _ a )-, a <( < x. 

71: 
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4. If /(x) = In x, we compute, for x > 0, 

/'(*) = af\ /"(*> = - ;c ' 2 ’ 

/'"(*) = 2x- J , - - - . /*-<*) = - »»* • 

Then (1) gives, for 0 < a < x. 

1 , , 1 (X - a)! . 2 U_ r _gL 


In x = In a + - (x — a) — i 2 ! 




+ (-1)- 0 < a < { < x, 


which telescopes into 


(7) In x = In a + —- 2 a’ t 3fl . 4o - 

+ ( - ir ’^^ + ( ' ir, ^ C ’ 0<a<{<1 ' 
Example 2. Compute sin 30° 10' by the first two polynomial terms of (5) and 

estimate the error. 

For n = 2 formula (5) is written 

sin x = sin a + (cos a)(x — a) + J(— sin £)(x — <*) » a < £ < x, 
since sin (a + jr) = cos o and sin ({+»)= -sin (. Into this we insert the values 
fls jr.i - Jir + {(x/180). The first two terms on the right are 

(8) sin J?r + (cos Jx) i(r/I80) = 0.502519. 

The error is estimated by 

I It, I - i I sin * | (x - a) 2 < 4(J(^/180)) 2 = 0.00000123 
if we generously replace | sin $ | by its greatest possible value 1. We conclude that 
the first five digits in (8) are certain since the corrective term is negative. (Computa¬ 
tions with a 5-place table of logarithms.] 

Example 3. If /(*) = x 4 , we have /'(x) = 4x 3 , f(i) = 12x , /"'(. r) = 24x, 
/ <4> (x) = 24,/‘"’(x) = 0, n > 4. With a = 1, the Taylor formula gives 

x 4 = 1 + 4(x - 1) + 6(x - l) 2 + 4(x - l) 3 + (x - l) 4 , 

a finite expansion, in fact an algebraic identity easily verified. The event here is 
clearly that in case /(x) is any polynomial in x, since all derivatives after a certain 
one are zero: the Taylor expansion merely transforms a polynomial in x into an 
identical one in (x — a). 

13.3 The Maclaurin Theorem 

An extremely important case of Taylor’s Theorem is that furnished 
by setting a - 0 in the Taylor expansion (13.2.1). Then Taylor’s Theorem 
specializes into 

theorem 13.3.1. If J(x) is single-valued and its derivatives of order 
1,2, • • • , n, exist on a range including the origin x = 0, then 


x — a 


(x - a ) 2 , (X - a ) 2 _ (* - /»> ! 


(1) f(x) = f(0) + f'(0) x + 


2! + + (n- 1)! 

+ ~^r x » o <« < x. 
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This development of /(x) about the origin is called Maclaurin’s development, 
the theorem, Maclaurin* 8 Theorem. Telescoped into 


O') 




the Maclaurin formula presents /(x) in the simple form of a polynomial in x 
plus a remainder. We shall be much concerned with Maclaurin expansions. 

Example 1. By setting a — 0 in the Taylor expansions (13.2.4), (13.2.5), (13.2.6) 
we obtain the standard Maclaurin formulas for e', sin x, cos x. That for e is immedi¬ 
ate: 


( 2 ) 


1 + l\ + 2 ! + + "■ + + 


e'V 


o < o < l. 


e # 'x’ 


For a summation form we write 

(2') **-£<j^rn + ’-sr. «<«<!. 

obtaining the generic term - 1)! from the last polynomial term in (2) by 

changing n to j. We could also fill in (1) or O') directly after calculating f ’ (x) - 


e so that / * (0) = 1,/ = 0, 1, 2, 

In obtaining the Maclaurin formula for sin x we recall (cf. (13.2.5)1 that / " (x) = 
sin (x+ n-\x), so that/‘"*(0) - sin \nw. But sin \nx = 0 if »i is even, so the first, 
third, .... terms of (13.2.5) arc zero since they involved /(0) = sin 0 = 0 and the 
derivatives with even index. Moreover, sin \nx = -f-1 if n = 1, 5, 9, • • • , but 
sin jnir = — 1 if n = 3, 7, 11, • • • ,80 that the terms present alternate in sign. 
To record these effects most succinctly we fill in (1') with j = 2k, k = 1, 2, 3, 
• • • , n: the index j — 1 — 2A — 1 will then skip the unwanted (zero) even deriva¬ 
tives; moreover a multiplier (— l)* - * in the generic term will alternate the signs 
appropriately. Thus, the polynomial part is 


••• +<-» 




"-i 


(2k - 1)! “ - 3! ' 5! ’ ' (2 n - 1)! 

Finally, the remainder term has even index 2n since it follows immediately after the 
last polynomial term, index 2n — 1. From the fact that/ 9m} ($s) == sin (Ox + nx) = 
(—1)" sin Ox, we have 


_ 2 *« 


R 7m = (-l)"sin Ox- 


The complete representation is 


(3) 


sin x 


x x 


Jl 


(2 n)! 

+ (-1)— 


. 2 * 1-1 


(an - 1)! 


.2" 


+ (— 1)" sin Ox 


(2n)! * 
_ 2 » 


0 < 0 < 1 , 


(3') sin x = E(-r , ( 2 i :-,)! + (- 1 )' sin %)!- 0 < 9 < K 

Similarly, we find 

j 2 x 4 i j *" -2 

(4) cos x = 1 - + J", - ■•■ + (- 1 )' ' 

+ (—1)" sin Ox 

<4') cosx= £<- 


x tm -' 

(2n - 1)» * 

_ 2 «- 1 


0 < 0 < 1, 
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A Maclaurin formula for In x is impossible since the 
prohibited in (13.2.7); the same impossibility arises from ( ) 

demanded but In 0 does not exist. 

Example 2. The reader should himself obtain from direct calculation of 
ponent parts of (1) and (!') the important elementary expansions 


(5) 


! - ^ - ■•• + (-1)'-^—7 

x o ' o rt — \ 


(6) 


In (1 + x) = x — 2 t 3 

+ (_!)•♦'2^(1 + ftr)", 0 < 9 < I,* > - 1 : 

ln(l-x)= -[x + | + |+ ••• + JT=l] 

jL (i _ te)-, o < e < l, x < 1; 

n 


(7) (1 + x)‘ =!+*•! + 


k(k - 1) , 


2! 


x’ + 


k(k - 1) •••!*-(»- 2)] 

+ (n - 1 )! 

k(k — 1) - I Ic - (n - 1)J .j + Ox) k ~ n x', 0 < 0 < \, k rational. 

" r n! 

The last reduces to the standard binomial theorem of algebra when k is a jxwitive 
integer, for then the coefficient of the remainder in (7) is zero when n — k ■+■ 1 
and the expansion terminates at the power aT 1 - x k . Hence, (7) is a generalized 
binomial theorem. 


13.4 Computations 

We illustrate the technique of computing values of a function decimally 
through the Taylor or Maclaurin representation. In this way it is standard 
to compute, to as high a degree of accuracy as desired, the tables of ex¬ 
ponentials, trigonometric functions, logarithms, etc., which the reader 
has been using in this and previous courses. In performing these compu¬ 
tations we carry at least one more decimal place than the number finally 
desired, for safety and accuracy in rounding off to the eventual result. 


Example 1. Compute e 0 02 using three polynomial terms. 
We set x = 0.02 in the Maclaurin formula (13.3.2): 


(1) « = l + 0.02 + + 



0 < 9 < 1 . 


We first estimate the remainder 

ft, = Je° ”‘(0.02)*: 
since e 0 02 * < e < 3 (a generous allowance), we have 

R 3 < J-3(0.02) 3 = 0.000004. 

This means that all of the expansion (1) after the third term cannot influence the 
fifth decimal place. Hence we are sure of all digits in the computation c°' 02 = 
1 -j- 0.02 -f- 2(0.02) 2 = 1.02020. [Although we could compute e °‘ similarly by 
setting x = 1.02 in the Maclaurin formula, it is more efficient to use the Taylor 
formula with a = l.J 
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At this point we recognize three different types of problems upon which 
we can embark: 

(i) With x fixed and with the number of polynomial terms to be employed 
specified, what will be the accuracy of the result ? 

(ii) With x fixed and the desired accuracy specified , how many polynomial 
terms need be used ? 

(iii) With the number of polynomial terms and the accuracy specified, on 
what range may x lie ? 

We note that these three situations specify two of x, n, e = measure, of 
accuracy, and require the other. Example 1 illustrates (i). We proceed to 
illustrate the other cases, as well as incidental techniques of argument 
with inequalities. 

Example 2. Compute y/\7 to five-digit accuracy. 

Planning to use the binomial expansion (13.3.7) with k ■ = }, we maneuver \/l7 
into proper form by writing vT7 = (16 + 1)* = 4(1 + (1/16)1*, so that x = 1/16 
in (13.3.7). Then 

« -4*+“=»=“ (tf 

+ ... + Kr . 1 ) (i .)-(, + „ <t< . 

The problem is to find a positive integer n (the least such integer, if feasible) for 
which 


4 I R r 


(l5»)’-( 1 + w) < 0 0 °00°5. 


The factor containing 0 causes most difficulty in (3) and we eliminate it from final 
discussion as follows. Since 0 < 0 < 1, we have 


(‘ - fo) 


( i+ Ar >| - ( ,+ ii) 


oY"-" 


< 1, n > 1. 


Therefore, from (3), 


(4) 4|«.,<4.1M^_( ? -l)( 1 L)- > n>1 . 

Thus, if we find a positive integer n > 1 to satisfy 

(« 4 W . !i) .: A- - l) ( i L)- < 0 . 000005 , 

then in (4), 4 | R n J < 0.000005, and (3) will be achieved. 

Work with (5) is experimental. For n = 2 we find the fraction on the left = 
0.0019; for n = 3 it is 0.00098; neither lies within the desired accuracy. For n = 4, 
however, we have 


4 | R< | < 4 


= M(^) 4< 0 000003 - 


From this result we can announce with sureness that the first four terms of (2) 
will produce \/l7 accurately to five decimals. Carrying seven places for safety we 
find 

^=-*[>+Kii) - § +f 6 fey ]= 4 i2311 - 
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Example 3. For what range of values of« will the first three terms of (U.3.5), 


. x* 


(6) In (1 + x) = x ~ 2 + 3 » 

give In (1 + x) approximately to four decimal places? 

We must argue with 


/?.-(-1)’*'£ (l + **)'■, o < e < l, 

to find all x for which 

| R, | = j (1 + 9 xY' < 0.03005, 0 < e < 1, 

or 

(7) x* < 0.0002(1 + ex)', 0 < e < l. 

Ifx> o, then ex > 0, (1 + 6x)' > 1*, an.l (7) will be satisfied upon satisfaction of 
the stronger 

(8) x* < 0.0002-l 4 ' |< 0.0002(1 + Ox) , 0 < 0 < \\. 

This gives 

x‘ < 10”*-2, x < 10"'V2 1= 0.11892, approx.]. 

If x < 0, the argument fails and we proceed differently. We need work only with 
— 1 < x < 0, for In (1 + x) is not real if x ^ — 1. Then 

— 1 < £ < < 0 , 0 < * < 1 , 

and, upon addition of 1 throughout, 

0<1+X<1 + «*<1. 

Since now (1 + Ox)* > (1 + x) 4 , a “stronger’' inequality than (7) is 

( 9 ) £ 4 < 0.0002 (1 + x ) 1 [< (1 + Ox)', 0 < 0 < \, — 1 < x < 0 ] 

instead of (8). From (9) we progress easily to the inequality 

- 10 - 5/2 < < l0 "^ 2 • 

Now we proceed only with the left inequality concerning negative x. Since 1 + x > 0, 
this means x > - 10"'>/2 (1 + x), whence we find 

- 10-5/2 - -5/2_ (= _ 0 .10629 approx.]. 

1 + 10-5/2 10+5/2 

In summary, we find In (1 + x) given by the three-term Maclaurin polynomial 
(6) to four decimal places provided x is on the range —0.1062 < x < 0.11S9 
(approximately). 

Example 4. Compute /J 3 (sin x/x) dx to three decimal places. 

Using the Maclaurin formula (13.3.3) for sin x, we write 


sin x 


x J . X 4 


1 _ — 4- — 

3! + 5! 


+ ( " ir '( 2 ^ 1)1 


-f (— 1 )" sin Ox 


Integrating, we have 


(2/0!’ 


0 < 0 < 1 . 


(10) f' ^ dx 

” ‘ = f x _ JEL + «... X 8 - _T 

+ (-')'L siD8x k)! dX ’ 


0 < 0 < 1 . 
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We first discuss the remainder term, to estimate its effect. When n = 3, we have 


(- 0 " [' 
•'o.i 


sin Ox —, dx 
6! 


g L 1 si 

= —T 

6-OIJo.s 


sin Ox 


h dx < 


r - 

Jo., 6! 


1 ~ (1/64) 
GO! 


dx 

63 


< 0.0003. 


646-720 

Thus when « = 3 the integral on the right of (10) does not affect the third decimal 
place in the computation from the first three terms of the polynomial. This calcula¬ 
tion gives 

J *' ?l n x 

O.i 


dx 


M )- 1 


- d/8) 1 - (1/32) 

3-3! ^ 5-5! 


0.453 


accurate to the three decimals. 

It should he fully appreciated that here ue have calculated a definite integral for a 
function known to be integrate because continuous but having no antidifferential to be 
used in employment of the Fundamental Theorem. It is patent that use of Taylor or 
Maclaurin expansions in such situations should prove a fruitful device. The labor 

should be compared with that involved in other 
approximating techniques, say Simpson's Rule. 

Example 6. Two points are 100 mi. apart on the 
earth’s surface. We show that the straight chord 
joining them is only about 13.75 ft. less than their 
great circle arc join, if the earth's radius is taken 
as 4000 mi. Suppose the earth a true sphere, the 
points Pi . P 3 (Fig. 13.4.1 ) at sea level; let the arc 
s = P x P t and chord c = P,P 3 subtend angle 2x at 
the center O of the earth, the angle being bisected 
by the line OM to the midpoint M of P X P 3 . We 
wish to compute s — c when s * 100. 

From the figure, the formula 

( 11 ) s — c = R 2 x — 2 (R sin x) — 2 R(x — sin x) 

is easily set down. For purposes of computation we use the Maclaurin development 
(13.3.3) of sin x in (11): 

+-(-1)- S in «r jfjjj], 

H ere x = 50/4000 = 1/M), and the first two terms of (12)—which promise to be 
sufficient because of the small x— give the approximate formula 



'O 

Fig. 13.4.1 


(12) s - c = 2R 


l_3! 5! 


0 < 0 < 1 . 


s — c 


8000 [J (io) ~ wo (id) ] (miles) - 


Since the second term has no effect on the last digit of the first, we find 


s — c 


(8-10')(5.28-10')(3.2552-10 -7 ) = 13.75 (ft.). 


13.5 Exercises 

1. Use formula (13.1.8) to express l/(x, + Ax) in negative powers of x, . If 
0 < Ax £ 0.1. for what values of x, > 0 will the two polynomial terms give 
the reciprocal accurately to the fifth decimal place? (.4ns. x, > 17.1.] Compute 
the reciprocal of 20.04 in this way. 

2. Write the Taylor expansion of e’ in the neighborhood of a = 1. Compute e 01 
from the first three terms, showing accuracy to four decimal places. 

3. Write the Taylor expansion of In x in the neighborhood of a = 2. Compute 
In 2.2 accurately to four decimal places. (Assume In 2 = 0.69315.] 




13.5] 


EXERCISES 


[449 


4. (a) Compute cos 10° accurately to four decimal places. Show that two terms 

of the Taylor expansion suffice. Tovlnr exnansion 

(b) Within what accuracy will the first three terms of the Taylor' expan 

' ' . ■ . nnOO f i ... . _ ‘/fill I I 


>V ILIllil tvuat atvuiavj *»*•» .* -- . . 

of cos X in the neighborhood of give cos 63°? [Arts, t 


5. 


U1 UU9 * II* lltiguuu* J" O- - | \ • 

(a) Show that the first three terms of Taylor’s formula for In (1 -r *) 8 ,v 

In 1.06 accurately to four decimal places. _ in *• 

(b) Show that three terms of the Maclaurm fonnula for sin x compute . 

accurately to four decimal places. f n r. 

(c) Use the first six terms of the Maclaurin formula for e to compute Ve, 
show accuracy to five significant digits. 

6. Make use of Taylor formulas in evaluating each jimit: 

(a) lim,-* (sin x)/x (b) </ . 2 

(c) lim,_o (sin x - x)/x 3 (d) lmw (x - In (1 + x)]/x # 

7. (a) Prove the identity: x 3 = 1 + 3(x - 1) + 3(x - 1) + (x - 1) . 

(b) Express x 4 - x 2 + x + 1 in terms of powers of x - 2. 

(c) Show how the results of (a), (b), are helpful in integrating 


f x 2 dx ( x_ 

J (x -lj*’ J 


- X 2 + x + 
(x - 2) 3 


1 


dx. 


Integrate 


/ 


- llx - 2 
. (x - 3)*" dx ■ 

8. How many terms of the Taylor expansion of sin x al»out x = £ir need be us*d 
to compute sin 29° to five-digit accuracy? (/In*. 3.) 

9. Show that Jj sin x dx/x = 17/18, with error < 0.002. 

1 0. In the following integrals replace each integrand by an appropriate sum of 
powers of x and a remainder. From this, calculate each integral approximately 
from the first two terms, estimating the remainder to judge the number of 
places justified in the result. 


(a) J Vx si 


sin x dx 


<*»/, 


1 In (1+ x) 


dx 


(0 f e - 


- 1 


dx 


* '• Jo x 

(/Ins. (a) 0.0123277; | R» | does not affect the seventh place; (c) 0.57.) 

1 1. Show that the remainder R n in the Maclaurin formula for In (1 — x) satisfies 
the inequalities 


| R n | < x'/n{\ - x)' t 0 < x < 1; | R J < | x |7», -1 £ x < 0. 

Use these results to find: (a) the number of terms required to compute In 0.95 
to five decimal places; (b) the range of x for which the first term will give 
In (1 — x) to two decimal places. (-4ns. (a) four; (b) —1/10 < x < 1/11.1 
1 2. Show that if — 1 < x < 0 the remainder R„ in the binomial expansion 
(l + x)* satisfies 


*(*- 1) --■(*-n + 1) |x(" 

n! (1 + x)-* ‘ 

(a) Hence show that if — 0.1 ^ x < 0 then the first two terms of the Maclaurin 
formula for (1 ■+■ x)~* giv e at lea st two-place accuracy. 

(b) With what accuracy is V 1 -f- j computed from the first three terms of 
its binomial expansion if —0.1 ^ x < 0? (In using (*). replace | x | by its 
largest value on the interval, (1 + x) by its smallest.) 


o 1 *. 1 < 
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13.6 Introduction to Taylor and Maclaurin Series 

Although the Taylor-Maclaurin development of a function is an exact 
representation, computational interest certainly lies in the approximation 
of the function by the terms of the polynomial part of the expansion. In 
§13.4 we experimented with various problems involving e = the measure 
of closeness of desired approximation, n = the number of terms of the 
polynomial, and R* = the range of x for which values the n-term poly¬ 
nomial gave the functional value to within t. We indicate the Maclaurin 
expansion of /(x), under the standard hypotheses, by 

(1) fix) = /\_,(:r) + 0 < 0 < I. 

[We found in Example 13.4.3 that for 

(2) In (1 + x) = I - J + J + n,(x,e>, 

in which we have fixed n = 4, the remainder | H k \ < « = 0.00005 when¬ 
ever R* is the range - 0.1062 < x < 0.1189.] Suppose (1) has been used 
for fixed n, t, with resulting range R* of validity of approximation. If we 
wish to attain better and better approximations to /(.r) in (1) by assigning 
« smaller and smaller, it is reasonable that we try to preserve the range of 
validity, even possibly to better it. by using larger and larger values of n. 
As a matter of fact, the ultimate proposal 

(3) « arbitrarily small, n —> ® , 

will have important consequences. 

More particularly, suppose we change (2) to the case n = 6, 

In (1 + *) - x - lx 7 + |x* - lx* + Jx* + /«*,«, 0 < 0 < 1, 

but use the smaller c = 0.000005. Procedure as in Example 13.4.3 would lead to 
validity of approximation on the range R*: —0.1187 < x < 0.1201 (approx.). 
The range has l>een improved over the previous one found for (2) by an increase of 
two terms in the polynomial approximant, even though the « has been cut con¬ 
siderably. 

The graphical version, illustrated in Figure 13.6.1. is interesting. The approximat¬ 
ing polynomial curves P x = x, P 7 = x — \x 2 , P* = x — \x 3 + $x 3 , are shown in 
relation to // = In (1 + x) itself, near O where they are mutually tangent. As the 
extra terms are added in. the x-extent over which the polynomial curve is near to 
the logarithmic curve increases on both sides of 0. (It will be shown later that for 
arbitrary t > 0 this extent can he improved, by indefinite increase of n, to cover 
the range — 1 < x ^ l.| 

The proposal (3) is that of an examination of the possibility of finding 
a range R* such that for all x thereon we shall have 

(4) lim,_,/i*„(x,0) =0, 0 < d < 1; 

for. given any arbitrary t > 0. we shall want to fix n = X so that | It* | < « 
when n ^ .V, and this is precisely the demand of the limit process indicated 
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ill (4). Ill the case of the expansion 

2 X "~ l 

(5) In (1 + x) = x - | + • • • + (- D‘ 

+ (-!)■*■ Jd + »*>""■ 
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o < e < i, 


we would want that range R* of x for which 

(0) lim | R.(x,B) | = lim j ^ (1 + Ox)'" | - 0, 0 < 9 < 1 



Such a problem is a generalization and a synthesis of many problems of 
the type set in Example 13.4.3. 

But something new turns up during the process (4): as n — and, say, 
R n —> 0, the polynomial P m - t (x ) of (1) stretches on farther and farther, to 
lose its finite polynomial character and become an infinitely continued addi¬ 
tion of powers of x, an infinite series of powers of x, or a power series. 
Even if we now require (as we should) that f(x) possess derivatives of all 
orders, n = 1, 2, 3, • • • , we still have to inquire as to the meaning, if any, 
of an “infinitely continued addition,” that is, we would need a definition of 
assignment of value, if possible, to an infinite series of additions. 

Thus the consideration of the problem (4) and that of the meaning and 
usefulness of the infinite series 

(7) m + /'(0) X + /"(0) + 
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are inextricably linked. Discussion of (4) is generally difficult, and actually 
does not preclude the necessity of putting the nature of (7) on firm foun¬ 
dation. On the other hand, a treatment of infinite series will, besides being 
serviceable in itself, help in discussionf of (4). For this reason we turn to a 
study of infinite series in general, returning thereafter to application of 
the results to the Taylor and Maclaurin expansions. 

13.7 Infinite Series of Numbers: Convergence and Divergence 

Clearly, any meaning for a series of functions of r such as 

r* r 7t “* 

1 + 2! + 4! + + (2*^2)! + 

will lie in meaning under substitution of numerical values for x, e.g., 

I +5i + 4! + "• + (2A-^hj! + ••• (r=,) - 

We therefore begin study of infinite series by considering series of numbers. 

Let |ti») be an infinitely continued sequence of numbers. The indicated 
addition of its ordered members. 


a. + »/, + n» + 


is called an infinite series. For example: 


1 + i + 1 + i + 




= 2 M* , 


tl 


1 - 4s + 4s- ••• +<-»■" -b=+ - 

V2 V3 V n *•« 


V2 " r N^3 " ’ T ^ 

1 + 5 + 9 + • • • + (4n - 3) + 


E (4* - 3) 


are infinite series. It is customary to write the first few terms in full, then 
exactly three dots to indicate missing terms up to the expressed nth, or 
general, term, then exactly three dots to indicate indefinite continuance of 
the series. It is likewise customary to telescope all this into the summation 
symbol u k , the w* being the generic term generating the series as k, 

the index, runs over the counting numbers 1, 2, 3, • • • . 

The problem of assigning a single number as the value of an indefinitely 

tThc form (13.2.3) for in Taylor s development is but one form of the remainder, 
known us the Lagrange form. One difficulty encountered even in so reasonable a problem 
us handling (4) for the binomial expansion (1 + x) h is that the Lagrange form is not 
entirely serviceable: no result is achieved from its use if z < 0. Other forms are available. 
A standard replacement is the Cauchy form: 

l, lr _ /“> + - °)H(1 - g)(* - ( X - a), 0 < 8 < 1. 

- ( „ _ i)l 

See, for example. Wilson. AHvancrt Calculus, pp. 554,7; ; SokolnikotT. AdvancM Calculus, 
pp. 2111 ff.; Randolph and Kac, Analytic Geometry and Calculus, pp. lt>A iw. 
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ZL* Z-». .spr 11 " 

that a finite number could not stand for v alue 

1+2 + 3+ •••+» + 

which surely grows beyond all bound. But both 

'+b + b + •• + n! + 

0 3 + 0.03 + 0.003 + • • • + 3-10 " + • • • » 

-per „» .o rapidly a. a “““tlaUt i. 

* * 

for an infinite series. . roots \ n the known concept 

three.» terms, n fixed; we denote these by . 

=, u , , *, = u, +«,,*»-«.+ * + “* - •••’ 

a„ = u, +«, + «> + •••+“-= E u * • 

These partial sums s,, j - 1,2, • • • ,», form a sequence of sum-numbers, |«il- 
Upon the possibility of the existence of a limit for this sequence (a concept 
already defined and digested) we build the definition of alignment of value 
to the indefinitely continued addition Z. «* • l An alternative u, 
really implied in limit-of-a-sequcnce, is that of hmit-of-a-function, namely, 
of s, as a function of the integer-variable k.) ^ 

definition. Let the infinite series (1): Z “* = “■ + '' + 

+ • • • have the nth partial sum 


(2) 


Z “* = Ml + “j + •••+“.. 

a. i 


If there exists a value 

( 3 ) V = # lim„_. s m , 

then the number V is the value of the infinite series (1). 

An infinite series for which a value exists according to thi^ definition (even 
if the value is not definitely known) is called a convergent series, and is 
said to converge to the value. A series for which a value does not exist accord¬ 
ing to this definition is said to be divergent.! In place of the word “value 
the word “sum" or “sum to infinity" is often used; we reserve this word 
“sum" for the addition of a finite number of terms which it has heretofore 
described. 

The c-language equivalent of the defining limit process (3) should 

tA divergent series may have value according to some other definition of assignment 
compatible with the above as to convergence; this question we do not treat. Cf. Mem- 
man, To Discover Mathematics, pp. 247 ff., for a simple example. 
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he recorded: a value V = lim,.. provided we can, whatever < > 0 he 
assigned, find an index A r (t) sufficiently large that whenever n > N we 
have 


(4) I V - s m | < *, (n > N). 
Furthermore, if we set 

(5) J2 u* = £ itk -F S = «- + Rn , 

i i • •» 


the test is 

(fi) | V 



- | ft. | < «, 


n > N. 


This condition R n —* 0 as n —*<» shows immediate correlation with the 
problem set concerning the zero limit of the remainder /?„ of Taylor’s 
expansion. 


Example 1. We illustrate these matters in an example with which the reader has 
some acquaintance. The infinite scries 

(7) 0.3 + 0.03 + 0.003 + • • • + 3(10*") + • • • 

is an expanded form of the non-terminating decimal 0.333 . . . which is the decimal 
form of the fraction \ U|M>n division of numerator hy denominator. Then we should 
accept T - 1 for (7). Here the partial finite sums arc 


and 


Si — 0.3, 8] — 0.33, s 3 — 0.333, 


» s, - 



0.33 




V — s n = J — (0.33 ... 3) 



(0.333 . . .) - (0.33 ... 3) 




surely can he made < « (arbitrary) for sufficiently large n dependent upon choice 
of «. The series (7) converges to the value J. (The reader should carefully note that 
the partial sums arc only approximators to J, useful as they are in computations; 
hut the unending (7) is the true decimal expression for $.) 


Every non-terminating cyclic decimal, of which class (7) is an example, 
is a case of the general geometric progression (G.P.) 

(8) a + ar + ar 7 + • • • -f ar" 1 + • • • , 

where a is the initial term, r the (constant) ratio of each term (except the 
first) to its predecessor. The partial sum s, of (8) has the valuef 

(9) s„ = a + ar + ar 7 + • • • + ar" -1 = r “ i~- r r "» r ^ 

tObtuincd by adding 

s„ — a + ar -f- ar 7 -f • • • + ar"* 1 
— r$„ = —ar — ar 7 — • • ■ — ar" -1 — ar” 
into (1 — r)s m — a — ar* by an interesting telescoping of terms, whence we find (9). 



,3.33 NECESSARY CONDITION FOR CONVERGENCE 

On the right of (9) the constant «/(l - r) is independent of n, an 

| r | < 1 we have lim.„. r" = 0; hence 

f a a , -.1-g— I r | < 1 • 

lim s. = lim — ” i _ r J 1 - ' 

and the series (8) converges to «/(X - t) if \ r I < *' If ^ 1 jt ' ^.^ued 
diveraes since r" - ± - in this case. If r = 1, (8) .s merely the continued 

addition of a. and .. = no can have no finite limit. See Kxample 3 for the 


case r = — 1. 

theorem 13.7.1. The geometric progression (8) converges to V 
a /(\ _ r ) if | r | < 1, otherwise the G.P. is divergent. 


Example 2. The scries 

1+2 + 3+ ...+n + ••• 

is an arithmetic progression with partial sums 

•> = 1,*, = 3,*, = 6, = Wn+1) 

[cf. (8.4.2)|; clearly «. grows beyond bound as n - » and the senes .s divergent. 
Example 3. The Leibniz series 

( 10 ) 1 - 1 + 1 - 1 + ••• +(-!)■"+ ••• 
has partial sums 

s, - 1, a, - 0, * - 1, • •• , s* = \,n odd, s n - 0,neven } 
and s* lacks limit because it is oscillatory between 0 and 1. 

13.8 A Necessary Condition for Convergence ^ 

The definition of convergence of an infinite series seems to need for its 
application a closed formula for s. . Although we were able to achieve such 
a closed formula for the G.P. in (13.7.9), the general fact is that s„ is 
either difficult and tricky to obtain, or is impossible to find. Reliance is 
usually placed on existence theorems predicting the existence of a value 
even if a formula for it [like the a/(l - r) for a G.P.) is not displayed. 
Indeed, in case a value exists , the infinite senes itself is a formula for it, 
though not in closed form. The theorems concerning existence of a value 
for an infinite series will take the form of sufficient conditions for con¬ 
vergence (or divergence): “If. . . , then the series converges (or diverges).” 

There is, on the other hand, an easily derived necessary condition for 
convergence which immediately excludes a great many series from the 
convergent class. 

theorem 13.8.1. If the series , u k is convergent, then it is neces¬ 
sary that 

u* = 0. 


For we clearly have u n = s„ — s„_, , whence, if V is the value of the con¬ 
vergent series, 

lim B ^„ (s n - $„-,) = lim.-.. s„ - lim.— s„_, = V — V = 0 = lim,.., m„ 
and the theorem is proved. 
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The theorem promptly eliminates from the class of convergent series such speci¬ 
mens as 

1 , 2 3 , » 

2 + 3 + 4 + + „+l+ •• ■ 


J- + -2 + 3. 

11 ^ 21 ^ 31 ^ 


n 


' 10n + 1 * 

since, if the series did converge, the nth term would have to approach zero by the 
theorem, and in neither case does it do so. 


But the condition of Theorem 13.8.1 is not sufficient unto convergence: 
even if the nth term approaches zero this is no guarantee of convergence. 

A specimen to the contrary (and there are many) is the harmonic series 

<» l+ 5 + l + S + + n + = ?*"• 

We shall prove in the next section that this series diverges, although first 
glance might urge that the tapering off of the terms will ultimately permit 
assignment of value. Accepting the divergence of (1), we indicate the 
upshot of Theorem 13.8.1 and the definition of convergence: 

\ If s m —> V then u m must —* 0; 

L But u m —* 0 is not sufficient for —* 1'. 

13.9 Sufficiency Conditions: The Comparison Test 

In this section and the next we study two useful and standard tests for 
convergence or divergence of a series 23" u* of positive terms, u k > 0, 

* - 1.2, ••• . 

theorem 13.9.1. The Comparison Test. Let 23" c k , c k > 0, be 
known convergent |23" d k , d k > 0. be known divergent). Then : 

(i) If term-by-term u k ^ b k . 23 u k is convergent ; 

(ii) If term-by-term u k ^ d k , 2L u k is divergent. 

Series 23 c * * s said to dominate 23 » written 23 » 2Z u * i series 23 d* 

is dominated by 23 . written 23 d k « 21 ?< * • 

Let C he the value of 21’ c * • Since the c’s are positive, C > S n = 23" c * 
for all n. But, according to assumption, 

«„ — Ml + M* + •••+««■ £ C, + C, + • • • + c n = S n 

so that s„ ^ Sn < C for all n. The sequence |s,| thus is never decreasing 
(because the m’s are all positive) and is bounded above by C; by a familiar 
argument (Theorem 10.2.1) it approaches a limit, by definition the value 

of 23“ • 

But divergent 23* must exceed any specified positive number because 
its terms are all positive; then the dominating 23 M * must likewise exceed 
an arbitrary positive number, hence cannot converge. 

To use Theorem 13.9.1 demands a backlog of series known to converge 
or to diverge. Geometric series are immediately available for comparison 
purposes, and the backlog will grow as we proceed. 
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Example 1. To discuss the series 

11.11-3.1 1-3-5 


( 1 ) 


3*2 + 3 2 ’2-4 3* 2-4-6 


1-3-5 ••• (2n -J1 + 


+ 3" 2-4-6 •• 


(2n) 


we note that the fraction 

1-3-5.(2 n - 1) 


< 1 


(all n ) 


2-4-6.(2 n) 

since each factor in the numerator is less than the factor directly below .t ami 
there is the same number of factors in both numerator and denominator. Hence, 
series (1) is dominated by the series 


1 , 1 , 1 

3 + ? + 3 5 + 


• + 3 - + 


geometric with r = 1 < 1. so convergent. Theorem 13.9.1 then asserts the conver- 
gence of (1). 

Another collection of series important for comparison tests is discussed in 
Example 2. theorem 13.9.2. The series 

(2) Er 1/k* - 1 + 1/2 P + 1/3" + • • * + l/n p + •' • 

is convergent for p > 1, divergent for p £ 1. 

When p = 1 the series 

(3) Er 1/k = 1 + 1/* + 1/3 + • • • + 1/n + • • • 

is called the harmonic series; otherwise (2) is called the superharmonic series, or 

simply the “p-series.” t . . . 

Case (i). p = 1. We associate the two terms, \ and J, of (3) ending with 
the four ending with J, • • • , the 2" termsending with (}) n * , • • • -t Since we can write 
the inequalities 

»;» + * + ♦ + I > 4 


i + i>l + i 
1 


2* 

+ • 


1 - i; 


2' + 1 

we have the domination 

1 + * + (* + 1) + (i + •••+!)+ ■•;»! + » + 1 + i + • 

The divergent scries on the right serves as a dominated divergent 2 d k in Theorem 
13.9.1 and hence the harmonic series 2* 1/n is divergent. 

Case (it), p > 1. We associate the two terms starting with 1/2”, the four starting 
1/4 P , • • • , the 2" starting with 1/(2*)*, . • • • Then 


1 + 


+ 


(— + —) + (i- 

\2 P 3 P ' ' 4 P 

+ (— 

M2T 


+ 




+ 


+ 


+ 


( 2 "° - 1 ) 


:) 


+ 


1 + 2 'i + 2 ’c + 


+ 2 " 


1 


= 1 + 


1 


2 P ‘ 


+ 


1 


(2 p -y 


+ 


+ 


(2") P 

1 

( 2 *-)" 


+ 


+ 


fit is possible to use the associative law in a series of positive terms because the 
sequence of partial sums in the new series is a subsequence of those of the original and the 
two sequences converge or diverge together. This is not always possible if the series 
contains negative as well as positive terms. 
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This last is a convergent (1.1*. since its ratio is 1/2" 1 < 1 for /» > I; with it as the 
dominating convergent - r k of Theorem 13.0.1 we conclude convergence of (I). 

Case (Hi), p < 1. The members of 2 1/m" in this case exceed those of 2 l/n, 
proved divergent in (i). Hence the superharmonic (2), p < 1, diverges. 

For example, 


1 + 1 / 2 ' + 1 / 3 ' + • •• + l/n’ + 

1 + 1/V2 + 1 /V 3 + ••• + 1 /Vn •• 

y —!— = —L_ + —L_ + 

. 1 + fc< 1 + 1* 1 + 2* 1 + n* 

because dominated by the convergent 2 1/fc 3 ". 

Example 3. Confronted with the series 


converges; 
diverges; 

-+- * • • converges, 


(4) 


—-1-— + 

In 2 ^ In 3 ^ 



y J_ 

h In k ’ 


we wonder whether to attempt comparison with a convergent or with a divergent 
series. Graphically, however, the curve y = In x lies always below the curve y = r, 
suggesting thatf in n < n for all n ^ 2, so that 1 /In n > l/n for all n ^ 2. Then 
we compare the given series with the divergent harmonic scries 2 l/n which it 
dominates, finding it therefore divergent. 


13:10 Exercises 


1. For the series 2* 1 /k(k + 1), resolve the nth term into partial fractions, 
then show that can be found in closed form; hence prove that V — 1. 

2. Show that the fact of convergence or divergence of a series is not changed by: 
(a) deletion of a finite number of terms from the beginning of the series 
(or addition of a finite numl>cr of terms there) ; (b) multiplication of each term 
of a series by the same factor c ^ 0. 

Hence, show that 2* 1/2A is divergent, 2* 1/(21')* >s convergent, 2* 1/(2* + 1) 
is divergent. (For the last, work with 

E 1/(2* + 1) » E 1/(2* + 2) = } E l/(* + 1)1- 

3. Establish convergence or divergence of each scries: 

(a) £ jHh (h) E irh (c) £ 2-"***" 

(d) E «"* cos ("■/*) (e) E ~ + t fce »-i ( f ) E(-l)‘"* 

(g) E l “* > n ' 1 (h) £ l“* < n ' J ] 

® E VWTT, "" ><* + in a> E Ei [“■ < Fi] 


(k) 


^ o* 2-4.(2 


( 2 * ~ 1 ) 

( 2 *) 


(i) z 


(m) Z 


1 


2* . W ~ Vk 2 +1 V2k 

(Am*. Convergent: (b), (c), (d), (e), (h), (j), (k); divergent: (a), (f), (g), (i), 
0), (»n).] 


fProof lies in showing that f(x) bs x — In x increases from 1 for x > 1. 
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4. (a) Consider 


EXERC 


v 5*_+_3 _ v 1. 5 + 3/ fc 
^ A: 3 + 1 ^ A: 2 1 + *7® - , 

Since lim„_ (5 + 3/n)/(l + l/» 3 ) = 5, the given series << 2c/k , where 
c > 5, after n is large enough that the fraction is closer to 5 than c. Hence 
the series converges. 

(b) But 

v 5fc + 3 T l 5 + Z/ \ » T.- 

^F+l - L * i + IT? 

for any c < 5, and the series diverges. 

(c) On these models, prove 

Men 2 m* converges when the excess of the degree of Q over that of / is more 
than l, diverges otherwise. 

(d) Apply the theorem to Exercises 3 (d), (h), and to 

^1 V' 1 ^ k V*_- 

£ s+l* 2 F+T’ ^k* + v ^ k(k + D(k + 2) 

5. Prove: 

THEOREM 13.10.2. A series 2 n* of jtosUive terms converges if the sequence 
of its partial sums {$„} »s bounded. [I'se Theorem 16.2.l.| 

6. The Integral Test. lot the terms of 2 n» , n» > 0, l>e strictly decreasing, 
lim = 0. lot u(x) be, forx £ 1, a positive, decreasing, continuous, function 
asymptotic to the J-axis, and such that m( 1) = u, , u(2) — »/«,••*, m 00 — M » * 
• • • . Figure 13.10.1 illustrates. 


0 



I N i(3. u ,) 

I///////T s 


TS-4 (II,U J 

rrr x 


n-1 


Fig. 13.10.1 

Show: 

(a) 2 2 u* = u(2) -|- n(3) + * * * is the sum of rectangles of unit breadth in¬ 
scribed under y = n(x), hence < J® u(x) dx and converges if the integral 
is convergent ; and the value F of 2 u k satisfies the inequality 
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(b) 2| ith = »/(l) + u( 2) -f- • • * is the sum of rectangles of unit breadth 
circumscribed al»ove the curve y = m(x), hence > J® u(x) dx anti diverges 
if the integral docs. Thus: 

theorem 13.10.3.f Under the hypotheses stated for u k and u(x), the series 
2 u h : (a) converges »//• u(x) dx does, and its value V satisfies (*) \ (h) diverges 
if /* n(x) dx diverges. 

Show how the theorem works efficiently for the harmonic and the super¬ 
harmonic series. 

7. Use Theorem 13.10.2 to test the following series: 

(a) £ A(A + 2) (b) (C) ^<k+ I) 3 

(d) E **'“ (e) E (1» *)/* (0 E(2fc" •) ' to E*'*"* 

(.Ins. Convergent: (a), (b), (c). (d), (g); divergent: (e), (f).| 

8. Prove that \ < 2- (k 3 + 1)*' < J(1 + \r). 

9. Find an upper bound for 2, a/(a 2 + k‘), a > 0. 

10. Name both lower and upper bounds for 2, 1 /(k + 1 )Vi. M»ia. An upper 
l>ound is }(ir + 1).| 

1 1. Prove that 2 (In k)/k p converges if p > 1, diverges if p 2 a 1. 

13.11 Sufficiency Conditions: The Ratio Test 

THEOREM 13.11.1. The infi nile series of positive terms, 

(1) M| + u 3 + • • • + u. + • • • = u * 1 > 0, k — 1, 2, 3, • • •, 

is convergent if 

(2) lim„_. (u..,/u.) - L < 1; 
but is divergent if 

(3) lim„_. (m,., ii m ) = L> 1. 

(iVo information is gained concerning either convergence or divergence if 
lim„_„ = 1.1 

Since the testing device in this theorem is the ratio u m +Ju m , the test is 
called the ratio test. 

We assume (2), and select a number l such that 

L < l < 1 . 

Because L is the limit of the positive ratio u m . x fu m , we can name an JV > 0 
sufficiently large that for all n > N the ratio is less than l : 

«V,|/«V < l or k.v♦ 1 < lux 

M.v+a/Kv* 1 < l or u.v «2 < lUs* 1 < Ttis 

etc., which chain we summarize in 

(4) u.v,,/u v .,-i < l or “*•« < Vu s , q = 1. 2, 3, . 

tSincc a finite number of terms may be deleted at the beginning of the series without 
changing the fact of convergence or divergence, the testing integral may begin with any 
integer £ 1. The bounding inequality in (a) is then, of course, changed accordingly. 
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Now we compare the two series in the right-hand column of the previous 
display: 

(i) i , (H) t = «' £ '*■ 

Series (ii) is “v times a convergent geometric series of ratio l < 1. s«r 
(i) is dominated by (ii) because of the inequalities (4); hence sm.es ( 

convergent. Calling the value of (i) V, we have 0) given by 2,, «. 

+ ... + u .v) + V, which is finite so that (1) converges. 

if on'the other hand, (3) holds, then the inequalities (4) 
where now 1 < I < L; the argument is similar to the prev.ousi one .In the 
circumstances, the series (ii), a divergent geometric ser ^ b ^ e ' > ’ 
is dominated by (i), so that (i) diverges by becoming infinite. Hence ( 

must diverge. . , . \ , 

To show the lack of information accruing if hm.-. {u^/uj i, 
exhibit two series both satisfying this limit condition, one being con¬ 
vergent, the other divergent. For the superharmonic series 


-L + 1 + I + 

1' 2' 3' 


+ ~.+ 


(» + 1 )’ 


we have 


wb nave 

S th?/:y - £ tri)’ ■ ■ ‘ 

for any p. Since (5) converges if p > 1 but diverges if p < 1, the point is 
established. . , 

Theorem 13.11.1 is completely proved. [Note that in (2) the limit 
number L is some number definitely less than 1, that is, from some n 
onward u**,/u, is arbitrarily close to such an L, hence not arbitrarily 
close to 1. Thus, for harmonic 2^ k~ l the ratio u„«.|/u N = n/(n + 1) is 
always less than 1 but tends to 1 rather than to an L < 1, and (2) does not 
apply.] 

Example 1. For the series 

(6) 2-3 + 3-4-5 + 4-5-6-7 + + (2n + 1)! + 

(note the telescoped structure of the nth term), we have 

_ I(n + 1)!]* / fr»D» _ [~ (n+ l)j 1V (2n_+ l)j 
u n (2n + 3)! / (2n + 1)! L n! J (2n + 3)! 

(n + Q’ _ ,1 

(2n + 3)(2n + 2) 4 

as n —> <x>. Since L = J < 1, we have convergence of (6) according to Theorem 


1-2 123 

3-4-5 ^ 4-5-G-7 " r 


ure oi me ntn term;, we nave 

i!f / (nl)’ _[~ (n+ 1)! ~|’ (2n + 1)! 

!)!/ (2n + 1)! L n! J (2n + 3)! 


13.11.1. 

Example 2. But 

3 


_3_ , _3!_ 
1-2 2-3 


9 3 

+ 3^ + 


■ + — 5 -+ 

+ n(n + 1) + 
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diverges because 

lim ^ = lim , - 8 ' —- / jr = 3 > 1. 
u„ — L(n + l)(rt + 2)/ n(n + 1)J 


(7) 


Example 3. For 

1 


+ 


+ ••• + 


n 


we have 

1 


2-3-4 ' 3-4*5 1 ' (n + 1 )(n + 2)(n 

n + 1 _ / 

4)/ 


3) 


+ 


VK IlttYC 

lim = lim - 
n^« u. U 


n 


(n + 2)(n + 3 )(n + 4)/ (n + 1 )(n + 2)(n + 3) 
so the ratio test fails to give information. But 


;] = 


n 




(8) (n + l)(n + 2)(n + 3) ^ rt 

since, equivalently, n-n-n < (n + l)(n + 2)(n + 3), n a positive integer. Hence 
the comparison (S) of (7) with 2 k~ 7 , a convergent superharmonic series, shows that 
(7) is convergent. 


The Comparison and Ratio tests (and their subsidiaries developed in the 
Exercises) shall suffice for our purposes, which are, after all, introductory. 
There are many refinements of these tests, as well as other sufficiency 
conditions, which can be encountered in advanced work on infinite series. 
Testing a series is largely experimental work, and several tests may have to 
be tried before a condition is found sufficient for the given case. 


13.12 Exercises 

1. Discuss convergence, divergence, of each series by 
yields no information, use other means. 


(d) ^ *='(/+ lj* 

(l?) Z fi 


(b) E^7 

(e) £r+? 

( h)E ^J) 


the ratio test. If the test 
(C) ^ 2k(2k - 1) 

(0 E? 

(i) 


2 . 


(j) £*•(0.8)* (k) Efc/»* 

[Ans. Convergent: (a), (b), (c), (g), (h), (i), (j), (k); divergent: (d), (e), (f).) 
Show convergence of 


, + 2 + 

1 + 3 ^ 4-5 


+ 


ML 


(2n - D! 


+ 


and of 2 |(S' + l)ll’/(2* + 3)! 

3. For 2 1/(3* - 2k) show u.*,/u, —» i by L'Hopital's Theorem (recall that 
/(«) must be changed to /(x), x a continuous variable, for the theorem to 
operate). 

4. The Root Test. Prove 


THEOREM 13.12.1. The series 2 u k , u k > 0, 

(a) converges if lim,— y/u m = r < 1, 

(b) diverges if lim.—^^ E 
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last, show lim^ = 1 by UHopUal's Theorem.] 

5. The following theorem is often useful if lim (n..i/'0 
THEOREM 13.12.2. For the series 2 u k , u k > 0, let 

= («’ + an" 1 + • • W + ^' + 

TAen the series converges if a! — a > 1, diverges if a 
This theorem should be used without proof, which depends on a more subtle 
test known as Rnnbe's test. For example, the senes 

y- 1-3-5 . (2k -J) has u H . t /u n = (n + \ )/(* + 0 

^ 2-4-6 . (2k) 

so that a' — a = 1 - J < 1, and the series diverges. Apply the theorem to. 

2-4. (2k) 


(a) £ 

(b) £ 


5-8- 

1 


+ 2) (<UV ) 
1-3. (2 k - 1) 


2* - 1 2-4 




(conv.) 


13.13 Series of Positive and Negative Terms; Alternating Series 

We turn now to series admitting an infinite number of negative as well 
as of positive terms. Here we shall recognize two distinct varieties of con¬ 
vergence for the series £7 u k . 

Absolute Convergence. Let 

— 

(1) | U X I + | u 7 I + • • • + | U m I + • • • = £ I U k I 

be the series of the absolute values of the terms of £ u k . If this series £ | u k | 
is convergent , the series £ u k is said to be absolutely convergent. We must 
note that this definition does not say (without Theorem 13.13.1 below) that 
2 w* is convergent, although the language seems to indicate this; “ absolute 
convergence” of £ u k titles merely the convergence of the allied series £ | w* |. 

That convergence of £ | u k | necessitates convergence of £ u k is, 
however, the tenor of 


THEOREM 13.13.1. If the series £ u k is absolutely convergent then it is 
convergent. 


The theorem asserts, for example, that 

1 + + ( - 1) “~ , ;? + ••• 
converges because the series of absolute values of its terms, 

1 +? + 3 5 + P+ ••• +^+ ••• - 
converges. The theorem makes no allegation at all concerning 

® 1 -J + J-i+ - + (-ir4+ 




TAYLOR'S THEOREM AND TAYLOR SERIES 


464] 


[13.13 


because the series of absolute values, 22 k~\ is divergent; later, we shall 
see that this series (2) is actually convergent on completely different 
grounds. 


To begin the proof of Theorem 13.13.1, we write s* = Zy u* , A n = Zy | u k |; we 
form the new series 

Vk = 22 § ( M * + I u fc |) 

I I 

with partial sums 

(3) V. = Z 1 («• + I «» I) = 1 (*. + A.). 

We observe that v k = 0 if u k < 0 but v k = u k if u k > 0, so that v k ^ 0 for all k. 
Successive conclusions are: 

(i) By hypothesis, lim„^. A n = A exists, and 

(4) A m £ A 

since the terms | u k | are all positive and .4. is always increasing as more terms are 
added in. 

(ii) ^ .4, for all n because a terra of V n is either identical with its corre¬ 
spondent in A „ or is zero. With (4) we have 

(5) V m £ A m (all n). 

(iii) r„ is a nondecreasing sequence by composition, and by (5) is bounded above; 
hence V n has a limit V' as n —► ®. 

(iv) Since Y n = $(*« + .4.) by (3), we have 

( 6 ) 3 . = 2V n - A n . 

The right side of (6) has the limit 21' — .4 asn-» ®,so the left side, .«*„ , likewise 
has this limit, and the series Z u k is convergent by definition of convergence. 


To test the series 22* | u k |, a series of positive terms all, any of the 
previous tests for positive series may be used. In particular, the Ratio 
test now involves 


(7) 



L > 0 . 


If L < 1, then 22 I l» hence 22 »> s convergent. If L > 1, then from a 

certain n = N on we have | m.v.i I > I «.v | from (7), and u„ cannot —* 0, 
necessary for convergence; hence 22 > s divergent. If L = 1 no conclusion 
is forthcoming. We summarize in 


corollary 13.13.1. The series 22 of negative and positive terms 
is convergent [divergent] if 


lim n _. | u a »i/u. I = L < 1 [lim„— | u n . x /u n | - L > 1]. 

Conditional Convergence. The property of absolute convergence is a 
fairly loose one, making no apparent use of the negativeness of some terms 
of 22 • More delicate is the possibility that a series converges because of 

the cancelling presence of the negative terms, although it is not absolutely 
convergent. A series which converges but is not absolutehj convergent is said 
to be conditionally convergent, its convergence conditioned by the presence 
of negative terms. 
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I„ .he nu.U« of conditional eonvonie n.e 
the simplest and most important ease of alternating se , 
are alternately positive and negative: 


( 8 ) 


u, 


u, + u 3 - ■ ■ ■ ± =»= • • • - £ ( “* 


' ' rrt\ 

where the symbols «. are all positive. t Of course eonvergenee of this (8) 
may follow from its absolute eonvergence accordmg to Theorem 13^3^1 
even though we are interested now in the contrary case, nonabsolute 
convergence. A criterion for convergence of (8), somet.mes absolute, 
sometimes conditional, is furnished in 


THEOREM 13.13.2. An alternating series (8) is convergent if (i) the 
terms are steadily decreasing in absolute value: 

(9) < u k , k = 1, 2, ••• , 
and (ii) 

(10) lim.— u„ = 0. 

Indeed , if (8) is convergent Us value V satisfies the inequality 

(11) u, - u, < V < Ui . 


This theorem establishes, for example, the convergence of the alternating 
harmonic series 

( 12 ) i-i + 5- i+ ••• + (-ir 1 1/» + 

for u k +i — (k + 1)”‘ is less than u k = k~' for k = 1, 2, 3, • • • , and u n — 
n '‘ —♦ 0 as n —* <». The convergence of (12) is conditional since the harmonic 
series X absolute values is divergent. According to (11) the value 

V of (12) satisfies the inequality J < V < 1. 

In proving Theorem 13.13.2 we first consider the partial sums of even index, say, 
s 7m . In this finite sum we can insert parentheses as we will. First we have 

(a) s 2m = (u, - u 2 ) + («3 - u 4 ) + * * * + ” “*«) 

and each difference is positive by (9). Hence, 

s 2m > u t — u 2 > 0 and is irwreasing unth m. 

On the other hand, 

(b) s 2 ~ = Mi “ (m* “ m 3 ) - (m 4 - Ms) - • • • - u 2m , 

each difference again positive; hence, < «, . Thus \s 2 J is an increasing sequence 
asm-*®, but never exceeds »/, ; therefore it has a limit 1.\ (Theorem 16.2.1) which 
satisfies 


(13) 0 < m, - u 2 < L, < m, . 

For the partial sums with odd index, we write s im , t = s Jm -f u Jm ,, , and on the right 
there exist the respective limits L, and 0 = lim m 2 ,.i (by (10)1; hence s 2m +t has the 
limit L, . Since L, is approached by both even- and odd-indexed partial sums, it is 
the value L, = V of the series (S). Moreover, (13) now turns into (11). 


tBeginning the series (8) with a positive term u, entails no loss of generality concern¬ 
ing convergence or divergence, merely a change in sign throughout the series. 
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Example 1. The series 


1 - 


1 

V2 


1 

Vs 


+ (-i)—-L+ ... = E(-1) *-•/£-> 

V n *-i 


is alternating, has u n —»0, and «*., < u k , k = 1,2, 3. • • • ; Theorem 13.13.2 applies, 
and asserts convergence of the series. This convergence is conditional rather than 
absolute since the series of absolute values, 2 k *, is a divergent case of the super¬ 
harmonic series. By (11) the value V of the scries satisfies 1 — 2"* < V < 1, or 
(approximately) 0.293 < V' < 1. 

Example 2. Consider the series 


(H) 


1 - 


+ 


q+ 1 2 q + 1 


+ (-!)" 


1 


nq + 1 


E(-i )‘r 


1 


*-0 


kq + 1 ’ 

where q —1, is a fixed integer (possibly negative as well as positive). If </ = 0 
we have the oscillatory divergent 1 — 1 + 1 — 1 + • • • . If q > 0 application of 
Theorem 13.13.2 is clear and immediate: lim u n = liin 1/(119 + 0 = 0, and, since 

( 15 ) kq + 1 < kq + q + 1 < (k + 1)9 + 1 , [q > 0 ) 
we have 


(*TW+l < fciTl or u -< u ‘- *= = 1.2,3,.... 

Hence (14) converges if q > 0. This convergence is conditional. 

If q < 0 argument (15) fails. But if q — — | q | is inserted in (14) the resulting 
series is again found conditionally convergent by argument similar to the above. 

Many useful special cases of (14) arise as q is varied. That for q = 2 is the 
Gregory scries : 1 — J + i — • • • + (— 1)* l/(2n + 1) + • • • which has the value 
7r/4 (to be shown later). 


13.14 Exercises 

1. For each series establish convergence or divergence; if convergence, distinguish 
between absolute and conditional convergence: 


(a) 

£(- 

i)-', 

r 3 

(b) E(- 

D- 

"k~' 

(C) 

£(- 

- 1 )*”' 2 “* 

(d) 

V' t 

t \*-1 

k 

/ A \ X ’ / 


, 1 

(f) 



2 (- 

0 

2 k + 1 

(e) 2 ^(” 

2 

1 ) 

In k 

2-/\ 

1} 5 k + 1 

(g) 

£<- 

1 )*" 

2 

k + 2 

00 £(- 

i)'- 

k^ 

2 * 

0 ) 

E(- 

ix*-i k + 3 
} 2k + 1 

(i) 

£(- 

l)*-‘ 

1 

*! 

(k) £(- 

D‘- 

» 

( 1 ) 

E(- 

-1)‘ _, (0.7 5)* 

(m) 

£(- 


sin (|)/x* 


(n) 2 

(- 

!)*-■ (In 2 fc)/( 2 fc) 

( 0 ) 

(■ 

- 1 )*- 

V 1 - 1 


-i)' 

1 L 

•4 • 

7 • • • 

■ (3k — 2) 

£ ~r> 

-\2k 

- 0 ! 

(P) 2_, v 

3» 3 

• 6 - 

9 . .. 

• m 

(q) 

£(- 


1 

2k - 1 

13-5- ••• 
2 -4- 0 - ••• 

( 2 k - 1 ) 
•(2 k) 





(.4 ns. Abs. conv.: (a), (c), (h), (j). (1), (m), (o), (p), (q); Cond. conv.: (b) 
(e), (f), (g), (n); Div. (d), (i), (k).| 




TLn the writings <£ ^ £ 

and less than the value V. Hence argue the result. 

THEOREM 13.14.1. If 2 (-I);" 1 ** subscribes to the conditions of Theorem 
13.13.2, then \ r J = | % - » I < “-*» • 

For example, * = 0.9081 in the G.P. 1 - (0.3)* + <M> 4 " ' ‘ ‘ 
v = 100/109 by less than (0.3) fl = 0.000729. 

3 - 

4. Forthe series (a), (b), (f). (j). 0). of Exercise 1, obtain bounds on V and 
estimate the accuracy with which H represents \ . 

5. Prove that if an alternating series is absolutely convergent then the senes of 
its positive terms in the order given is convergent. Similarly for the 
negative terms. (Write 2 «. = V, 2 | «. I - A ; add ami subtract.! 

6. Prove that if an alternating series is conditionally convergent then the senes 

of its positive terms in the order given is divergent. (Write 2 | u* | > M, an 
arbitrary number, 2 m* = U.) 


13.15 Power Series: Range of Convergence 

Series with constant terms are special cases of series of functions of x, 

( 1 ) tio(:r) + u,(x) + u,(x) + * * * + '<-(•*) + * ‘ » 

for a series of constants is obtained by inserting a value for z throughout 
the functions of the series. General scries of type (1) are richly important 
in advanced theory and practice. We shall, however, limit present con¬ 
siderations of series of functions to the simplest, but still extremely 
fruitful, cases that 

u m (x) = cX or u„(x) = c n (x - a)", n = 0, 1, 2, • • • , 
namely to the power series 

(2) c„ + c x x 4* c 2 x : + • • • + cjf + •••“£ c k - x x k ~\ 

(3) Co + c,(x - a) + • • • + c„(x - a) n + • • • = 2 c *-»( x " a )‘ _1 » 

where the c* are constants.f In the following discussion we confine attention 
generally to the simpler power series (2) in x. Corresponding results for the 
power series (3) in (x — a) are at hand under a simple translation x' = x — a; 
at times we shall state such results, for completeness. 

Any power series (2) is trivially and obviously convergent for x = 0; 
we are generally interested in the possibility of convergence for non-zero 
x. After an x ^ 0 is inserted in (2), the convergence or divergence of the 
series depends, of course, on both the coefficients c* as well as on the value 
inserted for x. We may, for a selected x, have a series of all positive terms 
or all negative terms, or a mixed series, possibly alternating. Pertinent 


fThe c k are often sequential functions of k. 



*68] TAYLOR'S THEOREM AND TAYLOR SERIES [13.15 

tests for convergence or divergence from those discussed previously could 
he applied for any x inserted. We work, however, in more general terms. 

The first claim is this. There are three (and only three) classes of power 
series: 

(i) Those power series converging only for x = 0, hence diverging for all 
non-zero x; 

(ii) Those power series converging for all x (finite), hence diverging for no 
finite x ; these are called permanently convergent', 

(iii) Those power series converging on a limited finite (not null) range of x, 
diverging for all other x. 

Because these classes are mutually exclusive and cover the possibilities 
since divergence is defined as nof-convergence, it remains only to show 
that no one of the three classes is vacuous. This we do by exhibiting a 
member of each class; the reader can find many more. 

(i) E A-!i* - 1 + i + 2!x 2 + 3!x* + ■ • • + n!x' + • • • : 

O 

here the ratio | |/| u m 1 is (n + 1) | x |, which —* ® with n for any x assigned. 

By Corollary 13.13.1 the series diverges for all x y* 0. 

(ii) ?fl“ 1 + x + fi + ii + ••• + 5 + ••• 

converges for all finite x. For | u n . , |/| u n \= \x | f{n + 1) -+ 0 for any | z | assigned; 
indeed, the original scries is absolutely convergent for all x. 

(iii) x\ geometric with ratio x, has been shown convergent when | x \ < 1, 
i.e., on — 1 < x < 1 , divergent when | x | ^ 1 . 

In this last example we note that the range of convergence — 1 < x < 1 
centers about x = 0. That this effect is general, so that the limited finite 
range of convergence specified in class (iii) is all of one piece centered at 
x — 0, is important, and is the conclusion of 

theorem 13.15.1. // the power series 2 c*x* is convergent for the 

finite value x = x* ^ 0, then it converges absolutely for all x such that 
I a: I < I -r* |, i.e., for all x closer to 0 than x*. 

Since - r,(x*)‘ converges we have lim c w (x*)" = 0 (Theorem 13.8.1) necessarily, 
so that we can surely specify some positive num!>er K such that | c B (x*)" | < K for 
all n. Now, if x is such that | x | < | x* |, that is, — .r* < x < x*, we have 

I c„x n | = | c„(x*)" |- < K 

since | xjx* | < 1 the series 2 K | x/x* f is a convergent G.P., so, by comparison, 
2 j r*x* j converges. 

From this theorem it can be proved [we do not do so) that if a power series 
converges for some non-zero x but not for all x, then there exists a unique 
x = R > 0 such that the series converges absolutely for all x, | x \ < R, and 
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RANGE OF CONVERGENCE 

I-I > “ 

- * T” y r<1 Xt P- ^*iL“,r P le«e with th. 

ber «, limiting the range, is called the radius of convergence, measurmg the 

range of convergence from its center x - 0. 

How to lay finger on the crucial point x = ft is the next task, 
with the previous examples suggests use of the comparison test for absolute 
convergence (Corollary 13.13.1). We prove 

theorem 13.15.2. If for the series c a + c ,+ ---+ cX + ■ ■ ■ , we 


have 

(4) 



then the series converges absolutely for every x on the range of convergence 
-ft < x < ft, and diverges for all \ x \ > ft. It may or may not converge 
for x = ±ft; these cases are investigated separately. 


We have 






The series will converge if 
lim | x | 

n—«• 



< 1, 


i.e., if 

| x I < lim ^ - ft. 

If, however, | x | > R, then for all n > N large enough we have | x \ > 
I c n .Jc n I, | c»x | > |c„_, |, whence | !<„*, | > | u m \ and u m cannot approach 
zero as required for convergence. 

R = 0 leads to the range x = 0 only; R = ® specifies the complete real 


range. 


Example 1. For the series 

» f-f’ + f’" -+<-o~f+ - 

we have 

= lim —^—7 = lim (l H-—-) = 1 = R. 

n — 1 \ n — 1/ 

The series converges absolutely on — 1 < x < 1 and possibly at the end-points. 

If x = 1 the resulting series 1 — J + J — J + • • * is the convergent alternating 

harmonic series; if x = — 1, the series — (l + i + §+ } + • • *) is divergent. The 

complete range of convergence is — 1 < x ^ 1; for all other x the series (5) diverges. 

Series (5) is called the logarithmic series since its first n terms are those of the 

Maclaurin formula for In (1 -f- x). 


lim 

n—<° 


C »-1 
C n 
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Example 2. If m is not a positive integer the binomial series 

, . B r 4 - m( ' m ~ *> 

1 + 1! X + 2! x + 


m(m — 1) 


(m — n + 2) 




(n - 1)! 

is an infinite series convergent on the range | x | < 1. For 


+ 


C.-i 

C n 


m(m — 1 ) 


(m — n -4- 3) / m(m — 1) • • • (m — n + 2) 
/ (n - 1)! 

2 


m — n + 2 
Events at the end-points x 


(n - 2 )! 

*" 1 1 ^ 


1. 


on m, which arc avoided here.f 


± 1 present difficulties and special cases dependent 


We record the analogous facts for the series (3): c„ -f c,(x — a) + c 2 - 
(x — a) 2 + • • • . Clearly, if c„ + c,£ + c 2 x 2 + • • • converges on the range 
— R < £ < /{, the series (2) will have, through the translation £ = x — a, 
the range — R < x — a < It, that is, 

a — R < x < a + R, 

for its range; note that this centers on x = a. Again, the end-points are 
examined individually for possible inclusion. 

Similarly, the series £ c* (1/x)* can be discussed under the transfor¬ 
mation £ = 1/x. 

Example 3. We set X = l/(x — 1) in 

<e » ±(—)- 3 - ( ,i u— 

and discuss 

f 7 > 1 "l f + •" • 

We have lim | c n _,/c n | — 3 — R to show (7) convergent absolutely on | X \ < 3; 
at neither end-point do we have convergence. Then (6) converges absolutely when 
and only when 

yAj< 3 , >>| - »<!■ 


13.16 Functions Defined by Power Series 

Let the power series c* x‘ have the range of convergence | x | < R, 
where R > 0 (for nontriviality) and may be infinite. For each value of 
x on | x | < R the series has a definite value. Hence the series represents 
a function F(x) on the range | x | < R of convergence; F(x) is the functional 
value of the series for x on the range. 

tThc facts arc (cf. de la Vall 6 e Poussin, Cours d‘Analyse InfiniUsimale, 7th ed. p. 440): 
(1°) m > 0 : series convergent for x = ±1; ( 2 °) m g — 1 : series divergent for both 
x = ±1;(3°) — 1 < m < 0 : series convergent for x = + 1 , divergent for x = — 1. 
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For example, the G.P. 

1 -x + s 2 - ••• +(-l)"'V+ •* 

has the functional values 
m F(x) = 1 - x + x 1 — ••• + (-D" + 


| 05 I < i. 


nas tne iuhi/hum- - ^ 

(!) F(x) = 1 - x + x 7 - • • • + (-*)" + ' *' " 1 + x* < ^ 

The range is an essential part of the representation; the functioni (1 + x ,I 

a itr.2? i=i;—tf:==?. 

w*) In both circumstances it is important to establish theorems whic 
furnish properties of F(x) from the series form; these may even lead t 
closed form The following theorem offers three properties important to 
this work- although they can be established for atf power senes they are 
true forother mofe general series of functions £ u.(x) only under special 

hypotheses. 

theorem 13.16.1. If 

(2) F(x) = c 0 + CxX + cn 2 + * • * + c«* n + * * * » I x I < R ' 
then for every x such lhat \ x \ < R: 

A. F(x) is continuous ; 

B. The series 

f‘c„dx + [‘ c,xdx+ ■■■ + f ca"dx+ ■■■ 

Jo Jo • o 

obtained by integrating (2) term-by-term converges absolutely to the value 

j‘ F(x) dx; 


C. The series 

obtained by differentiating (2) term-by-term converges absolutely to the 
value F\x). 

A power series behaves like a finite polynomial as to integration and 
differentiation. The fact that the integrated (differentiated) series not 
only converges but converges to the integral ( derivative ) of the function for 
any value on the range of convergence is of paramount importance. We 
shall not prove this theorem in this course. 

Example 1. Formal integration of the series (1) from 0 to x on — 1 < x < 1, gives 




while, formally, 


n + 1 


/.' TTS-‘ ,<l + «- 
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According to Theorem 13.16.1 B. we can assert that 

(3) x ~ ~2 + 3^ ” ‘ ** + (“ 1)n ’ tT+~i + ••• = Ml + X), |x I < 1. 

This can, of course, lie written in terms of x, | x 1 < l, instead of x. 

Tims, by means of the theorem we have found in closed form the functional equiva¬ 
lent of the given series (3) for the range | x | < 1 . That (3) is the Maclaurin de¬ 
velopment obtained if the function In (1 + x) is given, will be discussed fully later 
(§13.18). We note that no information is furnished concerning the end-points ±1 
of the range, either convergence of the series per se or its convergence to In (1 + x) 
itself at x = =fcl; this also will be discussed later (Theorem 13.16.2). 

Example 2. Let (Example 13.15.2) 


*-<x) = 1 + f, x + x’+ 


I* I < I- 


We shall prove that F(x) = (1 + x)", | x | < 1, by means of Theorem 13.16.1 C. 
To begin with, this authority asserts that 

f'(x) - m{. + ^x + <” - y - 2 > X’ + ■■■}, I x I < 1. 

To the series inside the braces we add x times itself (we anticipate, in order to make 
the present illustration, the fact that power series can be added term-by-term, like 
polynomials, still to represent the appropriate sum-function on the common range of 
convergence); the result is F(x) itself, so that 

(1 + x)F'(x) m mF(x), \x I < 1. 

Equivalent to the differential equation (1 + x)y' — my = 0, this is rendered exact 
by multiplication throughout with the integrating factor (1 + x)~ ,m * l) . Thus, we 
have 


(i + xrv - m(i + x)—v = <U(i + *r~v\ 

(1 + xY'xj = c = 1 (since F(0) = y(0) = 
y = F(x) = (1+ x)~ (| x | < 1) 

as was to be proved. This establishes the binomial expansion 


0 


1) 


(1 + x)' 


1 + . i + s u^» 


x 2 + • • • 

m(m — 1) • •« ( m — n + 2) 

Q-l)! X 


(n 


+ 


I * I < 1* 


for any real value of m; if m is a positive integer the scries ends in a finite polynomial 
form. 


On its open range of convergence | x | < It, then, a power series repre¬ 
sents its functional value, known in closed form or unknown except 
through the series. Thus, the series and function in (3) are interchangeable 
for any | x | < 1. But sometimes one or the other (or both) of the end¬ 
points of the range can be included in this interchangeability. The event 
is covered in 

theorem 13.16.2 (Abel’s Theorem). If the power series^ c*x k t con¬ 
verging to F(x) on the range | x \ < R, R j* 0 and finite , converges also 
when x = R, then we have 

Zcjr = F(R); 

and similarly for x = —R. 
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No proof is offered here. For example, returning to 

(® *-f+£- ■■■+(-»-'?+ ■ ■ i*i <1 ' 

we test the series obtained for j* = 1: 

1 -§ + § _ 

Hence, 


+ (-1)^+ •• 


1-1 + 5- -+(-»i + 


In 2. 


which can be reversed for a decimal computation of In 2. 

We have before us, in the theorems of this section one schem■ <* obtain¬ 
ing new series and their allied functions from known senes. W e illustrate 
this point in 

Example 3. Since tan- * = JS dr/O + *’> the suggestion comes fron. Theorcm 
13.16.1 B. that we can find the power series for tan * by integrating the G.I.. 

• • * . I X I < 1. 




1 — x 1 + x* — • • • +(”D" ** 


(4) rr? 

term-by-term. This procedure yields the identity 

(6) tan~‘ + ••• + (—1)’ 

This is certainly an easier procedure than obtaining the Maclaurin series according 
Sils b Redefinition in terms of successive derivatives of tan 1 x. Furthermore. 

the series 


- + 
2n - 1 ^ 


x| < 1. 


1 “l + 5~ 


+ (-D 


■ -1 


1 


2 n - 1 


+ 


obtained by setting x = 1 in (5) is convergent, so by Theorem 13.16.2 the range of 
functional identity in (5) extends to include x = 1. This gives 


-H- 


+ (- »■" + ■ • • = >» n " 0) - j • 


the Gregory series for tt in terms of all the positive odd integers. 

On the other hand, differentiating (4) gives, through Theorem 13.16.1 C., and 
for x 0. 

— 2x(l + **)■’ 

= -2x + ix* - 6x 5 + ••• +(-l)—(2n - 2)x 2 - > + ••• , |x| < 1. 
(1 + 

= 1 - 2x 2 + 3x 4 - •••+(-1)—(n - I)* 2 - 4 + • ■ ■ , I * I < 1 : 
the result patently remains for x = 0. The end-points are found not to be included 
in the precise range of convergence. 
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13.17 Exercises 

1. Find the precise (i.e., including end-points, if any) range of convergence of 
each power series: 

(a) £<-D-^4 (b) E|tT 

(c) £(2* - l)x*-’ (d) £i"'( 2 A-)! | 0 ! = 1 ] 

(e) £*”‘7(2* + 1 )! (0 £ tV/2— 

O 

« 2 3T? w ? "f 1 ** 

<» £* + H** + irfif* ,+ ••• (i) 

(k) £ x*/*(* + 1) 

[Ans. (a) | x | ^ 1; (b) | x \ < 3; (c) | x \ < 1; (d), (e), all x; (f) | * | < 2: 

GO I * I £ 1; 00 | x | < 2; (i) | x | < §; (j) | x | £ 1; (Ic) | x | g 1.) 

2. Show that F(x) = 2^ x k ~'/(k — 1)!, with 0! = 1, is convergent for all x. 
Show that y = F(x) satisfies the differential system »/' = y, ;/(0) = 1; solution 
of this shows 

F(x) - e' - - 1)! 

3. Show that in F(x) ■ 2* (— l)*' , x 2 *" , /(2A- — 1)! the series converges for all x. 
Show that y = F(x) satisfies the differential system y” = —y, »/(0) = 0, 
]/'(0) = 1; hence show that for all x, F(x) = sin x. 

Show similarly that, for all x, 2 7 (—1)* V* */(2k — 2)! = cos x. 

4. From the binomial expansion [Example 13.16.2) of (1 + x)'* and Theorem 
13.16.IB, obtain the binomial expansion of (1 -f x)*; specify ranges. 

5. Noting the fact that ff, dt/V 1 — l 2 = sin *x, expand (1 — t 2 ) -4 by the 
binomial series (Example 13.16.2), integrate to find the series 

sin- x = x + l | + ••• . 1*1 <1- 

Test for convergence at =fcl (Theorem 13.12.2, example (b)). Obtain tt to 
several decimal places by using x = i; by using x = 1 (quoting Abel’s Theorem). 

6. Write the power series for cos ‘x from the result of Exercise 5. 

7. On the circumference of a circle of radius r points A, B, are marked. Let 

chord ~AB = 2c, arc AB = 2s. Show, by Exercise 5, that 

c 3 3c' 

S = C + 6? + 55^’ approx. 

8. From J* dt/VT+T = In (x -f Vl + ~F) find the series 

In (x + vm 5 ) = X - i j j , I X I S 1. 

9. From dt /(l - f 2 ) = J In ((1 + x)/(l - x» obtain the series 

ta f^- 2 (* + T + 5 + •••)' 
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[Note. This series is a useful form for computing !?**?=?* +\)fn, then 
cumulatively. If x = 1/(2n + D, so that (1 + *)/(l - x) - (/i + W 
the series is 


In (n + 1) = In n + 2 


D 


1 


+ l 


1 


+ 




2n+l ' 3 (2n + D* 

For n = 1, 2, • • • , we find In 2, In 3, • • • . « Halim. The reader should 1*0" 
that only three terms are needed to obtain In 2 to four decimals, only two 
terms for In 3, In 5.) 

1 0. Find the range of convergence of each series: 


(a) £(* - 3)*/* 

(c) £ k/x“ 

(e) £ k\x - 2)* 

(g) £(-i)‘-*/M* 

(i) £(-l)*-'(z- 5)7(2* + *’) 


(b) 

(d) 

(0 

(h) 

(j) 


t-l/ = 


(ox) 


£(-D* 
£(-D*-fc/(i + 

£(-l>-W 
£ <* - 5)7fc! 

i; (-a- 


x < 3; 

— J. In 


[Ans. (a) 2 ^ x < 4 ; (b) | x | > |; (c) | x | > 1; (cl) x ^ 0; (e) 1 < 

(f) x ^ 1, x < - 1; (g) | x | ^ Jr ; (h ) all x; (i) 4 £ x ^ 6; (j) x < 

(j) determine the range for the corresponding series in t = (x + l)/x; snow 
x < 0 necessarily; and set x = — | x | to solve the inequality.) 


13.18 Maclaurin Series and Functional Representation 

We are now in position to tie together many of the events of previous 
discussions in this chapter. The principal tool will be the uniqueness 
theorem on power series: 

TH BO it EM 13.18.1. If the power series £ c*x* converges to the function 
F(x) on the range \x\ < R (possibly including the end points ±R): 

(1) Ci, + c,x + c,x 2 + • • • + c m .,x m ' + • • • = FI*), I x I < ft* 
then the series must be the Maclaurin series for F(x). 

The theorem is immediately proved by differentiating (1) repeatedly 
with respect to x and setting x = 0 in the results; the differentiations arc 
justified on | x | < li by Theorem 13.16.1. The findings, 

F"( 0) 0) 

c„ = F(0),c, = F\0), c 2 « “ 2 j » ,c... - . 

show the coefficients to be the Maclaurin coefficients (§13.3) in the de¬ 
velopment of F(x). 

That Theorem 13.18.1 is called the uniqueness theorem on power series 
means that if a power series in x, however obtained, is known to represent 
a function over a range | x | < R, then the series is necessarily the Maclaurin 
series which would be obtained by expanding the function as in §13.3. an 
expansion which is necessarily unique. 

Example 1. We obtained (Example 13.16.1] by integration of the G.P. (1 + x)~' = 
1 — x + x 2 — — , | x | < 1, the power series 





( 2 ) 
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and knew (Theorem 13.16.1) it to represent 

F{x) = In (1 + x) on | x \ < 1. 

Theorem 13.18.1 now asserts that if we had started with the function In (1 ■+■ x) 
and developed it in Maclaurin series as in §13.3, the result would have been pre¬ 
cisely (2); in fact, the representation 

(3) ln(l + x) = i — j + ^ — ... + (-1)— £ + ... , |x|<l, 

can be regarded as generated from either side. (The generation by integration in 
§13.16 is certainly the easier.] 

The development (§13.3) of a function into Maclaurin form produced 
actually the ./mite Maclaurin Theorem, 

(-4) m - m + r(o)x + -^2) + ... + i-, o < { < x, 


while the present remarks concern the infinite Maclaurin series obtained 
from (4) 


if and only if /?„(x) 


n! 


0 


as 


CD 


The obvious resolution of the discrepancy is that R m (x) does approach 
zero as n —if and only if x is confined to the range of convergence of 
the infinite Maclaurin series. Thus, comparing (3) and (13.3.3): 


Ml + *> = i - ^ | - ••• + (-D— J + ••• , I* I < 1, 

ln(l+x) = x- ^ + ^— ••• + (“I)" 1 ^(1 + •*)". 0 < 0 < 1, 


we certainly Would have 

(5) lim ft.(x) = lim (-1)-’ - (1 + ex)'" = 0 

provided | x \ < 1; in fact/this is precisely the meaning of convergence of 
(3) on that range. By studying the range of convergence of the infinite 
series we avoid the difficult task of deciding the limitations on x under 
which R n (x) in the Maclaurin expansion will tend to zero (cf. discussion 
in §13.6, centering on (13.6.5, 6)). 

From the computational (§13.4) viewpoint, too, the knowledge of the 
range of convergence of the series, equivalent to the certainty that, on 
that range K»(x) —* 0, is of importance. For any .r on the range, it is assured 
that we are actually getting better and better approximations to the 
functional value as n increases; but if an x off the range be substituted in 
the series no such assurance exists and “results” may be extremely un¬ 
fortunate. 


Example 2. The Binomial Series. By the differentiation Theorem 13.16.1 C. it 
was shown that (Example 13.16.2] 

, , m . m(m - 1) , . . m(m - 1) • • • (m - n + 2) .... 

* * 


2! 


( 0 ) 

This is, then, the Maclaurin series for (1 + x) . 


(n - 1)! 

= (l + x)", | x | < 1. 



[477 


13 , 9] ALGEBRA OF POWER SER.ES 

Example 3. The Exponential Series. In (13.3.2) we had 
x 2 x 3 x"" 1 , e $g x 9 

e * = l + x + + 3 j + • • • + (n _ D! + n! 9 

In Exercise 13.17.2 it was proved that 


x # . x 3 - 


o < e < i. 


all x. 


e- =1 +x + f|+3i+ 
which is the Maclaurin series for e . (This shows that R n = e'*x n /n ! —* 0 as n —» 00 
in the Maclaurin theorem.) 

13.19 Further Maclaurin Series; Algebra of Power Series 

It has been pointed out that over their range of convergence power series 
are generalized polynomials. Polynomials may be added, subtracted, and 
multiplied into polynomials, and sometimes divided to achieve poly¬ 
nomials; substitution of one polynomial into another produces a new 
polynomial. It is to be expected that these same processes will sometimes 
be appropriate for power series. 

Most usefulf is the substitution process: 

If in f(y) = L o C k y\ \ y \ < R, the scries y(x) - E"o d k x is substituted 
(I do I < R) and the result is collected into powers of x, then the new power 
series in x will converge and represent f[y(x)] at least on the range, for which 

I y(x) | < R 

Example t If y(x) is a finite polynomial we write off such quick expansions as 
the following. From 


e 

we have 


i + y + f,+ 


«•-! 


- + 

(n - 1)! ^ 


y \ < 


e 

From 

we have 


- = i - *• + fj — + (-D- 


7m-t 


+ 


sin y 


v-£ + 

y 3! ^ 


y- _ ... 

5! 


(n - 1)! 

I y I < 00 > 


. I * I <«• 


. (*+!)*.(*+ 1 )‘ 

sin (x + 1) = (x + 1) - 1 —gj-1- tj— - , 

This is easier work than the usual Maclaurin expansion. 

Example 2. To express e ,,nr as a Maclaurin series we substitute 


< . 


into 


x 3 . x 5 

V = sinx = x — 31 + 51 — 


<’=!+!/ + £ + §; + 


< 00 , 


y I < 


fWe offer no proofs of the following statements; in general, they involve double 
series. Cf. Fine, Calculus, §§191, 300. 
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+ ^! (* _ S + fl _ •) + 7! (i “ • ),+ • 

It is feasible to collect only the first few coefficients: 

e .,. = 1 + x + i*’ + x-(-i + y + + Jj) + - 


. . , 3x 4 

1 + x + 2! “ 7T + 


x 


< <*> . 


The criteria regarding addition and multiplication read: //, on the same 
range \ x \ < Ii, 

l/(x) = C„ + C x x + C,x’ + ••• + C„x" + ••• 

1 p(x) = Co + c,x 4- c,x* 4- • • • 4- c*x" 4- • • • 
then on that range | x | < R 

f(x) 4- g(x) = (c 0 4- C 0 ) 4- (c, 4- C,)x 4- • • • 4- (c„ 4- C,)x" 4- • • • , 
f(x) g(x) = c 0 C 0 4- (c 0 C, 4- c,C 0 )x 4- (c 0 C, 4- c,C, 4- c a C 0 )x* 4- • • • . 
Note the method of collection of coefficients in the product /(x)p(x). If 
the ranges for /(x) and g(x) differ, then the range for the sum and product 
is the common part, end-points being (always) handled separately. In 
the product formula we can hardly expect to obtain the general term 
readily; we must rest content with the first several terms of the series, 
useful chiefly for computational purposes. 

Example 3. We compute half the sum of 

e- = i + * + fi + f-!+ •” + orn>i + i 1x1 


finding 


1 + r! + 4! + "• + 


.*<•-* 


:--i- ... 

- 9.^1 ^ 


e* 4- e‘ 


I x | < 


(2n — 2)! ’ 2 

(This is the hyperbolic cosine function, cosh x (Appendix, §16.4); note the structural 
similarity to the series for cos x.\ 

Example 4. The Maclaurin series for e/{\ 4- x) is obtained by multiplying 


1 + X + | + fj + 


1*1 < 


CO 


(1 -f x)” 1 = 1 - i 4 x* - i* 4 • • • , I * I < 1. 

This yields 

e\\ 4- x)-' = 1 + (1 - l)x 4- (i - 1 4- l)x a 4- (i - i 4- 1 - l)* 3 4--*- 
= 1 4- Jx 2 - Jx 3 4- ••• , |x | < 1. 

Divisiont is often best accomplished by reverting to multiplication and 


♦The range of the quotient is | x | < R m , where R * is the least of the two values R 
(the radius of convergence of the dividend) and | r, | (r, that root of the divisor nearest 
zero). 
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13201 EXERCISES 

the method of undetermined coefficients; an example will suffice to .nd.cate 

the method. . . f ^ _ 

Example 6 . Obtain the first several terms of the Maclaunn ser.es of sec 

\ve assume that sec i = 0 . + e,x + + c ,* + •••. a° tl>at 

86C "Tfe + c,x + C*’ + ex’ + • • )(1 - *+ ?/» --)-!• 

After multiplying the two series on the left like polynomials. 

Co + c,x + (c, - ico)x’ + (Co - ic.)x s + fc - i*+c»/24)x + ••■ - 1. 
we equate coefficients of like powers of x and, cumulatively, obtain c„ 1 , i 
c, = i, r 3 = 0, c 4 = 5/24. The result is 

sec x = 1 + | x 2 + £5 x' + • • * , I * I < * T - 

Finally, we remark again that all the discussions here given for Maclaunn 
series translate readily into corresponding results for Taylor series. Often, 
however, a special device will produce the Taylor series of F(x) from a 
known Maclaurin series, as in 

Example 6 . To develop F(x) = 1/(1 + *) in a Taylor scries about x = 2, we 
write the denominator 1 + x in terms of (x — 2 ): 

1 + x - 3 + x - 2 ■ 3[1 + J(x - 2)). 

Then, by standard long division, 

valid when 5 | x - 2 | < 1, i.e., when | x - 2 | < 3. or -1 < x < 5. 

13.20 Exercises 

1. Use the techniques studied in §13.19 to obtain the following Maclaurin series, 
stating the range of convergence for each: 

(a) sin ocx = 23 (- 1 )*"' 1 )! 

(b) cosax = 23 (-I)*"' ( 2 **- 2)1 

x 3 2 x* 

(c) tan i = x +j + -j-jr + * * * i I * I < 

(d) «-'= 


(e) 6 ' = Z (In 6)- 1 ^ - ^j , b > 0, all x 

[Use b* = ( e lah ) x in the series for e.) 

(f) sinx 2 (g) V? (h) e" M ‘ (i)e'sinx 

(j) cos 2 x [Use the identity cos 2 x s J (1 + cos 2x).] 

(k) cos Vx (i) \(e x - e~ r ) 

2. By means of the integration 

r at = i r dt 

a + t a 1 + if a 



TAYLOR'S THEOREM AND TAYLOR SERIES 


[13.21 


and expansion of the integrand on the right, show that 


In (x + a) = In a + - - ^5 + ^3 - • • • , | x | < a, a > 0. 

Hence find the Maclaurin expansion of In ((a + x)/(a — x)J. 

3. Show that p 0 (i t — e ') dx/x = 2.1145 accurately to the digits shown, by 
using the first four terms of the Maclaurin scries for the integrand. 

4. Compute, accurately to the digits shown: 


(a) / e“ M% dx = 0.19736 
Jn 

(c) l! v x sin x dx = 0. 


(b) f 

<■» r 


sin x 2 dx = 0.31008 


0.764 


x 2 i 3 
X 2 8 


(c) J x/xsinxdx = 0.0125 (d) J cos Vx dx = 0.764 

5. Prove that, on appropriately specified ranges, 

(a) (1+ x + i* + • • -) 2 = (1 + 2x + 3x 2 + 4x 3 + •••)=(!- x)~ 2 ; 

(b) cos y/x • sin x = x — 7 ^- — ^- •••. 

4 o 

6 . Show that, for x 4 < 4, 

(' dt l/ _L_ 13 x* 1-3 5 x ,a , \ 

./„ y/r+T 4 2l 2-2’ 5 + 2-4-2 4 '9 2-4-6-2*'13 + '' 

Show that for upper limit x = 1 the integral has the value 0.4886. 

7. Write the Taylor series for: (a) x ' 1 about x = x, ; (b) (x + 1)~‘ about x = 1 . 

8 . Find the first three terms of the Maclaurin series for v^coTx. (Use the binomial 
theorem for (1 + J/) 1 , where y is the cosine power series except for the first 
term.) 

9. Obtain the Taylor expansion of e' about x — a from the identity 

t = e*"‘~ a ' = 

1 0. Obtain the Maclaurin series for sin (x =fc a), cos (x ± a), after use of trigo¬ 
nometric expansion of the functions. 

1 1. Expand sin x 3 , cos x 3 , by use of the trigonometric identities 4 sin 3 x ■ 3 sin x — 
sin 3x, 4 cos 3 x =s 3 cos x -f- cos 3x. 

1 2 . If the topmost point of a ship is 105.6 ft. above water level, how far from shore 
is it visible? [Use Earth's radius = 4000 mi.l 

13.21 Further Applications 

We offer additional examples of the use of infinite series in mathematical 
work. Each example is of some significance in further applications. 

Example 1. An elliptic integral. The apparently simple demand for the perim¬ 
eter of an ellipse leads to a new type of integral to evaluate. 

I,et the ellipse be given by 

x = a sin 0, y = b cos 0, a > b, 0 ^ 0 ^ 2tt. 

The element of arc length is 

ds 2 = (a 2 cos 2 0 + b 2 sin* 0) dtf = [a 2 - (a 2 - b 2 ) sin 2 0)1 d? 

= (a 2 - a 2 e 2 sin 2 0) d0 2 = a 2 ( 1 - e 2 sin 2 0 ) dff 2 , 
where e = y/a 2 — b 2 /<* < 1 is the eccentricity. The perimeter is thus given by 


1 - e 2 sin 2 0 d0. 
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It is known that the integrand in oT^ntegramUu^sts the binomial 

1 1 , 1^_._ 13-5 4 _ .. |r| < 1. 

(!-*)* = l- 2 * 2-4 1 2-4-6 2-4-C-8 

the obvious structure of the coefficients being persistent. ThLsexpansion.app'mabe 

here, with , = e 1 sin 1 9, since e 1 sin 1 9 < 1 (the eccentricity of an ellipse < *)• 
Hence -i 

(2) s = 4 a f" [l - ^e’sin 1 9 - sin* 9 - e ~ ’ '' J rf9 ' 

the integration of the infinite series being justified by Theorem 13.16.1 because 
(X =) e sin* 9 is on the required range of convergence | x | < 1 for all 9. By the 
Wallis formulas on the separate integrals. 

<s> ©-r-aisrf-fisfff-■•■]■ 

to define the perimeter of the ellipse. ^ , . 4 . . 

The integral (1) is the special case x = Jw, k = e < 1, of the function 


(4) 


E(x,k) 


f Vl - Jt* sin 1 9 dB, ** < 1. 


called a complete elliptic integral of the second kind (one of first kind bears the 
definition 


(5) 


F(x,k) = 



d9 

y /1 — A:* sin* 9 ’ 


k * < 1 , 


and arises in connection with the motion of a pendulum). These functions arc 
non-elementary functions, introduced by the problems of rectifying the ellipse and 
studying a pendulum’s motion, respectively, but arising in many other situations. 
Their properties are found in advanced work from those of the integrals defining 
them. Tablesf of values of E(x,k), F(x,k), for assorted x, A*, have been computed 
and recorded, and are of wide use; these values come from infinite series like the 
brace in (3). 

Example 2. An easement railroad track. It is well known that a curved railroad 
track must be "banked,” the outer rail higher than the inner, in order to offset the 
centrifugal force due to the curving. The difference in height between rails is de¬ 
pendent on the curvature and on the maximum speed to be allowed on the curve. 
Transition from a straight to a curved track cannot occur all at once, but needs to 
be gradual, the outer rail rising slowly to the required height while the curvature 
increases gently from the zero-curvature of the straight to that decided upon. A 
transition curve which will accomplish these things is called a "spiral,” or, often, 
an "easement curve.” 

In aiming at an equation for a spiral we assume that its curvature k is to change 
at a constant rate with respect to arc length s of the spiral measured from its point 
of junction with the straight; this point we take as origin, the straight track as the 
x-axis. Let c (radians) be this constant rate of change of k: 


dic/ds = c, k = cs, 


fTable 1041 of Dwight’s Tables of Integrals and other Mathematical Data (Macmillan). 
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the constant of integration l>eing 0 l>eeause k = 0 when * = 0. From the definition 
of curvature in terms of arc rate of change of the tangential angle 0. we have 

( 6 ) dd/ds = k = cs, 6 = hcs 2 , 

this integration constant being zero because the spiral is to be tangent to the x-axis 
at the origin. But if (x,y) is any point on the spiral we have dx = (cos 6) ds, 
dij = (sin Q) d*, or, with use of (6), 

(7) dx = (cos (jc« 2 )) ds, dy = |sin ($es 2 )) ds. 

Now we introduce the Maclaurin series for sin x and cos x, to have from (7), 

dx - [‘ - h. (I+ h 6“’)* - • • •] rfs - 
dy = [ 1 “’ - h (i fS ’) + b - •••] ds ■ 

These give, upon integration. 

( 8 ) x = s - —cs -f 3 ^. cs - •••, y = qCS “ 33 ^ H • 

These equations (8) constitute parametric equations for the spiral. For specified c 
the points ( x,y ) along the spiral can be computed in terms of 8 from (8) to close 
approximation; tables of points and plot* of spirals are available. [One substitute 
for the spiral (8) is the approximating y = lex 3 , a cubical parabola obtained by 
neglecting all but the first terms of the expansions.) 

13.22 Summary and Miscellaneous Exercises 

Taylor’s Theorem and the Taylor scries (or their Maclaurin special cases) are 
vastly important in the study of functions because they offer simpler polynomial 
formations approximating functions on the range of convergence. From such 
approximations are computed the entries in the usual tables of logarithms, trigo¬ 
nometric and hyperbolic functions, of roots and exponentials; the representations 
are useful, too, in evaluating indefinite integrals in non-closed form and approximat¬ 
ing corresponding definite integrals decimally. It is fascinating to see infinite series 
of terms formed in orderly fashion represent numl>ers like x and e and In 2 whose 
decimal expressions are essentially disorderly (cf. the Gregory series for x). The 
inner structure of both numbers and functions is thus revealed more fully as we 
open up the possibility of using non-closed expressions; these offer valuable repre¬ 
sentations of new. non-elementary. functions like the elliptic functions. 

Miscellaneous Exercises 

1. Compute each integral to three decimal places: 

(a) f - — c ~* dx (b)/"* 

Jo X Jo 

2. I’se series to show that 

,. tan x — x 
x—o x ~~ sin x 

3. Show that 2 (-1)*" 1 *" 2 = H x" 1 In (1 + x) dx. 

4. Show that 2 (—l)*"'l/(2A- — 2)! = 0.5403 accurately to the digits shown. 

5. Show that the difference between an ordinate to the asymptote of the hyper¬ 
bola x* — y 2 = 1 and the corresponding ordinate to the hyperbola is l/2x, 
approximately. 
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13 . J2] SUMMARY AND MISCEllANOUS EXERCISES 

6 . Using series, prove the following inequalities, for x > 0: 

(.)*•>! + * (b) sin x < x (c) eos x & I 

7. Show that if x > 1, -i 

[ 11 11 1 -3 _L _ 

1 + 2x “ 2T? + 2-4-6V J ‘ 

8 . From the expansion of tan x in Exercise 13.20.1c show that the first three 
terms of the expansion for In cos x are: 

In cos x = -(| x 7 + ^ x* 4- jg x + • • •) - 

9. Show that etn x = 1/x - x/3 - x*/45 - 2x*/945 - • • • ; what is the range? 
Hence show that 

x 7 x*_ _ x _ 

In sin x = In x - 6 - , 80 2 835 

What is the range? 

1 0. From the Taylor expansion (Theorem 13.1.2) for/(x + Ax) show that 
(a) f(2x) = /(x) + x/'(x) + fi /"(*) +■■■■. 

1 1. Prove that 


1 n(l+x ) = ( r ^) + |(j~) + |(, J. J + 


1 


• ,if*> 

(Differentiate the series, sum the resulting G.P., and integrate.) 

12. An arch is a semi-ellipse spanning 100 ft., with maximum height 50 ft. I'ind 
its length (ef. (13.21.3)). 

1 3. Show that the elliptic integral (cf. (13.21.4)1 

Show that the length of one arch of ij = sin x is given by 2y/2 #(i». hV 2), 
and compute it. 

1 4. Show that the elliptic integral (cf. (13.21.5)1 


f( i "> *) “ i '[' + b k ' + *' + kv'fi 1 *" + ' ■ k 

1 5. Use the transformation \/cos x " cos t to show that 


< 1 . 


1 6 . Show that 




T \ — — , r 

1 7. Prove that if the series Z u k of positive terms converges, and if the sequence 
|o*| of positive numbers is bounded, then Z n k u k converges. Apply to the series 

53 *■"* sin (w/k ); ^ A* - ^ tan (*7 k) ; 

53 w */0 + m*), M* > 0, 51 *4 » m* > 0, (53 m* convergent). 
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1 8. Prove that if the series 2 u k of positive terms diverges, and if the members 
of the sequence {n*| all exceed 6 > 0, then 2 n k u t diverges. 

1 9. I-et s be the length of a circular arc, c its chord, h the chord of half the arc; 
show that a = $(8 h — c), approximately. (The formula is due to Huygens. 
If a is half the angle subtended by s, use the Maclaurin sine expansion in 
c — 2r sin a, h = 2r sin \a, and combine so as to eliminate a 3 .) 

20. Show that x/V a 2 + x 2 , « > 0. has the developments 
... x 1 x* , 1-3 X s 

(1) a~ 2a 1 + 2^->~ — » ““ < 1 < * 


.... , 1 o’ , l-3a‘ 

(,,) 1 "2? + 2l?- 


x > a. 


Use (ii) to find lim^. x/y/ a' + ** (f° r which L’Hopital's method fails). 

21. Show that \tc = tan 1 1 = tan” 1 § + tan” 1 § = 2 tan -1 \ + tan” 1 (\) 


4 tan i — tan (1/239). Using the Maclaurin series for tan x, show that 
the four series in the order given converge more and more rapidly to Jtt. 

22. Prove that the series 2 A" 3 , 2 AT*, 2 k uno , converge to sums not greater than 
2, 3, 11, respectively. Generalize. 

23. Prove that 2 (— 1)‘ _, (A: + <0 \ a > 0, is (i) absolutely convergent if s > 1, 

(ii) conditionally convergent if 0 < s ^ 1 , (iii) oscillatory if 8 0. 

24. The curves y — 3x — \x 2 — 4 and y = In (x — 1) intersect at (2,0). Show that 
they are tangent there, and from the Taylor expansion of each function about 
x = 2 discuss the nature of this tangenev. Find the osculating circle to each 
curve at (2,0) and discuss your findings. 


<^ 14 )> Functions of Several Variables. 

The Differentiation Problem 


14.1 Basic Concepts in Space Geometry 

For review and reference the next three sections outline the essentials of space 
geometry basic to later progress. We make no attempt to prove all statements ma le 
nor formulas written, aiming rather at plausible explanation. Details can be ob¬ 
tained by reference to any effective book on solid analytic geometry 

(I) Point Coordinates. Through an arbitrarily chosen origin 0 \ve take three 
mutually perpendicular lines OX, OY, OZ, as coordinate axes in space (Fig. 14.1.1). 



These are directed as shown by the arrow tips attached in the figure. We show a 
right-handed system, the y- and 2 -axes lying in the plane of this page, directed to the 
right and up, the x-axis standing perpendicular to this ye-plane and directed to the 
front. The axes determine three mutually perpendicular coordinate planes, the 
xy- t yz- t zx-planes; these divide three-space into eight octants. 

For a given point P the lengths of the perpendiculars from P to the coordinate 
planes, directed into P, constitute coordinates locating P in the frame of reference. 
These also appear as directed lengths emanating from the origin 0, along the axes; 

|For example, Osgood and Graustein, Plane and Solid Analytic Geometry, Macmillan. 
1920. 
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FUNCTIONS OF SEVERAL VARIABLES [14.1 

with x, y, z, symbolizing these signed numbers according to the axis bearing them, 
P has the label P: (x.y.r), as shown in Figure 14.1.1. Conversely, any three real 
numbers x, y, z, determine a unique point in space, located by laying off the (signed) 
numbers from O on the respective axes and completing the rectangular parallele¬ 
piped based on these segments. Figure 14.1.1 shows several of these points (note 
the use of the foreshortened x-unit to achieve proper perspective, and the use of 
dotted lines to indicate parts of the figure not immediately visible to an observer 
in the first octant). 

(II) Axis-Projections of a Directed Line-Segment. The projections of a directed 
line-segment on the axes form a basic triple of numbers entering into both the 
length of the segment and specification of the direction of the line of which the 
segment is a part. In Figure 14.1.2 let P, : (z, , y, , z x ) and P 2 ; fa , y 2 , z 2 ) be * wo 



points in space, through which we draw plan es pa rallel to the coordinate planes, 
to form the rectangular parallelepiped with p,p, as diagonal. All line-segments 
mentioned are directed from first point to second. Let a = UP,P 2 ,0 = FP,P 2 , 
7 = \VP X P 2 , be the angles made by P,P 2 with the positive directions of the co¬ 
ordinate axes OA’, OY, OZ, re spectively: a, 0, y, are called the di rection angles 
of the directed segment P,P 2 , hence of the line containing P,P 2 dir ected from 
Pi to P 2 ; their supplements describe the opposite direction. Let D = P,P 2 • 

In the appropriate right triangles (e. g., tri angle UP X P 2 is right-angled at U ) 
of Figure 14.1.2 we find the projections of P,P 2 on the edges of the parallelepiped to 
be 

(1) P X U = D • cos a, P t V = D • cos 0, P X W = D • cos y . 

But it follows easily that 

pj! = XjT 7 = x l: _pTf = Y7y 2 = y 2 -y lt 

P\W = Z X Z 2 = z 3 — z x , 

so that 

(2) x 2 — x, = D cos a, y 2 — y, = D cos 0 y z 2 — z, = D cos 7 . 
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. « „ z - zA given by these projection^ 

The triple of numbers [x 2 - x, , y 2 Vi . ** '* K , d j recte d segment P 2 P X 
P~P on the axes is important in all that follows. I«or the ci.recieu 

the numbers of the triple are reversed «" »*?• rectangular parallelepiped 

„,r rssssit ssrftsw - - 

jections (2), we have the distance formula ___ 

rai d = - *i ) 2 + (y> y >) 2 + _ z '^ . 

under the agreement to take D > 0 always. This is exactly analogous to the usual 

scribe direction of the line L determined by P, C, . directed from P, to P, , 
r — a r — 0 J r — 7 , describe the line directed from f, to / i . 

Instead of working with the angles as descriptive of d.rect.on, we use their 

cosines ; the triple of numbers 

(4) [cos a, cos 0, cos 7] 

distinguishes the direction of (the directed line) L from that of all other hncsnot 
parallel to L and having the same direction.} Parallel lines with the same sense of 
direction clearly have the same direction cosines. 

From (2) we have 

( 6 ) cos« = (x. - x,)/D, cos/3 = (y, - y.)/D. cos 7 = (z, - z,)/D. 


Squaring these, adding, and using (3), we have 

( 6 ) cos 3 a + cos 2 0 + cos 2 7 = 1 . 

Note that the signs of cos a and x, - x, , etc.. inJ5) correspond. Formulas (5) 
compute the direction cosines of the line through P t P 7 . 

Example 1. Consider the line L through 0 and P x : (1, -2, 1) in Figure 14.1.3. 
If L is directed from 0 to P x the angles a and y are acute, 0 is obtuse. The triple ol 
projections is [1 - 0,-2- 0 , 1 - 0 | = ( 1 . -2, 1). Distance D = V<>. The direction 
cosines are, by (5), [l/y/6, - 2 /\/ 6 , lA/ 6 ); note that these satisfy ( 0 ), and that 
the negative cos 0 = —2/V6 tallies with 0 obtuse. Reversal of direction of L 
dictates use of the supplementary angles (see the prolongation of L downward 
and to the right in the figure), so that a, y, are obtuse. 0 acute. The projections are 
(0 - 1 , 0 - (- 2 ), 0 - 1 ) = (— 1 , 2 , — 1 | and the direction cosines are [— \/V 6 , 
2 /%/ 6 , — l/y/0), the negatives of the former set. 

Although direction cosines distinguish one direction on L from its opposite, 
they are awkward fractions, and they must satisfy ( 6 ). Sacrificing distinction of 
direction on L, we use the numerators only. We define the numbers [x 2 — X| , 
y 2 — y t , z 7 — Z|J or any triple proportional to them, 

(7) _ |k(x 2 - x,), k(y 2 - y,), k(z 2 - z,)], hr* 0, 

tAnother exact analogy is found in the mid-point form ulas x = J(*i + x 2 ), 
y - i(yi + yt), z - §(*» + *t), With (x,y,z) the mid-point of P X P, . 

{This use of direction cosines is actually analogous, though apparently not, with 
specification of direction of a line in a plane by the tangent of angle of inclination, 
tan 6 = slope. To see this, let L pass through the points, P X , P*, of the xj/-plane, having 
angle of inclination 0 and slope tan 0. Then B itself is analogous to the a in the space 
treatment, r/2 — B corresponds to the 0 . But (with these angle correspondences) 

„ sin 0 cos — 6) cos 0 
tan u — — — 

cos d cos 0 cos a 

and the pair of numbers [cos a, cos 01 would serve just as well as their quotient tan 0 to 
specify direction of L in the plane. 
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to be the direction numbers of the (undirected) line L determined by P x : (x, , y x , z,) 
and P 2 : (x 2 y 7 , z 2 ). Thus, if in Figure 14.1.2 we have L determined by P x : 
0*2, £), P 2 : (§, 3, 2), the projections (J, 1, f j themselves, or any triple proportional 
to this, e.g., 

(8) [2,4.3], [—4, -1, -}], [6,12,9], [-4, -8, -6], 

or, in general, 

( 8 ') V, m, n) = [2k, 4 k, 3A:], k ^ 0, 



Fig. 14.1.3 

constitute direction numbers for the line L. The symbol [/, m, n] is standard for a 
triple of direction numbers. From direction numbers (/, m, n) of L we obtain the 
cosines 



(which we would have obtained via (5) from the line L' joining 0 and the point 
(l,m,n), L' being parallel to L through 0); these satisfy (6). From the cosines (5) we 
obtain one set of direction numbers by dropping the denominator D. 

If / = 0 in the set [/, m, n ] for L then cos a = 0 from (9), a = \ir, and L is in 
the yr-plane perpendicular to OX ; similarly in the case m=0orn = 0. If/=m=0 
simultaneously, then a = 0 = and L is parallel to the z-axis; similarly for the 
pairs m = n = 0. h = / = 0. All three of (/, m, »i] cannot be zero, for no line can be 
perpendicular to all three axes simultaneously. 

Examples 2. (a) The triple (1, 0, 0] designates the direction of the x-axis (for 
which a = 0 , 0 = y = cos a = 1 , cos 0 = cos 7 = 0 ; or try projections of any 
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line-segment); [ 0 , 1 , 0 ] designates the direction of the y-axis; [ 0 , 0 , 1 ] designates 

di (If [2 l! oiarTdlSn numbers of a line, in the xy-plane since « = 0 wind, 
0, one member only of the family.) 

t* /P:(-1.2.1) 


0/7-f 1 


[ 0 . 1 . 0 ] 


[ 2 . 1 . 0 ] 


[ 1 . 0 . 0 ] 



[-31/ 

/ 

/ 

/ 

/ 


Fig. 14.1.4 


Fig. 14.1.5 


(c) The line determined by P x : (-1, §, -J) and P 2 : (2, 2j) has direction 

numbers / = 2 - (-1) = 3, m = -§ - § = -13/6. n = (5/2) -(-}) = 13/4; 
a simpler set is [36, —26, 39); the corresponding direction cosines would suffer a 
difficult denominator. 

(d) To draw the line through P: (-1, 2, 1) with direction numbers (2.-1, -3] 
we proceed from P by laying off the first direction number (2) parallel to the x-axis, 
thence the second, [— 1), parallel to the y-axis, and thence the third, (—3), parallel 
to the r-axis; the point Q thus reached is joined to P for a segment of the required 
line (cf. Fig. 14.1.5). 

(V) Angle Between Two Directions; Perpendicularity. Let (/, , m x , n,) t 
(4 , m 2 , n 2 ). be direction numbers of two families of parallel lines in space, with L x , 
L 2 , two intersecting lines of the families: let a, , 0, , 7 , , and a 2 . 0 2 , y 3 , be direction 
angles of L, . L t . It can l>e shownf that an angle 9 l>etween L, and L 2 , hence, 
more generally, between the specified families, is given by 

cos 9 = cos a, • cos a 7 + cos 0, • cos 0 2 + cos 7 , • cos y 2 . 

From this relation we obtain from (9) an equivalent in terms of direction numbers: 

. _ Uh + rn x m 2 + n x n 2 _ 

* V/f + mf + nr • VH + 

Since 9 = if and only if cos 9 = 0, that is. if and only if 
(10) 1,1* + m,m 2 + n,n, = 0, 

we have in ( 10 ) a necessary and sufficient condition of perpendicularity l>etween two 
families of lines. 


tCf., e.g., Osgood and Graustein, loc. cit., p. 426. 
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Example 3. Show that the line joining P, : (3,5,2) and P 2 : (1,2,3) is perpendicular 
to the line joining P 2 : (— 1, 2, 4) with the origin. 

Direction numbers of P,P a are [2, 3. -11 by subtraction of corresponding co¬ 
ordinates; similarly, (— 1, 2, 4) are direction numbers of OP 3 . The triples |2, 3, - 1|, 

1“ 1. 4], satisfy (10): 2-(—1) + 3-2 + (—1)-4 = 0, and the specified lines are 

perpendicular. 

14.2 Surfaces 

In general, an equation 

(1) F(x,y,z) =0 or z = f(x,y) 

which is satisfied for every point of a given set ( x,y,z ), and only for points of the 
set, is called the equation of the set (locus); and. conversely, the points satisfying 
such an equation constitute the locus of the equation. This is familiar analogy with 
the plane situation. Immediate purpose is to study particular classifications of types 
often arising under (1), and to suggest by example methods of indicating graphically 
the nature of the locus of an equation given. A single equation (1) is usually geo- 
inetrized as a surface ; a pair of surface equations often, not always, designates a 
space curve as the locus of points of intersection of the surfaces. We devote the 
present section to surfaces, reserving discussion of curves for the following section. 

(I) Planes. For all points, and for only points, in the xy-plane we have z = 0; 
consequently z = 0 is the equation of the xy-plane. Similarly z = c,c constant, is the 
equation of a plane parallel to the x//-plane, | c | units from it; and under variation 
of c parametrically, z = c is the family of planes parallel to z = 0. Analogous state¬ 
ments lead to 

x = c: the family of planes parallel to the yz-plane, 
y — c: the family of planes parallel to the zx-plane. 

The linearity of these special equations leads to the surmise that any plane has a 
linear equation in x, y, z, and conversely. 

I.et P\ : (xi , y x , z,) be a point of a plane jt, and let [l, in, ;i) be direction numbers 
of the family of lines normal (perpendicular) to a-; a unique plane is specified. If 
P: ( x,y,z) is any point of ir distinct from P, , then (x — x t , y — y x , z — z,J arc 
direction numbers of P X P in t. Since the nonnals are perpendicular to any line of 
a, including P X P, the two sets of direction numbers set forth satisfy the perpendicu¬ 
larity relation (14.1.10): 

(2) l(x - x.) + m(y - y,) + n(z - z,) = 0; 

P x obviously satisfies (2), which is therefore satisfied by all points in ir. Conversely, 
no point P not on ir could satisfy (2) for its join to P, would not be perpendicular 
to the nonnals of ir. Thus, (2) is the equation of t. 

Equation (2) is linear, of fonn 

(3) Ax + By 4- Cz + D = 0, A = l, B = m, C = n, 
where A, Ii, C, are not all zero because l, in, n, cannot all be zero. Every plane, 
then, has equation of fonn (3). Conversely, every equation of form (3) represents 
a plane: if [A. B. (’) are taken as direction numbers of nonnals, and, with any point 
satisfying (3), are used in (2), we obtain (3) for the plane specified. 

Example 1. The equation 

(4) 3x — 6y -f 2z — 12 = 0 

has the coefficients [3, — 6,21 for direction numbers of its normals (see (3)1 and passes 
through the point P: (1, — 1, §). The plane is indicated in Figure 14.2.1, which 
offers in combination several schematic methods for constniction. The points 
A : (4.0,0,), B: (0, —2, 0), C: (0,0,6), are its intercepts. The lines 

AB : 3x - i\y = 12, BC: -Gy + 2z = 12, C.4 : 3x + 2z = 12, 

are its traces in the xy-, yz-, zx-planes. respectively; AB is obtained by setting 
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2 = 0 in (4), being the intersection of these two planes, and the 0 tl 1C r 

obtained similarly. [We shall develop this notion of traces m description of 



Fig. 14.2.1 


surfaces.) Finally, the plane (4) could be sketched in after locating P: (1,-1, J)— 
or any other [joint of the plane -and drawing through it a normal. All these effects 
are to be noted in the figure. 

(II) Cylinders. Given a plane curve D (the 
directrix) not a straight line, and a family F of 
parallel lines not parallel to the plane of D, with 
each point P of D associate that line of F through 
it. As P traces D the associated lines of F generate 
a surface called a cylinder. If F is perpendicular 
to the plane of D the cylinder is right; otherwise 
it is oblique. The lines F lying in the cylinder 
are its rulings or elements. We shall discuss here 
only right cylinders with D in one of the coordinate 
planes and elements therefore parallel to a coordi¬ 
nate axis. 

Example 2. The equation 
(5) x 2 -f y 2 = a 7 (space) 

represents the right circular cylinder formed by 
drawing perpendiculars to the ary-plane through Fig. 14.2.2 

all points of the circle D: x 2 -f - y 2 = a 2 in that plane 

(Fig. 14.2.2), for any point on the surface, regardless of its 2 coordinate, satisfies (5), 
and no other point can. 
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The effect that the plane curve and the cylinder corresponding to it have the 
same equation, with one of x, y, z, then lacking, is standard for right cylinders with 
their linear elements parallel to one of the coordinate axes, that one, indeed, 
named for the missing variable in the equation. Any plane curve, closed or not, 
can be used as directrix for the cylinder. Thus, the following loci arc all “cylinders” 
with elements parallel to one of the axes: y = x is a parabolic cylinder, x 2 — if = a 
is a hyperbolic cylinder, both called quadric cylinders because their unique traces on 
the coordinate planes are conics; z = x 3 is a nonquadric cylinder (cf. Fig. 14.3.3 
for y = x 2 and z = x 3 ). 

(HI) Cones. Again let a nonlinear plane directrix D be given, and a point 0 
not in the plane of D. The lines joining 0 with the points of D are called elements of 
the cone generated by them, and 0 is its vertex. If D is a circle and 0 is on the normal 
to its plane at its center, the cone is right circular. It is usual in analytic geometry 
to place the vertex at the origin, 0; in this case it can be proved that a curved surface 
is a cone with vertex at the origin if and only if its equation is homogeneous in x, y, z, 
that is, all its terms are of the same degree, as in equation (6) below. 

Example 3. The locus of the homogeneous equation 

(6) *’ - 2yz + *’ - 0 

is a cone with vertex at 0, according to the statement just made. Its sections by 
planes y = c are the circles 

(7) x' + (z- c)’ = c’ 



with centers at (0, c) and radius c in the plane y = c. By varying c we obtain as 
many traces as we please. Drawing the trace x 2 + (* — l) 2 = 1 in y = 1 and joining 
its points to 0 we sketch Figure 14.2.3. (See continuation in the next paragraph.] 
(IV) Contour Lines. If in the last example we project the tracing circles each 
from its plane y = c onto the xz-plane y = Owe obtain the system of circles shown 
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in Figure 14.2.4a, each marked with the number c giving rise to it.taurines 
the w-plane are the contour lines of the surface (the same ideas ' imagin- 

showing various equal levels of the countryside on a topographical map;, y 



ing the y-axis directed forward perpendicular to the plane of the page, and letting 
the solid line circles lunge forward but the dotted ones recede backward, we obtain 
a concept of the circular cone being mapped. 



Similarly, by projecting sections of the surface by planes z= c on to the ly-plane 
we obtain the contour map Figure 14.2.4b of the parabolas x = 2 cij — c 2 ; and the 
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contour map on the yz-plane is shown in Figure 14.2.4c, the family of hyperbolas 
— 2yz -f- z + * = 0. The reader will find it instructive to discuss these plane 
families for himself, to see how the contour figures were obtained. He should also 
try to compose the component mappings of Figures 14.2.4 into the surface in 
Figure 14.2.3. 



Contour maps are useful in studying the nature of a surface, and we shall 
occasionally use them. 

(V) Quadric Surfaces. This name is the space analogue of "conic section,” for 
quadric surfaces arise from the general equation of the second degree in three vari¬ 
able^ just as the conic sections are the curves corresponding to the same type of 
equation in two variables. Cylinders and cones with conic directrices are quadrics, 
often termed "improper" because a tangent plane to the surface is tangent at all 
points of a line (element) rather than only at a single point. We shall outline briefly 
the types of "proper” quadric surfaces, studying the simplest standard forms only, 
and indicating the kinds of contour maps of each. Special cases of the quadrics are 
the quadric surfaces of revolution encountered earlier. 

(a) Sphere. The sphere (x — a ) 2 + (y - b) 2 + (z — c) 2 = 2 is so straightforward 
a generalization of the circle, l>oth as to definition and analytic discussion, that we 
leave any remarks to analog}'. 

(b) Ellipsoid. The equation 

( 8 ) ? + 6 * + ? = 1 

is that of an ellipsoid centered at the origin (Fig. 14.2.5). In general, a, b, c, are 
distinct and the contour maps on the three coordinate planes are standard ellipses. 
If a - 6, the contours in the xy-plane are circles, for | z \ ^ | c |; on the other planes 
the contours are elli]»ses. If a = b = c the surface is a sphere centered at 0. 

(c) Hyperboloids. If just one of the signs on the left side of (8) is negative the 


\Ax* 4- By' + Cz' 4- Dyz + Ezx + Fxy + Gx + Hy + 7z + J = 0. 
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equation is that of a hyperboloid of one sheet; Figure 14.2.6 is the locus / 

t + £ - t = 1 

(9) a 1 + b 1 c 1 

with elliptic contours on the xy- plane, hyperbolic contours otherwise. 1 ° 
(9) is a hyperboloid of revolution of one sheet, the yz -trace rotated a > 



If, however, just two signs on the left of (X) are negative, the hyperboloid is of 
tiro sheet*-, Figure 14.2.7 is that of 

( 10 ) + l> 



the contours in both xy- and t/z-planes being hyperbolas, those in the xz-plane being 
ellipses. If a = c, (10) is a hyperboloid of revolution of two sheets, the axis the ?/-axis. 
(d) Paraboloids. These are typed by the equation 

(11) ±£ + £ = 2kz, k > 0, 

(or its analogues in other variables). If the plus sign is used, the paraboloid is elliptic 
with elliptic contours in the ry-plane (z = 0) and parabolic contours in the other 
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two planes (Fig. 14.2.S). If the minus sign occurs the result is a hyperbolic paraboloid, 
the saddle-shaped surface of Figure 14.2.0; the contours in the xz- and yz -planes 
are parabolas, while those in the x//-plane are hyperbolas, the transverse axis being 
the y -axis if z > 0 but the x-axis if z < 0. 



14.3 Space Curves 

Space curves classify into two general types, those that lie in a plane and are 
called plane curves, and those that are not planar but arc twisted curves. A straight 
line is an obvious example of plane curves, the helix (cf. Fig. 14.3.4, for example) 
is a twisted curve. 

Two standard methods are used for representation of space curves analytically. 
First of these is a pairing of two surface equations 

(1) U(*,VA = 0. f,(z,y,z) = 0, 

with the understanding that the corresponding space locus is that of all (and only) 
those x, y, z, if any, satisfying both equations simultaneously, hence lying on both 
surfaces, hence defining the locus of their intersection. 


Example 1. (a) The pairs of linear equations 

x = 0, y = 0; y = 0, z = 0; z = 0, x = 0; 
define the z- t the x-, the y- axis, respectively. The first pair requires, for instance, 
that we consider those, and only those, points lying both in the yz- and rx-planes; 
these can be only the points (0, 0, z) of the z-axis. 

(b) The pair of linear equations 

4x - 2y + 3z + 10 = 0, 2x - 3?/ + z - 5 = 0, 
intersect, for the direction numbers of the normals of the planes are not proportional 
so that neither normals nor planes are parallel. Hence the pairing determines a 
unique line of intersection, those and only those points common to the two planes. 
Example 2. The pair of equations 

^ | x 2 + y 7 + z 2 = 16 {sphere, center 0, r = 4) 

lx 2 + z 2 = 4 {cylinder, r = 2, along y-axis) 

determine a pair of congruent circles, since the cylinder of lesser radius than the 
sphere clearly pierces the latter in such loci. Analytically, subtraction of the two 
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equations leaves f = 12, or ,- =}=*£• ££ 

Since 2%/3 < 4, the d,stance of each of these pUn« tam obviously in a 

is less than the radius of the sphere, and each plane c v the pairs 

circle. The two circles are therefore also, and^ndividually, aen 7_^ 

Theytre eqtaMy welUepresentd 

cylinder. Figure 14.3.1 shows one-quarter of the circle C cut oy y z v o 

curved surface. 



If the cylinder of Example 2, Figure 14.3.1, is moved to have the center of its 
circular trace in the xz-planc at (2,0,0), then (Fig. 14.3.2) its intersection 

(* - 2) a + z 7 = 4, x' + y 2 + s' = 16, 
with the sphere of Example 2 is no longer a plane curve, but is twisted. The figure 
shows one-quarter of the total intersection. A second specimen of twisted space 
curve is found in 



Example 3. The “tiristed cubic” curve AOB of Figure 14.3.3, is the total inter¬ 
section of the cylinders 

(3) * = i 3 , y = I s . 
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Equivalent to equations (3) for the twisted cubic are the simple parametric equations 

(3') x = l, y = t\ z = t\ 

Space curves are frequently studied through parametric representation 


(4) x = x(l), y = y(t), z = z(Q. 

For one advantage, this throws matters back to technical work with functions of 
one variable. Again, the representation (4) is a timed-position indication of the 
location of a point in space if t is considered time, a use of four variables of occasional 
advantage. Finally, in many cases the parametric representation is far simpler 
than any other. 


Example 4. The simple equations 

x = a cos 0, y = a.sin 0 , z = kO, k constant, 

describe a circular helix: x, y, lie always on the 
circular cylinder x 2 -f- y = a 2 , from the first two 
equations, so that P: ( x,y,z) of the locus lies on 
this cylinder a vertical distance kO from the x//-plane; 
thus the curve (Fig. 14.3.4) twists round and round 
the cylinder like the thread of a screw of pitch k. 
Elimination of 0 gives the transcendental surface 
equation 

(5) z = ktan-'(y/x), x * 0. 

to couple with the cylinder to express the helix. 
(The heliciritlal surface (5) has z a multiple-valued 
function of x, y. Its contour lines for z — c (=k0) 
are the straight lines y = (bin 0)x radiating from 
the origin but lacking that point; these rays repeat 
in periodic fashion. The visual effect is like that of an 
abstract decorative Christmas tree made of paper 
which is twined around a central upright at constant tilt and rise. Intersection of 
this surface and the cylinder is the helix.J 

Example 6. At what points docs the twisted cubic meet the sphere x‘-f '/+ t* = 3? 
We use the parametric form (3')- The points of intersection will arise for those 
and only those values of l such that the x. y, z, of (3') are likewise those of the sphere. 
Substitution of (3') in the equation of the sphere leads, then, to determination of 
the appropriate t from 

t* + t 4 + t 7 - 3 = 0. 

A cubic in l 3 , this equation has factors t 7 — 1, which is zero when and only when 
±1, and t 4 + t 2 + 3, which is always positive for real t. Corresponding, through 
(3'). to t = ±1 are the points (1, 1, 1) and (— 1, 1, — 1) of intersection, the only 
ones. 

The Straight Line. It is w'orth while to discuss this locus rather thoroughly, 
with special attention to the several forms of its representation. We shall bring out 
the main points in the special 
Example 6, concerning the line 

(0) L: x + 3y — 4z + 12 = 0, 5x + 6y — 4z = 0, 

as determined by the intersection of two planes (the planes in (6) intersect since their 
coefficients are not proportional). Considering the variables to satisfy both equa¬ 
tions ((>) at once, we eliminate from (6) each variable in succession; the results are 

(7) 9 y - If* + 00 = 0. 3.r + 4z = 24, 4x + 3 y = 12. 
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These three plane equations are necessarily satisfied by the points of L, so any' 
represents L. The planes (7) are called the tracing (projecting) planes o<L they a 
parallel to the axes, perpendicular to the coordinate planes (behaving like cy h 

and, from equations (7) as lines in the respective coordinate planes, can be drawn 
easily (Fig. 14.3.5); their intersection is, then, the line L. 



We solve two of (7) for one of the variables, say x, and equate the results to x: 

/o\ x 3t/ — 12 4z — 24 4 . j x ~~ 0 y — 4 z — 6 

(8) y = y _ 4 = _ 3 , standard: —— = y = -y- 

This (8) is called the continued equations of the line; the three individual equations 
of (8) are, of course, those of (7). It immediately appears in (8) that P x : (0,4,6) is a 
point on the line. Then, for any other point P: ( x,ij,z) we have the numerators in 
(8) as direction numbersf of L\ we conclude from the proportionality expressed by 

(8) that the numbers [1, — lj, — f) are direction numbers of L, a simpler triple 
being [12, —16, — 9). It is easy to draw L from this infonnation. 

If we equate the equal fractions in (8) to a parameter t and solve for x, y, z, we 
obtain 

(9) _ I = 0 + t, y = 4 - n, 2 = 6 - it, 

fNote that in order to make this conclusion we must have the numerators in the form 
of the projections x — x 0 , y — yo , z — z 0 , hence must maneuver fractions and minus 
signs into the denominators, as in the passage to the standurd form in (8). 
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the parametric equations of L; we could cannily equate to I2t to avoid fractions and 
have the better set x = 0 4- 12<, y = 4 — 164, z = 6 — 9t. The ordered coefficients 
of t are direction numbers of L, the ordered triple of constants is a point of L. 
The line is drawn joining two points found from two values of t. 

In summary of the special handling in Example 6, we recognize three possible 
representations of a space line. A coupling of two planes 


(10) a x x -f- b x y -f c x z = d, = 0, a 3 x + b 3 y + c# + d 3 = 0, 

with nonproportional coefficients, specifies L\ if the variables are eliminated in 
turn we have the particular tracing planes of L. The continued equations 


(ID 




Z ~ Zo 


n 


in terms of a point P 0 : (^o , yo » *o) and direction numbers [l, m, n) of L, assert 
proportionality of the set of direction numbers [x — Xo , y — Uo , * — *ol of the seg¬ 
ment of L between P 0 and P: (x,y,t) with the prescribed set (/, m, n), holding for 
allf (and only) points of L. Finally, the parametric equations 

(12) x - Xo + lit V = J/o + "it, z = z„ + nt, 

emerge from (11) by equating the equal fractions to any convenient multiple of t. 

To detect most readily a set of direction numbers of a line (10) we note the follow¬ 
ing device. Since L is perpendicular to the normals of both planes (10), its direction 
numbers (/, m, nj satisfy the perpendicularity condition (14.1.10) together with 
each set [a x , fc, , c,). \a 3 ,b 3 % c,). Hence, 

(13) a x l + b x m + c,n = 0, a 3 l + b 3 m + c 2 n = 0, 

give two equations to solve for l, m, n; the obvious / = in = n = 0 is rejected since 
direction numbers cannot all three be zero. It is known! that two such homogeneous, 
linear, equations as (13) with nonproportional coefficients always possess an infinite 
number of solutions, all proportional to the numbers 


/ = 

b, 

Cl 

1 

m = C| 

a, 

, n = 


b , 


b. 

c 2 

c t 

a 3 


a. 

b , 


the symbols being determinants. This result leads to the technical device of merely 
extracting the array (matrix) of coefficients from the planes and evaluating the 



two-rowed determinants as shown. The result is one set of direction numbers, 
which can be modified by any desired factor of proportionality. The displayed 
numerical calculation of this sort quickly gives the direction numbers (12, -16, -9] 
of the line (6). 


tExcept Pt , which satisfies (11) trivially. We note also that a formal 0 denominator 
is tolerable for one or two of I, m, n, in (11). Thus z/\ = y/0 - z/0 are the continued 
equations of the x-axis; from these we have formally y - 0, z - 0, for an equivalent 

tW OjCfanv^book on theory of equations, or, in particular, Osgood and Graustein, Plane 
and Solid Analytic Geometry , p. 437. 
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14.4 Exercises 

1. Given the points P, : (3, 5, -2).P, : (-1, 3, 4); locate on a Cartesian 

(a) Obtain the projections of P,P 2 on the axes; what are those oi 

Indicate on the figure. _ 

(b) What is the distance D = P x Pj [Ann. 2V 14-) ? v f 

(c) What are the direction cosines of the line directed from 1 , to 1 2 . vw y 
that these satisfy (14.1.6). What are the inclination angles? Repeat tins 
part when the line is reversed in direction. 

(d) Write a set of direction numbers for the line; the simplest set; the mos 

general set. [.4ns. [2A, k, —3k), k ^ O.J . 

(e) Write the equations of the line, (i) in continued form, 00 in parametric 
form, (iii) as a pair of linear equations. [An*. (ii) x — 3 -f 2f, y — b h 

(f) What point(s) does the line have in common with the plane 3r + 2y — 
z= 10? [Am. (1,4,1).) With x + 4y + 2s- 15? With2 x-y+z= -1? 

2. Repeat Exercise 1 for the pairs (a) (—1, —2, 3), (2, —2, 1); (b) (3, —1, 5), 

(— i, 3, —5). What is the angle between the two lines in (a), (b)? 


3. What are directions numl>ers for 

(a) the line y = x in the xy-plane; 

(b) the line y = 3s — 5 in the yz-plane; 

(c) the line of intersection of the planes x + y + * = 8, 2x — by + 10 = 0? 
[Ans. [15, -8, —71.) 

(d) a line perpendicular to the lines L, : x = 1 — t, y = t, r= 2 + /, L? :x — 

-3 1, y = 1 + t, t - 4 - 21? 

(e) the family of lines parallel to the line (x — l)/8 = y/0 = (bz — 6)/10? 

4. Locate the plane 2x — 3y + 4s = 12 by means of (a) its intercepts, (b) its 
traces on the coordinate planes, (c) a point on it and the direction numbers 
of its normals. 

5. Write the equation of the plane 

(a) through (1, 2, 3) with normals in direction [5, —3, 4); 

(b) containing the points (— 1, 2, — 1), (3. 1, 2), and parallel to the line deter¬ 
mined by the points (5,0, —3), (2, — 1, —2); [.1 ns. 2x — 13y — 7z = —21.] 

(c) containing the point (2, —1, 5), perpendicular to the plane 2x — y + 
3 z = 4, and parallel to the line x = 8 + /, y — — 8 + 2<, z ■= —8 — 3 1; 
[i4ns. 3x — 9 y — bz = — 10.] 

(d) containing the line y + 2z = 0, 2x + y = 4, and the point (2, — 1, — 1); 
[Ans. 3x ■+■ V — z — 6.] 

(e) containing the points (2,1,0), (1,1,2), (0,3,0). [Ans. 2x + 2y + z = 6.) 

6. Prove each statement: 

(a) The line x+i/+z = 3, x — 3 y = 8, lies in the plane 4x + 3z = 17. 

(b) The four points (3,1,2), (1,0,0), (0,4,2), (3,4,4), are coplanar. 

(c) The planes x -f 2y - 3z + 13 = 0, 4x - y - z - 15 = 0, 2x + 3 y - 7z = 
— 23, 7x — 2y ■+■ z = 33 have a point in common. 

7. Show that a circle is defined by x + if + z — 6x + Ay — 2z = 11, 2x — y + 
2 z = —2, and find its center C and radius r. [Ans. r = 3; C: (J, — §, —1§). 
Show that the distance? from the center C' of the sphere to the plane < radius 
of the sphere; use parametric equations for CC' to determine 0.] 


fDistance from point P m : (x*,y*, 2 # ) to plane ax + by + cz + d = 0 is 

D = | ax* + by* + cz* + d |/VaM- b 2 + c 2 . 

Note the analogy with plane distance from point to line. 
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8. Show that the locus x 2 + 4 y — z = 0 is a cone with vertex at O from the 
fact that the line OP, ( P x an arbitrary point on the locus) lies entirely in the 
surface [use parametric equations of OP,]. Sketch the figure from traces in the 
planes z = c, and supply contour curves. 

9. Identify and picture the following space loci: 


(a) x 4 z = 4 
(c) 4x + y 2 — 8x + 4y = 4 
(e) y — 2x z = 0 
(k) * 2 + y -y = 2 
(i) 9x 2 - 16// 4 36* 2 = 144 
1 0. Identify and sketch the curves: 

(a) x 2 + i f + z = 16, x 2 -f (z - 2) 2 


(b) y 2 = x 3 

(d) x 2 4 y 2 — z tan 2 a = 0 
(f) x 2 4 y = 2 mz 
(h) 4x 3 4 y 2 + 9 z 2 = 36 
(j) 4x 2 - 9f/ 2 = 72* 


(b) x 2 + y 2 
(d) x = t,y 


4, y = 2z 4- 3 
if 2 , r = 3f* 


(c) x 2 4 y 4 z 2 = 4, 2 y 2 4 z = 4 


(e) x = a cos t,y=b sin l, z = /.f 
1 1. Show that the plane through (x, , y , , z,), (x, , y 3 , r 2 ), (x 3 , ?/ a , r a ), has the 
equation 


= 0 . 


What are the direction numbers of the normals to the plane? 


X 

y 

z 

1 

Xi 

yt 

z. 

1 

X, 

y 7 

Z* 

1 

X 3 

y* 

Z, 

1 


14.5 Functions and Continuity 

If a correspondence / relates pairs ( x,y) of independent values to a de¬ 
pendent value z, then z is a function of x and y : z = f(x,y). Values x, y t may 
be selected from any set of number-pairs, but arc usually from a definite 
region R of the xy- plane bounded by a curve which may or may not 
furnish x,y-v alues. Thus, (x 2 4 y 2 — 1)* is defined for all x, y, outside 
and on the unit circle x 2 y 2 — 1, but (x 2 + y 2 — 1)"* is not defined on 
the circle itself. If one and just one z is defined for each x, y, of R, z = / (x,y) 
is single-valued', otherwise it is multiple-valued [cf. the infinitely multiple¬ 
valued helicoid surface (14.3.5), and various doubly-valued surface equa¬ 
tions in §14.2). Implicit formulation F(x,y,z) = 0 is frequent; see §14.16. 
Consider the single-valued function 

(1) 2 = 

defined for ( x,y ) in a region R; let (x*, y*) be a point in R, z* = /(x*, y*) 
the corresponding functional value. 

definition. The function f(x,y) is said to be continuous for (x*, y*) 

if 

(2) lim (T . r) _ ( ,..,., f(x,y) = /(x*, y*), 

this to be satisfied for any manner of approach of {x,y) to (x*, y*) along a 

path lying wholly in R. 

We note that whereas only two methods of approach of x —► x* occurred 
in the one-variable case, namely x —► x*(4-), x — ► x*( —), in the two vari- 
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able definition “any manner of approach of (x,y) to ( x*, V*) involves 

infinitely many possible paths in the plane region R. definition 

The e-5 analogue is much less elusive. 1 his version of the definition 

JX 2JU5 of «M» to »•) if. for . > 0 ,.t ■«. 

that a i(«) can be exhibited such that whenever (x,y) is inside the ib 
square in R: 


(3) | * i '•» v » i » a • - - > 

centered at (x*, y*), the corresponding functional values f(x,y) satisfy 


i x - x* i < *. I y - y‘ I < a - 


(4) I /(*.») - /(**• »*) I < *• 

The event is pictured in Figure 14.5.1, the usual squeeze on f(x,y) for 
values x, y, near x*. y\ Planes z = /(x*. y‘) ± * are drawn, between 



which f(x,y) is to be found nearby; to test this finding we bring x within 
6 > 0 of x*, ij within 5 of y*, in R and construct the planes x = x* ± 5, 
y = y* ± 5. Continuity appears if 5 can be so chosen that the entire 
surface z = f(x,y) lies inside the 2€-25-25 box centered at [ x *, ?/*, /(**, //*)]. 
Of course, it is assumed that the functional value /(**, //*) exists. 

In terms of contour lines it appears from Figure 14.5.1 that the criterion 
of continuity lies in the test that only contour lines z = c, on the range 

f(x*, y*) - € < c. < f(x*, y*) + € 
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will fall inside the 25-square in R below the surface (Fig. 14.5.2). For 
single-valued J(x t y) the contour lines cannot have points in common. 

We call f(x,y) continuous in R when it is continuous at all points of 
R; if the boundary of R is included we say that f(x,y) is continuous in R. 
Example 1. Consider the function 

(5) z = x* + y\ 

the paraboloid of revolution in Figure 14.2.8. The region R of definition of z is 
the entire zy-planc. The contour lines in the xy -plane are the circles x 4- \j = c, 
e ^ 0, concentric in the origin and therefore nonintersecting. In considering 



continuity of (5) at the point (2,1.5), for example, we look at the contour lines 
for z = c near c = 5. It seems clear (Fig. 14.5.3) that the 25-squarc centered at 
(2, 1) will be entered only by the permissible contours 5 — « < c < 5 + «. no matter 
how small the «. The other versions of the definition of continuity are readily thought 
out. 

Example 2. That the function 


((i) j (x y) = I (*’ + y 7 )/(* + l/)» x, y } not both 0 

1 0, x = y = 0 

is discontinuous at the origin is best realized from the contour lines z = f(x,y) = c 
(Fig. 14.5.4), the circles x 2 + •/ — cx — cy = 0, which all pass through O (although 
no contour except that for c = 0 contains O). Into any 25-square, no matter how 
small, there penetrate contour circles for c > 0 + < and c < 0 — €, whereas for 
continuity at () only those for — t < c < « should l>e tolerated. Another attack 
has f(z,y) —* 1 as ( x,y) —* (0,0) along the circle labeled 1, but f(x,y ) —► 2 along 
that labeled 2. etc., although for continuity the value /(0,0) = 0 should be the 
limit for any manner of approach. 


A single-valued function z - f(x,y) which is continuous in both variables 
x, y, for x - y = y*, according to the definition given is manifestly 
continuous in each variable individually, that is, f(x t y*) is continuous in 
x for x = x*. and /(x*. y) is continuous in y for y = y*. This follows from 
the fact that the paths of approach along y = y* and along x = x* are 
included in the infinitely many paths of approach required in the definition, 
/(**, y*) being the limit each time. 
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On the contrary, continuity of f(x,y) in a and in y indtv'duaUy. m J 
for x = i*. in y for y = -/*, does not suffice to establish continuity for 
(x* ?/*) of f(x,y ) as a function of two variables. The function (>) o 
ample 2 is a counter example. It is discontinuous in both variables at 
O, as shown in Example 2. Yet if y = y* = 0, the resulting function 



f(x, 0) =* x, x 5* 0, /(0,0) = 0, is continuous for x = 0; similarly for f(0,y). 

We conclude, then, that continuity in x and y separately is a necessary 
but not a sufficient condition for continuity of f(x,y) in the simultaneous 
variables. 

Conceptually, the definition of continuity of a function /(x, , x 2 , • • • , x n ) for the 
values x, = x* , x 2 = x* , • • • , x„ = x* , i.e., at the “point” (x*| , x* , • • • ,x* n ), 
does not differ from that of f{x,y) for (x*. y*). The geometrical images depart, 
the language may vividly persist. The (-8 analytic statement of the definition is 
the best, being pure analogue. For any « > 0, discovery of a corresponding 8 > 0 
such that 

| /(i, , i 2 , • • • , x.) - /(x* , X? , • • • , X?) I < t 

whenever 

\Xi - xf \ < 8, i = 1, 2, ••• ,n, 
would define continuity of /(x, , x 2 , • • • , x„) for the set (x* , x* , • • • , x*). 

14.6 Partial Derivatives 

If the single-valued function z = f(x,y) is differentiated with respect to .r, 
treating y as constant, the result is called the partial derivative of f (or z) 
with respect to x: we denote such a partial derivative by some one of the 
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symbolst/,(*,//), z, , df/dx, dz/dx. Similarly, if f{x,y) is differentiated with 
respect to y while x is held constant, the partial derivative f y (x,y) of f(x,y) 
with respect to y is obtained. Of course, the meaning of this formal state¬ 
ment lies in the possibility of assignment of value to the limits 
(1) , im /(« + ,. m f(x, y + Ay) ^/(x^ 

^,-.n ^ i*-o &y 


In these difference quotients only x in the first, only y in the second, is 
allowed to take on increment Ax or Ay\ if these limits exist, and only in 
such event, are the partial derivatives f, , /„ , defined. Clearly these 
partial derivatives are identical with those previously defined (§ 0 . 10 ). 

For the function /(x, , x 2 , • • • , x m ) of many variables, the partial de¬ 
rivative df/dx, = /„ is defined as 


§1 

dx. 


/( x, , x 7 , • • • , x, -f A x, • • • , x .) — /(x, , x 7 , ■ • • , x,) 

Ax. 


* 


• • • , n, 

if such limit exists. It is the result of differentiating / with respect to the 
variable x. while holding fixed all the other variables. 


Examples 1. (a) If z = k tan 1 (y/x) = f(x,y), then 




dz _ df 
dx dx 


k 


pin? • (- s?) 


Jcy_ 

? +~7 ' 


_ dz _ df x 3 (1 \ kx 

2w dy dy x* -f y 3 \x) ~ x 3 + y 1 ' 

(b) If T = xyz, V, = yz, \\ « xz, F. = xy. 

(c) It f(x,y) = In (x 3 + I/’),/, - (x 3 + y)~ l 2x,f. = (x 3 -f • 2y/. 


Since f,(x.y) and f w (x,y) are again functions of x, y, they possess partial 
derivatives. The partial derivatives of f t (x,y) are 

ic W x > v) = ix ai “ = (/ ' ) ' = - 




A*/ = A!A = (n =f 

dydx dj/dx 


Note that in the composite symbol f MW the order of differentiation is from 
left to right, but in its equivalent d 2 f dy dx the order is reversed; study 
the second line above. Similarly. 


± f , xy) = av = ji 

dx j.Kt.y) dxdy dxdy 


= (/.). = /.., 


ty 


' y) = Yy fy = 0 = 



tThe mark d, read “the partial (derivative) of” in the numerator of df/dx, is not 
English d nor Greek 6, but is a special mathematical symbol used only in the present 

coniH-etion. 
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Example 2. Ut/(x,y) = W + A; we liavc 

/, = 3 y 2 + 3x 2 y, f. = Oxy + *’ 
f„ = Oil/, }.. = Oy + 3i ! , /„. = Uy + 3i 2 , 

= Oi, = Ox, /.» = Oi . 

We note that here /,„ = /„ , ami the three third partial denmlirr* are equal. 

The equality of the “mixed" partial derivatives just noted in Example 
2 is special case of the 

THEOREM 14.6.1. If f(x,y) is single-valued , ami f, , f y , /,* , , are 

continuous at and near the value (x,y), then at that value f,„ = f yM . 


This theorem is capable of generalization: a total of p differentiations ot 
f(x,y) with respect to x, and a total of q differentiations with respect to 
\j, lead to the same result at (x,g) regardless of order of performance, pro¬ 
vided all derivatives employed are continuous at and near (x,y). The 
result may be symbolized conveniently by d"* 9 f/d"x d*y. Theorem 14.6.1 
can also be extended to functions of more than two variables. Proof of 
these results is not given [cf. Exercise 14.27.21]. 


For geometric application of the no¬ 
tion of partial derivatives we discuss 

Example 3. The surfuoc z = 4 — 
(x 3 — y J ) is the paraboloid of revolu¬ 
tion of Figure 14.6.1. Considering x = 1 
constantly means sectioning the surface 
by the piano x = 1 , defining the curve 
C in this plane. Along C, z is a function 
of y alone, and the partial derivative 

(2) dz/dy = -2 y 

gives tangent-slope to C at any point 
along it. In particular, for P: (1,1,2) on C 
we have tangent-slope 2 ,( 1 ,1.2) = —2 
for PT. The slope (2) is zero at V: (1,0,3). 
the absolute maximum and the vertex of 
the parabola C. Moreover, = —2 
constantly for the entire family {C} of 
curves cut by planes x = c, and the 
negativeness of this second derivative 
shows all members of {C| constantly 
concave downward. To interpret the 
mixed derivative 



(3) 


— ( 

dx \du/ 


d 7 z 


= 1= 0 from (2)] 


dy/ dx dy 

we cut the family | C) by planes y = k- to hold y fixed in performing (3), obtaining 
such a curve as BFA of Figure 14.6.1. Then is rate-of-change-with-respeot-to-i- 
uith-y-fixed (as along BP A) of tangent-slope z. of the family | C|. That the deriva 
tive (3) is zero in this special case means that tangent-slope of { C | is constant along 
BPA and its like: Ungents like PT and BT' are parallel. b 

Example 4. We point out. by example, that some properties of derivatives of 
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functions of one variable do not necessarily occur for the case of two variables. 
Thus, the familiar ( dy/dt ) • ( dt/dx ) = dy/dx does not generally become 
(dy/dt) ■ (dt/dx) = dy/dx (but may in certain circumstances). This we illustrate 
for the gas law 

pv = RT [v = RTp-'] 

in terms of pressure p, volume v, temperature T, with R a constant. We readily 
compute the contrasting results: 

if • §■ = (ftp " ) • iR ~' v) = vp ~'< 

= —RTp'* = ■= -vp~', 

and these differing values spoil the expected “analogy.” The failure could have 
been anticipated from the fact that v r and v 9 are formed with different variables 
fixed. Indeed, with T fixed in both p, , v 9 , we easily find p,-v p — 1, which preserves 
analogy with one-variable fact. 


14.7 Exercises 

1. For each function compute/, , and verify that in general/,„ 
14.6.1): 

(a) f(x,y) - Vx*~+~y* 

(c) /(x.y ) = j + !/ - 3 xy 
(e) /(x,y) = e M sin y 

2. Find f, ,/„ ,/. :_ 

(a) /(x.y.x ) = Vx i 4 v a 4- z 2 


f yg (Theorem 


(h) f(x,y) = In ( y/x) 
<d) /(x,y) 

(0 /(x,£/) 


(c) f(x,y,z) = 
3. Show that if: 


(b) /(x.y.x) - 
sin (x 4 y) sin (y 4 x) sin (z 4 x) 


sin x cos y 
sin"' (y/x) 

z tan 1 (x/y) 
(d) f(x,y,z) 


(z/xW' 


(a) / = (x - y)(y— z)(z — x) then/, 4 /, 4 /. 

(b) / = In (x 4 y ) then /,, 4 = 0 

(c) / = z tan 

(d) / 


-i 


o 


*v + 


4. 


(e) 

(f) 

(K) 

(10 

(a) 


(x/y) then /„ 4 /„ 4 /„ 

!/** 4 zx 2 then /, 4 /, 4 /, = (x 4 1 / 4 *)* 
xyx/(x + y 4 x) thenf x/, -f- yf w 4- zf, = 2/ 
x/// + y/x + z/x then x/, 4 yf 9 4 x/, = 0 
Of + O cos then 4 r */ r + r’*/w = 0 

tan (y/x) — y tan (x/y) then/,, = (x — y )/(x -4 y ) 


5. 


x- tan - (y/x) 

Find the lowest point on the curve cut from the paraboloid z = x J + j/ J 
by the plane y = 2. 

(b) Prove that the plane sections of the surface S: x = x 3 4 y 3 — 3oxy by 
the planes x = x, , y = y, , have the same tangent slope at (x ( , y x , z x ) 
on S if and only if this point also lies either in the plane x — y = 0 or in 

the plane x 4- y 4- « = 0. 

Show 


that x = \/1 — (x 2 -f- y 2 ) is continuous for all x, y, within the unit 
circle x 2 4 y* = 1. Argue geometrically from contour lines. 

6. Show that the function 

f(x,y) =(i + y)/(* - y). (*.v) * o 


f(0,o ) = o 


fA special cose of Euler’s Theorem on Homogeneous Functions. \f(x,y,z) is homogeneous 
of degree n if f(tx,ty,tz) = t*f(x,y,z); an analogous definition pertains to any number > 1 
of variables.) For homogeneous f(x,y,z) of degree n the first partial derivatives satisfy 
xft 4 yft + zf t m n • f. Cf. also Exercises 3(f), 1(a), (f), 2(a). 
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is discontinuous at 0 I (a) Use contours which ^ 
through O. (b) Show that the limit as (x,»/) —* 0 along y 
and so is generally not the required/(0,0) — O.J 

7. Establish*two points of discontinuity for the function 

f f(x,y) = (x ! + y 2 - l)/2 y, (x,y) * (±1,0) 




./(± 1 , 0 ) = 0 

8. To prove discontinuity at 0 for the function 

f(x,y) = 2xy*/(x' + y), (x,y) * O 


1 


show that although'/(xfy) -M) as (x, y) — 0 along any oblique line yet its 
limits vary as (x, y) -» 0 along the parabolas y = mx 

9. For the function pu = RT of Example 14.6.4 show that p T ‘. ^ p, . 


14.8 Increment, Total Differential, 

and the Mean-Value Theorem 

Let the function z - f(x,y) be single-valued and continuous at the 
point (x*. y’) and all points “near” it; by this we mean that the conditions 
are also met at all points (x* + Ax.y* + Ay) for sufficiently small Ax,Ay. 
We also assume that are single-valued and continuous at and 

near (s*, y*). 

We introduce the concepts titling this section geometrically, in strict 
analogy with the corresponding one-variable ideas. Developments stem 
from Figure 14.8.1. P*Q'QQ " is the piece of surface S: 2 - f(x,y) cut 



Fig. 14.8.1 
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out by the planes * = x*, x = x* + A x,y = y*,y = y* + Ay, lying above 
the xy-rec tangle with opposite vertices (x*, y*), (x* + Ax, y* -f Ay), 
P * and Q having 2-coordinates 2*, 2* + A2, respectively. Let P'R'RIt" 

duplicate this xy-rectangle in the plane 2 = 2*. Let P*Q' be the arc of 
the curve C' cut from S by the plane y = y *, with P*V its tangent at 

P*\ let P*Q" be arc of the curve C" cut from S by the plane x = x*, 
with P*V its tangent at P*. The tangents P*T', P*T", determine the 
plane P*T tangent to S at P*. The tangent P*T" and the line P*R ' 
determine the plane P*U. 

It is natural to define the increment Af = Az as 

(1) Af - f(x* + Ax, y* + Ay) - f(x*, y*), 

the total change induced in f(x,y) by the changes Ax, Ay, in the independent 
variables. 

For the plane curves C', C", we recognize the line-segments R'T', R"T", 
as representative of differentials as defined in §6.1 and pictured in Figure 
6.1.1 for a function of one variable. These we now define as partial differen¬ 
tials of /(x,y): 

(2) \dj = f,(x*,y*)Ax = f* dx IRW]\ ^ 

1 dj = f y (x*,y*)Ay = /* dy ’ 

wherein (a) /* means /(x.y) evaluated at (x*,y*), an abbreviating notation 
we shall use consistently henceforth, and (b) we define the differentials 

of the independent variables x, y, to be d x = Ax , dy = Ay. _ 

_Geometrically it is clea r that R’T' = VT, R"T" - RU, so that 

P'P = Rl + LT = R"T" + R'T' = d,f + d,f is the rise from the level 
of_P* to the level of the tangent plane due to the changes Ax, Ay. This 
RT we call the total differential; removing the fixation * we write the 
definition of the total differential of f{x,y) as 

(3) df - d,f + d„f - f,(x,y) dx + f.(x,y) dy. 

(Note that definition and figure here are completely analogous to those 
of §6.1.] 

Although we cannot arrive at a definition of the differential df of a 
function /(x, , x 7 , • • • , x„) of more than two variables by such geometric 
considerations, we can readily proceed by analogy and write 

(4) df(x, , x 2 , • • • , x.) = f„ dx, + f„ dx 2 + • • • + f,„ dx. 

As in the one variable discussion, the differential dz is first of all to be 
regarded, and used, as an approximant to the increment Az = Af. 

Example 1. The period T (sec.) of a simple pendulum subject to small oscillation 
is given by T = 2r\ / If g . I being length (ft.), g the acceleration of gravity (ft./sec./ 
sec.). If T is computed from 1=5 and g = 32.2, but l and g are subject to possible 
error of 0.05 ft. and 0.01 ft./sec./sec., respectively, in measuring, find approximately 
the maximum error and maximum relative error in the computation of T. 



N-VALUE THEOREM 


„ 8] DIFFERENTIAL AND THE MEAN-VALUE THEOREM l»» 

From T = 2*l h g~' and (3) we have 
(5) 

Now * = ±0.05. * = ±0 0,. but bUnd -b^dion of ^ 

surely give maximum possible error since negative signs mig 
gross value. Rather do we have 

max E = w(rV‘ \ dl \ + l'g~' I d 0 D A „„ 

= w(5'* X 32.2-' X 0.05 + 5* X 32.2-' X 0.01) = 0.0041* sec. 

Note the plus sign connecting the terms. nf T\ 

The relative error is [from (4), or from logarithmic differentiation of J 

_ dT dl - l'g‘ x dg) = \ (4! _ dg\ 

R.L. — j, 2*7*0* * 2 W g / 

For max R.E. we again add the absolute values of the terms, finding max R.L. = 

0.00516. Percentage error is 0.516 per cent. . . ^ 

Example 2. The total resistance li of several separate resistances r, in a parallel 
circuit is given by JT' = 2?., r 7 «.Show that if E is the common relative error for 
each separate resistance, then E is likewise the relative error in It. 

We have, from (4), 

(C) d(R~') - = £ d(r-'), i.e., R~ 2 dR = . 

Since E = r 7 « dr. , t = 1, 2, • • • , n, we write the result (6) as 

R~ 7 dR = E £r7' = fflr*, 
from which dR/R = E as required. 

The Mean-Value Theorem for /(x) was closely allied to the notions 
of increment A/ and differential d/, giving the former exactly but in terms 
of x + 0 Ax, 0 < 0 < 1, whereas df is only approximately equal to A/. 
By analogy, the Mean-Value Theorem for f(x,y) should read as follows 

THEOREM 14.8.1. If f(x,y), f,(x,y), f w (x,y) t are single-valued , con- 
tinuous functions on the region x* ^ x ^ x* + Ax, y* ^ y ^ 0 * -P Ay. 
//ten //tere exists a value 0, 0 < 0 < 1, such that 


(7) f(x* + Ax, y* -f Ay) - f(x*, y*) 

= f,(x* + 0- Ax, y* + 0-Ay)Ax + f„(x* + 0-Ax, y* + 0-Ay)Ay. 
Here (x* -p 0- Ax, y * + 0- A//), 0 < 0 < 1, is some point on the line P„R» in 
Figure 14.8.1. We shall accept this Mean-Value Theorem without proof, 
best left for an advanced course. That the same 0 appears in both the 
x- and ^-variations is the remarkable (and useful) feature, as well as the 
difficult part, of the proof. 

For the function f(x,y,z) of three independent variables we write the 
analogous Mean-Value Theorem in the form 


theorem 14.8.2. If f(x,y,z) and /* , /, , /, , are single-valued , con¬ 
tinuous , over the space x* ^ x ^ x* + Ax, y* ^ y ^ 0 * -p Ay, 
z* ^ z ^ z* -p A z, then there exists a point (X| , y t ,z,) between (x*, 0*, z*) 
and (x* + Ax, y* + A0, 2* + Az) such that 

(8) Af = f,(x, , y, , zjAx -P f,(x, , y, ,z,)Ay + f,(x, , y, , z,)Az. 
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The change in symbolism from that of (7) is for succinctness of writing; 
the two varieties correspond, and (7) is often written in the form used in (8). 
Geometrical application of (8) will be made in §14.9. 

14.9 Tangent Plane and Normal Line to a Surface 

We make immediate geometric application of the Mean-Value Theorem 
14.8.2 to a definition and discussion of the tangent plane to a surface S 
given implicitly [§14.16] by 

(*) S: F(x,y,z) = 0, 

assuming F(x,y,z) to satisfy the conditions of the theorem at and near 
the point P*: (x*, y*. z*) of S. If Q x : (x* + Ax, y* 4- Ay, z* + A*) is any 
point of S near P*, the coordinates of both P * and Q x satisfy (1) and hence 
the increment 

AF = F(x* + Ax, y* + Ay, z* + Az) - F(x*, y*, z*) - 0. 

On the other hand, from Theorem 14.8.2 we have 

AF = F t (x, , y, , Zi)Ax 4* F v {x x , y, , z,)Ay -f F,(x. , y x , z,)Az, 
where (x, , y, , z,) is a point on the line-segment P*Q X . Hence, 

(2) F t (x x , y, , z,)Ax -f F ¥ (x x , y, , z,)Ay -f F,(x , , y, , z,)Az = 0. 

Ihis (2) is a perpendicularity relation between lines L x , L 2 , with 
direction numbers 

L x : [Ax, Ay, Az], L 7 : [F,(x x , y, , z,), F.(x t , y, , z,), F.(x x , y, , z,)J. 

P*Q i suc ^ a line L x . Let C, be the curve cut from S by the plane through 
P*Qi perpendicular to the xy-plane. Now suppose Q x -* P * along C, , 
with Ax, Ay, Az, approaching zero. The limit position of P*Q X is the tan¬ 
gent P*T X to C, (and to S) at P*. The same limit process generates a 
sequence of lines (L, |, maintaining perpendicularity with corresponding 
members of { P*Q t | at each stage; this sequence then approaches as limit 
position a line P*N perpendicular to P*T X and with direction numbers 

(3) P\V: [F,(x*, y*, z*), F,(x\ y*, z*), F,(x\ y*, z*)] 

because of the continuity of the partial derivatives and the fact that 
(x x , y, , zi) on P*Q X is forced to approach P* as Ax, Ay, Az —► 0. 

But this same analysis prevails, since Q, was any point near P*, along all 
lines tangent to S at P* t the same P*N being perpendicular to all because 
the direction numbers (3) are unique.f But all lines perpendicular to P*N 
at P * must lie in a unique plane perpendicular to P*N at P*; since all such 
lines are likewise tangents to S at P* their plane shall be called the tangent 
plane to S at P* f the line P*N then being the normal line to S at P*. 

tThe direction numbers (3) are not all zero unless F, = F v = F, - 0 at P*; in such 
event P* is a singular point of the surface S. An example is the hyperbolic paraboloid 

x* - y* - z at ( 0 , 0 . 0 ). 



[513 


EXERCISES 

direction numbers (3) we write the equation of the tangent 

■ (I - X*) + f; • (y - y*) + Ff • (z - z*) = o, 

z*), etc. The equations of the normal line are 
= (y - y*)/F* = (z - z*)/Ff . 

S: z = f(x,y) 

= F{x,y,z) = 0 in the preceding work. Hence, 
— 1; using these replacements in (4) and (5) we 

= f*(x - X*) + f*(y - y*) 

= (y - y *)K - (* - *•)/(-« 
and normal to (6) at P*. 


14 . 10 ] 

Using the 
plane as 

(4) F,* 

where F* means F,(x*, y* 

(6) (x - x*)/F; 

If S were given by the equation 

(6) 

we would use f(x,y) — z 
F, = f,,F. = /. , F . - 
have 

(7) z - z* 

(8) (x - x*)/f* 
as the tangent plane 

Example 1. Write equations for tan¬ 
gent plane and normal line to the 
sphere x 2 -f- y 2 4- z — 49 at the point 
P*. (2,3,6). 

We use (4) and (5), with F(x,y,z) = 
x 2 4- y 2 + z — 49. The partial deriva¬ 
tives F, = 2x, F „ = 2y, F, — 2z, evalu¬ 
ate at P* to [4, 6, 12] or [2, 3, 6J as the 
direction numbers of the normal. The 
required equations are: 

2x + 3 y+ Oz - 49 = 0 

(tangent plane), 
(x - 2)/2 = (y - 3)/3 = (z - 6)/6 

(normal line). 

These are pictured in Figure 14.9.1. 

Example 2. Find tangent plane and 
normal line to the helicoidal surface 
z = k tan~‘ ( y/x) at the point (1, 1, }far). 
To fill in (7), (8), we compute 



z* = —ky/(x 2 + y 2 ), z, = kx/(x 7 + y 2 ), 

which are evaluated to z, = — $/.*, z. = \k, at the given point. Hence (— \k, \k, — 1) 
are direction numbers of the normal line. The tangent plane isx — \kt r = — $A*(x — 1) 
+ iHy — 1), the normal line is — 2(x — l)/k = 2(y — 1 )/k = — J(4 z — kir). 


14.10 Exercises 

1. Write the total differential of each of the following functions of Exercise 14.7: 
1 (a), (b), (e). (f); 2 (a), (b); 3 (b), (d), (e), (g). 

2. Express the Mean-Value Theorem for each function at the point given* 
(a) Exercise 14.7.1 (b).at (1. 1); (b) Exercise 14.7.1 (e). at (0.0): (c) Exercise 
14.7.2 (a), at (1,2,3). 
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A triangular lot is measured on two sides as 150 ft. and 200 ft., subject to 
possible error of 0.2;, ft.; the included angle is SO*subject to error of 45 sec 

in thc ar ™ of thc lot “ 
^ ^ *■ » fro '" 


5. In calculating approximate relative or percentage error it is often most direct 
to write the total differential of the logarithm of the function. Use this tech 
niquc in showing that the relative error in each of the following simple cases 
is that cited: K 


(a) If U = xy, du/u = dx/x + dy/y ; (b) If « = x/y, du/u = dx/x - 
(c) If « = xyz, du/u = dx/x + dy/y + dz/t. What docs this state about 
the relative error in the computed volume of a rectangular box, in terms 
of the possible errors in the dimensions? 

6 . The formula w = 13.6wr 2 Z, is sometimes used to find thc radius r of a small 
tube from the weight w of a tube of mercury, of length L. Suppose u» = 1 gram 
(error 0.001 gr.) and L = 10 centimeters (error 0.1 cm.); what is thc greatest 
possible percentage error in r? (An*. 0.55 per cent; use the technique of Exercise 

5 and add the absolute values of the relative errors.) 

7. Express in terms of diameter I) and height // and their differentials the approxi¬ 
mate error in computing the volume of a right circular cylinder from approxi¬ 
mate values D and //. Hence find approximately thc amount of metal in a 
can of diameter 3 in. and height 5 in. if the material is 0.02 irv. thick. 

8 . If a is computed from the Law of Cosines a 3 = 6 2 + c 3 — 2 be cos A with 

6 " 5 " 20 (possible error 0 . 1 ) and A - 60° (possible error j°), find the greatest 
possible error in a. [Ana. 0.25.) 

9. The specific gravity of a substance can be found from the fonnula s = 
«/(a - if), wherein a is its weight in air, w its weight in water. Suppose a is 
recorded as 1.2 lb., w as 0.5 lb., with respective possible errors 0.01 lb., 0 02 lb 
Find the greatest possible error. (Aw*. 0.063.) 

1 0. Write the equations of the tangent plane and normal line to each surface at 
the specified point: 

(a) z = x 3 + y 3 — 1 , at (- 1 , 1 , 1 ) (b) x 3 + 2 y 3 - 2* 2 = 0 , at ( 0 , 1 , 1 ) 

(c) z = 2 xy, at ( 1 ,J, 1 ) (d) z = x 3 + y 3 , at (2,3,13) 

1 1. Show that the pairs of surfaces are tangent to each other at the specified 
points of intersection: 

(a) xy = 4. x 2 + y* + z = 8 , at (2,2,0) 

(b) x + y® + z — 3a 3 , xyz = a 3 , at (a,a,a) 


12. At what angle does the line x= y= z pierce the ellipsoid 2x 2 Ay 3 -f 3 z 2 = 9 ? 

[Find angle between line and normal at intersection.) 

1 3. Find the angle between the tangent planes to the surfaces (c), (d), of Exercise 
10 at the point ( 1 , 1 , 2 ) of their intersection. 

1 4. Show that the tangent plane to the quadric Ax 2 + By 3 + Cz = D at (x* 
y*, z*) has equation Axx* + #!/!/* + Czz * = D. 

1 5. Find the points on the surface x J +/+ 2yz + 2x = 0 at which the tangent 
plane is parallel to the plane 2 = 0 . 
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14.11 The Directional Derivative 

The partial derivatives give functional rate of change in two direc tiorih 
onlv, these the directions of the x-, y-, axes. It is natural to iusk for rate o 
change of }(x,y) in any direction. The answer is the directional derivative 

f(x, y ). 

Suppose that (x,y) moves from the 
point P*: (x*, y*) in the xy-plane in 
the direction making angle X with, 
the positive direction on the x-axis 
(Fig. 14.11.1). It then moves along 
the line with parametric equations 

(1) L: x = x* + s cos X, 
y = y* + s si 0 



in which we construe s as distance 
from P * along the line L. 

Assuming /(x,y) to satisfy the conditions of the Mean-Value Theorem 
14.8.1 at and near P* t we write 

(2) A/ * /,(** + 0 • Ax, y* + 0 • A y) Ax 

+ /„(x* + 0 • Ax, y* + e • Ay) A//, 0 < 0 < 1. 

But in (1) x and y depend on s , and we can give parameter s an increment 
As to cause increments Ax. A y, in x, y; moreover, as As -► 0 we have 
Ax, Ay —* 0, and 

(3) T, = COsK f =sinX ‘ 

Now in (2) we divide through by As and consider the effect of As —* 0 in 

(4) ff = /.(** + e • A*, y* + 6 • Ay) £* 


+ /,(x* 4- 0 • Ax, y* -h 0 • A y) 


As 


V N 


The Ax/As, Ay/As, have the limits (3), while /,(x* 4- 0-Ax, y* + 0-Ay) 
and /,(x* + 0 -Ax, y* + 0 -Ay) -» /,(x*. y*) and /„(x*, //*), respectively, 
because of the continuity assumptions on f, , f, . Since the limit on the 
right side of (4) exists, that of A/./As on the left also exists to define 

( 6 ) - = f,(*\ y*) COS X + f.(x*. y*) srn X = - • ds + - . X 

with the derivatives df/dx, df/dy, evaluated at (x*, y*). The form (5) is 
called the directional derivative of /(x,y) at (x*, y*) in direction X, with 
respect to distance s measured from (x*, y*) along the line L in this direc¬ 
tion. The partial derivatives are the special cases X = 0. X = £tt, of 

the directional derivative (5) generalizing them. 

If z = f(x,y) is construed as a surface S, then the directional derivative 
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df/ds gives tangent-slope of the curve C sectioned from the surface S 
by the plane through L and perpendicular to the xy-plane (Fig. 14.11.2). 

Example 1. For the function z = x 2 + ,f = find the directional derivative 
at (1, 2) in direction X = 45°. 

With (5) and/, = 2 x, f v = 2 y, it is immediate that 

df/ds = /,(1,2) cos 45° + /„(1,2) sin 45° = 2-\V2 + 4*\/2 = 3 V2. 
In terms of the surface z = x -f y 2 , the paralwdoid of revolution of Figure 14.11.2 
this derivative 3V2 is to be considered the tangent-slope at P: (1, 2, 5) of the 
curve C cut from the paraboloid by the plane perpendicular to the xi/-plane through 
the line L emanating from (1,2) in direction 45°. 




Interesting developments take place if the surface z = f(x,y) is repre¬ 
sented by its contour lines C: f(x,y) = c (Fig. 14.11.3). Here we think of 
z — /(*»!/) as a number to be attached functionally to the pair ( x,y), and 
z = c is the same for all ( x,y) on a given contour curve C in the xi/-plane. 
As z varies, the contour curves form an advancing wave front, z — f vary¬ 
ing from curve to curve in the wave. If two neighboring curves are C 
and C + AC, these correspond to z and z + Az or / and / -f A/, and the 
derivative 

f = n m ^ 

ds A .-o As 

shows rate of change of / from one contour line to another, along the line 
L in direction X. 

Now let P*\ ( x*, y*) be given on the contour line C for f(x,y) = c. 
The directional derivative df/dn along the normal P*N has important 
properties distinguishing it from all other directional derivatives at 





P*. df/dn is readily calculated. For the direction angle for the normal 
we have 
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( 6 ) 


tan Ay 


L 

f,' 


. . =*=/* _ 

s,n Xv " ,/f* uTT* 9 


._ 

COS Ay — jTp 


f 




and (5) gives 
(7) 


dn 


where the derivatives are evaluated at P\ (x*. !/*)■ The plus sign pertains 
to an advancing wave, the minus to a receding wave, of contours 

The normal derivative df/dn is /he extreme of all the directional derivatives 
df/ds at P*. maximum for the + sign, minimum for the - sign. Hus is 
readily seen by applying usual methods to the function 

ip(\) = f. cosX + /.sin X, 

for *>'(X) - 0 gives precisely the X.v of (li) which led to (7), and this is 
clearly absolute. Hence, if <!■ is the angle from N to the line L in direction 
X, the extreme df/dn is modified by cos </> to produce df/ds: 

41.-41 

ds dn 


( 8 ) 


COS \p 


and df/ds is the projection of df/dn on L. Finally, when + = ± cos t = 0, 
and df/ds « 0: along (the tangent to) the contour C itself the rate of 
change of / is zero, to tally with the constancy of z — / along C. 

The vector with components (/• ./*| is called the gradient of f(x,y) at P*:(. r*. //*). 
By (7) the magnitude of the gradient is the positive normal derivative at P , 
and the vectorial angle is the A. v of (0). The gradient, through (8), contains in 


itself all directional rates of change df/ds 
at P *, by vector resolution. In physical 
problems of flow, say of fluid or of elec¬ 
tricity or of heat, the gradient of the 
function representing flow is the ex¬ 
tremely important vector representing 
rate of flow normal to a wave front of 
flow. 

We illustrate these matters by 
continuing 

Example 1 ( cont .). z = f(x,y) = 
x -f y 2 (Fig. 14.11.2). The contour 
curves are concentric circles of increasing 
radii (Fig. 14.11.4) with P *: (1,2) lying 
on C 5 : x 2 + y 2 = 5. Here tangent- 
slope is — normal-sloj)e 2^ hence for 
Ay = tan 2, cos Ay = \/y/ 5. sin A. v = 
2/Vb, and (computed from (5)1 



df 


1 


^ = /,(1,2) cos Ay+ /„(!,2) sin Ay = 2 • + 4 


2 = JO =2V = 

Vo Vo 
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From (7) we have the same: 

df/dn = VfT+Jl = V2 2 + -P = v /20 = 2V5. 

This is greater than the cf//<fx = 3 V 2 in direction 45° from P*. Moreover, tan yp = 
tan (tan 2 — 45°J = $, cos ^ = 3/v^lO. and 


df 

dn COS + 


2V5 X 


3 _ _6 

\/10 V'2 


3V2 


it 

ds 


x-«» 


Finally, from tangent~slo|>c = —\,\ T = tan'*(— |), cos X r = — 2/\/5, sin X r = 
l/\/5 (see the figure for the quadrant of X r ), and 




= 0 . 


14.12 Exercises 

1. For the function/(x, y) — y/ x 2 + y*. l>oint (3, 4), direction X = 30°, compute 
the directional derivative df/ds. Find (two ways) the normal derivative at the 
point specified. Find the angle yp Ixetween normal and direction X and verify 
(14.1 1 .8). Picture the results both for the surface z = /(x, y) and for its contour 
lines. [An*. df/ds - (3\/3 + 4)/10; df/dn = 1; * - tan"' (4 + 3\/3)/10.] 

2. Repea t the di scussions planned in Kxercise 1 for the function f(x,y) = 
Vl4 — (x a + y*j, point (1.2), direction X = 60°. [An*, df/ds = — J — 
3 V 3 ; df/dn *= — Jn/ 5 (explain the negative sign); yp = tan -1 (2 — v/ 3 )/ 
(1 + 2>/3).J 

3. Let C be the plane section of the quadric z = xy by the plane y = Jx. What is 
the slope of C (relative to the xy-plane) at the point ( 2 , 1 , 2 )? (.-Ins. fx/5-1 

4. I.xtcnd the definition of directional derivative to a function f(x,y,z), showing 
that for direction (X, , X 2 , X 3 J 


5 . 


it 

ds 


/, cos X, 4- /, cos X 2 -f f. cos X a = 


d£dx 
dx ds 


+ 


ilia. 

By ds 


+ 


B[dz 
dz ds 


d £= + fi + fu 

df df 

ds = dn ° 08 +’ 

where yp is the angle between the normal and 
the given direction. Instead of contour lines 
study "equipotcntial surfaces'' f(x,y,z) = c 
(Fig. 14.12.1). 

Apply these findings to 

(a) f(x.y.z) = x 2 4 - y 2 + z* — 1 , direction 
(00°, 45°, 60°) at (1.2.3); 

(b) f(x.y.z) = xyz, direction X, = X 2 = X 3 , 
point ( 1 . 1 , 1 ). 

[Arts, (a) df/ds = 4 + 2v'2. df/dn = 2v^l4, 
cos yp = (2 + \/2) \/ 1 4-1 
Prove that the sum of the squares of the 
directional derivatives of f(x.y) along any two 

perpendicular directions is the same, and is the square of the normal derivative. 
Generalize. 
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14.13 Derivatives of Composite Functions 

The directional derivative of f(x,y) is the derivative of / with respec 
to a where a is the (distance-) parameter in the equations (14.11.1). 


L: x = x* + s cos X, y = y* + * sin x - 
here (x,y) moves toward (x*,y*) along the line Las Aa -* 0 (aiuiAxA;/^^ 
Clearly, we can more generally ask for df/dt when L is replaced by the 

curve 


(1) C: X = *«), y = vW. 

both x(t), y(t), being differentiable functions of f; geometrically (x,y) 
now —* (x*, ;/•) along the curve C given parametrically by (1), as At -* U 
(and Ax, Ay, -* 0). The parameter I is not necessarily distance. 

Let f ix y) and its partial derivatives be single-valued and continuous 
at and near (x*. y"), and let x, y. in turn, be the functions (1) of the single 
variable t, assumed differentiable at and near the <* which corresponds 
tox* and y’. An argument following precisely the lines of progress (14.11.1)- 
(14.11.5) will give the result 


( 2 ) 


df = df dx df dy 
dt dx dt dy dt 


evaluated at (f*; x*, y*). For, we start with the Mean-Value Theorem 
(14.8.1), divide by At, let At -* 0, and use the continuity of and 

the differentiability of x(t), y(t), to arrive at (2). Here the dx/dt,dy/dt, 
depend on the precise form of the functions (1), just as in (14.11.5) they 
were cos X, sin X, respectively. 

Geometrically, the derivative (2) gives tangent-slope along the curve 
cut from the surface z = J(x,y) by the cylinder x - x(t), y = y(t) (see 
Example 2). If t be time, then (2) will have to do with familiar time-rate 


problems (Example 2). 

Formula (2) can be extended in two distinct directions; in both the 
analysis can be easily modeled on that just set. In the first place, we could 
assume x and y to be functions of several variables rather than the single 
variable /; the point is made if we consider replacing (1) by 


(3) 


X = x(s,t), y = y(s,t), 


both functions having the required partial derivatives x, , x t , y, , y t . 
Then from the Mean-Value Theorem (14.8.1) we write two formulas, 
one involving division by As, the other by At. But when we consider 
limits in these increment formulas, we arrive at partial derivatives 
dx/ds, dy/ds, dx/dl, dy/dt, df/ds, df/dt, instead of the standard one- 
variable derivatives dx/dt, dy dt, df/dt in (2), since the functions (3) 
concern two variables rather than the single fin (1). The resulting formulas 
are 


df df dx ^dfdy df didx dt dy 
ds dx ds dy ds * dt dx dt dy dt 


( 4 ) 
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Secondly, both formulas (2), (4), can be extended to functions of more 
than two variables in an obvious manner. For example, if w = f(x t y,z), 
where x = x(s,t), y = y(s.t), we have 

(6) d J = d A . u. i? _ dt dx a f a y a f a z 

ds dx ds ay ds dz as • at dx at + a y at + dz at' 

Example 1. If 3 = f(x,y), where x = r cos 0, y = r sin 0, find e, and . and show 
that z 2 + r z 2 = z\ + z 2 ; assume r, Q, independent. 

We have the situation covered by (3), (4). Writing (we can, of course, use e and f 
interchangeably) 


( 6 ) 


Zr 


dz 

dr 


dz dz . dz dy 
dx dr dy dr 


z.x, -f z y y, , 


z, = z.x , + Zy y, , 


we insert the values x r = cos 0, x 0 = — r sin 0, y, = sin 0, y t = r cos 0 , and have 

z r = z, cos 0 + 2„ sin 2 # = z,( —r sin 0 ) + z„(r cos 0). 

We square the first of these and add the square of r~ x times the second, easily 
attaining the result demanded. (The result is valuable in a change of variable from 
rectangular to cylindrical (polar) coordinates in space; cf. §15.1 1 |. 

Example 2 . A point moves along the curve C cut on the upper hemisphere 
* = V64 — x 1 - tf by the cylinder x = (, y - <*, that is, as ( x,y) trace the 
curve x = t, y = t\ in the x//-plane, correspon<ling z to the sphere trace C. At what 
rate is the curve C rising (falling) when t = 2? 

The question calls for dz/dt when l = 2, where 

« = (M - ** - v’)'. * - I, y = e. 

From (2), 


dz = dz dx , dzdjl _ _ — x _ —y 

dt dx dt dy dt " (04 - - y 2 )» * + (64 - ** - y 7 )' ' 

When t = 2, x = 2, y = 4, z - (64 - x* - //V = 2vTT, and 

= 2^ttt (_2 ~ l6> ■ _ vtt 

If t is time in seconds, the result is 9/y/l\ units/sec. falling. 

Example 3. If z = y~ l f(y/x), show that 


dz dz , 1 r fy\ ~ 

x rx + yj-y + iAx) = 0 - 

Assuming x and y independent variables, we set t = y/x so that 

z = y with t = y/x. 

Then (from the product rule) 


** = 0-/(0 + = 

dx W /If; -t- y dl dx ydt 



dz 1 tt , 1 ** 1 f,s\ _i_ 1 

Ty = " 7 /(0 + ydt ‘ ^ = " 7 /(0 + ^5r 
We eliminate df/dt from these by multiplying the first by x, the second by y , and 
adding; from this maneuver the desired result follows. 


Consider z — f(x,y), where ( x,y ) moves along the curve 

C, : y = y(x). 
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14.14 DIFFERENTIATION ^ ^ 

We reduce this case to the former one by "tting* =' ^ 

are, then, parametric equations of Ci : x — t, y J\)- » 


Hf_d/dx dfdy = df,^f < IH. 
dt dx dt + dy dt dx dy dt 


or, with change of t back to x, 

df _ dt df dy^ 

( 7 ) dx ax + dy dx 

The reader should make sharp distinction between the df/dx and df/dx o f 
(7). The latter is the x-derivative of f(x,y) with y held constant, whereas the 
former is the ^-derivative of f(x,y) with not only x but y(x) variable . Ih.s 
last, df/dx, is often termed the total derivative of f(x,y) with respect to x. 


14.14 Differentiation 

In §14.8 we defined the total differential of f(x,y) to be 
(1) df = f t dx + f,dy, 

where x, y, are independent variables. We propose to show that this is 
nuclear in writing many of the derivatives just discussed for composite 
functions. 

If we start with f(x,y), with x — x(t), y - y(t), and the derivative 


(14.13.2) 


df _ 4* . 

dt dx dt dy dt 


(under all the assumptions of continuity and differentiability required 
for its validity) and multiply by dt, we have 


df = fx riz + % dy - 

the total differential in the original case that x, y, were independent vari¬ 
ables. Hence, (1) holds good as the total differential in the present case that 
x, y, arc in turn differentiable functions of t. We are invoking the “chain 
rule” for ordinary differentiation when we write ( dx dt) dt = dx. Moreover, 
as we now indicate, (1) continues to hold even when x, y, are functions of 
more than one variable. We show this in case 


2 = f(x,y), x - x(s./), y = y(s,t), 

where these functions together with f, , f ¥ , x. , x, , y. , y, . satisfy the 
usual hypotheses as to continuity. 

Since f(x,y) is f[x(s,t), y(s,f)l for independent s, l, the basic definition of 
differential is certainly 


But the differentials of x and y are 

(S) dx = g ds + f t dt, dy = g ds + ff dt. 
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With an eye to creating the right side of ( 1 ) we multiply the equations 
(3) by df /dx and df 'dy, respectively, and add the results: 


(4) 


df . , df , df dx 

- dx + zf- dy = -r~ zr 

dy Ldx ds 


dx 


+ P1PU 

T dy ds 


_i_ [ PI P* . PI d y 
J + Ur dt + dy dt J 


dt. 


But by (14.13.4) the bracketed sums on the right of (4) are precisely 
df /ds, df /dt, so that 


¥x dx+ % d « = ¥s dt+ lf di = d f’ 


a return to (1) for dependent x, y. The argument of this special case is 
indicative of general argument for more than two variables: the differential 
df has form (I) whether x, y, be indeperulenl or dependent variables. 

The differential (1), then, generates derivative formulas formally, in 
analogy with the chain rule, provided we use symbols of partial differentia¬ 
tion whenever functions of more than one variable appear. 


Example 1. Consider f(x,y) for x = x(s,l), y = y(s,t). By (1), 


df = /, dx + /, dy, 

dx = x. ds + x, dt, dy = y. ds -f y, dt, 

so that 

( 5 ) df = f,x, ds + f,x, dt + f.y. ds + f,y, dt. 

If 8 — 9(u), t = *(»/), we obtain df/du by division of (5) by dn. But if s, t, are inde¬ 
pendent, we can divide (5) by ds, note that dt/ds = 0 , and use partial derivative 
symbols in writing 

df dfdx , df dy 

= f.x. + f w y. - f T + T a ’ 

ds dx ds dy ds 


Use of the differential is repetitive in computing higher derivatives. 
This is illustrated in 


Example 2. For z = f(x,y), x = r cos 0, y = r sin 0, we found in Example 14.13.1 
that [cf. (14.13.0)|, for r, 0, independent. 

( 0 ) 2. = z M x 0 + z,y, . 

We ask for z 00 . Since z* 0 = (*#)# we begin with the differential of z 0 , out of (6) 
by the product formula: 

dz 0 = d(z,x 0 ) + d{z y y 0 ) 

= x 0 • dz, + z. • dx 0 4- y 0 • dz, 4- z, dy 0 

= x 0 • I( 2 ,), dx 4- ( 2 ,)* dy] 4- 2 , • dx 9 4- y$ • \(z ¥ ), dx 4- (z,), dy] 

4- 2 „ • dy 0 , 

again with differentials of dz, and dz, in form (1). Dividing by d0 we obtain 
z 0 o = z„x\ 4- z„y,x 0 4- z„x 0 y 0 4- z„y\ 4- z t x 00 4- z,y 00 . 

The result is completed by the substitutions x 0 = — r sin 0, x 00 = — r cos 0, 
//„ = r cos 0. 1/00 = —r sin 0. together with z„ = z wx : 

z 9e = r'\z,, sin 2 0 — sin 20 4- z„ cos 2 0] — r|z, cos 0 4- z, sin 0 ). 



14 . 16 ] 


MPUCIT FUNCTIONS 


[523 


14.15 Exercises % 

1. A point moves on the curve cut from the paraboloid z — x + V y 
parabolic cylinder y 2 - x [x = t, y = y/t\. If < represents time in seconds, at 
what rate is the point rising when t = 4? (A ns. 9 units sec.) 

2. Two sides of a plane triangle are 8 ft., 5 ft., changing at 4 in., — 2 in. per *c c -> 
respectively; the included angle is 60°, increasing 2*/sec. What is the rate 
change of the area? (.4ns. 0.49 sq. ft./sec.) 

3. If / = or + by, where x = a x 8 + b,t, y = a** + M. show that 


f. = aa x + ba 2 , /, = ab x 4- bb 2 . 

4. Find /.,/,,/„, for f(x,y,z), if x = a,* + b x t + c x u, y = a* + fcf + W 

z = a 3 s •+■ + C*u. 

5. Show that if o = F(u), where ti = u(x,y), v = c(x,y), then i/ x i» l = »***>, • 

6 . For a perfect gas, pv = RT, p pressure, v volume, T temperature, R constant. 
If at the instant that p - 10 Ib./sq. ft. and v = 25 cu. ft., ;> is increasing 
0.2 lb./sq. ft. per sec. while v is decreasing 0.5 cu. ft. per sec., what is the 
corresponding rate of change of T ? 

7. If z = f(x,y) = In (x* - y 2 ): (a) write the total differential; (b) write dz/dl 

if x = a cos t, y = a sin l; (c) write d//dt if x = s + t, y = 8t. (.Ins. (b) 

dz/dt = -2 tan 2 /.) 

8 . For z = f(x,y) = tan - ' (x/y): (a) write the total differential; (b) write df/dt 
if x = 2 1 , y = 1 — <*; (c) write df/ds if x = e* cos t, y — e sin t. 

9. Write d//dx if / = x 4- y 2 , with y — tan x. 

1 0. Find/, , f 9 , for / = 2x* — 3y 2 , x = r sec 0, y = r tan 0. 

1 1. For/(ax 4- by), i.e., a function of x, y, wherein only the combination ax 4- by 

appears, show that af ¥ = bj, . (Set t = ax 4- by.\ Relate/;, and/„„ . 

12. In connection with Examples 14.13.1, 14.14.2, compute 


x„ = cos 2 6 4- sin 26 4- sin 2 6. 

1 3. For f(x,y,z), where x = r cos 6, y = r sin 0, and z is independent of r, 0, 
compute/, ,/# ,/,. Find/,, ,/,# ,/ ## , and show that/,, 4-/^ = f, r 4“ r" a /»# + 
r /, . (.4ns./, = /, cos 6 4- /, sin 0; for/,, see result of Exercise 12. The trans¬ 
formation used here is that from rectangular to cylindrical coordinates in 
space (§15.12).! 

1 4. If /(x,y) = y/x, x — r cos v> sin 0, y = r sin sin 0, find /, , /* , f$ . 

1 5. For fluid pressure p(x,y,z,t) in terms of timed position in the fluid, show that 
the time derivative of p in terms of the velocities of the particles in the direc¬ 
tions of the axes is 


(ip . . . . .dp 

= *P. + VP. + *P. + £■ 

1 6. I-et u(x,y), v(x,y), be such that u, = v w , u w = — v, (these are the Cauchy- 
Riemann conditions important in Complex Variable Theory). Under the trans¬ 
formation x = r cos 0, y = r sin 0, show that u, = r~ x v 9 ,v, — —r~'u 0 , and 
that w„ 4- r -l M, 4- r~*u$$ = 0. 


14.16 Implicit Functions 

In the equation 

(1) f(x,y) = 0 

suppose that /,/,,/,, are continuous at the point P*: ( x*, y*) and in a 
(possibly restricted) region R containing P*; suppose also that /(**, y*) = 0 
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[i.e., P* satisfies (1)] and that y*) ^ 0. Under these circumstances it 

can be proved there exists a solution 

(2) y = v>(x) 

of (1) for //asa function of x, single-valued and unique within R, and differ¬ 
entiable there. The solution y = <p(x) is said to be defined implicitly by (1). 
Inclusion of the hypothesis /„(**, y *) ^ 0 permits proof of the existence and 
continuity in R of the derivative * >'(x ). The form of <p\x) is then found from 
the total differential 

df = /, dx + /, dy = 0 

since /[x,*>(x)J = 0 for associated x, y = v»(x), and any change d/ = 0 ; thus, 

(3) y' = *>'(*) = g = - }', f. * o. 

This derivative is valid in R. [Such*technique is that which we have 
discussed and used before; its basis is now stated, but the proof of the 
existence theorem is omitted from this first course.] 

# From (3), still with y = *>(x), we can continue differentiating, to obtain 
y" - d 2 y/dx 2 , • • • , directly. It is generally easier to continue from (3) 
in the form 

(-*) F(x,y) = /* + /- ^ - 0 , y = *(x), ^ 

and differentiate implicitly. Thus, we would fill in 

dF = F, dx + F. dy - 0 
with the partial derivatives of (4): 

= /.. + [/,. y' + f. g-']. F. = /„ + [/., y' + f, |^], 
use (3) for y\ and solve for [cf. (14.13.7)] 



These matters can be generalized to the case f(x,y,z) = 0. Assume 
that /, are continuous at and near P*: (x*, y *, z*), and that 

/(•*■*» !/*» **) = 0 but /,(x*, y*, z*) 0 ; it can be proved that there exists a 

solution 

(5) z = >p(x,y) 

of f(x,y,z) = 0 for 2 as a function of the independent variables x, y , a 
solution which is single-valued and unique and with continuous partial 
derivatives <p t , <p w , in a certain space R containing P*. The function 
z = <p(x,*/) is said to be defined implicitly by f(x,y,z) = 0 . 

Now f[x,y, v»(x,//)] = 0 for all values of the independent variables x, y, 
in R; hence df = 0 for these values and the differential 

( 6 ) df = /, dx + /, dy + f, dz = 0 . 

Insertion of the differential dz = z, dx + z v dy of (5) into ( 6 ) gives 
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Here dx and dy are independent since x and y are. Choosing dy — 0, dx ^ 0, 
we have 

df , df dz 

(7) ^ + = «■ 

Choosing dx = 0, dy j* 0, we obtain 


0, 


or 


dz __ 

U 

% 

f , ^ o. 

dx 

f. 


dz 

_ L 
_ % 

/, ^ 0. 

dy 

i. 



(8) * + 

w dy dz dy 

Note the analogy of these results with (3). Similar results obtain for the 

other pairs, x, z, or y, z, which may be chosen independent. 

From (7), (8), we can proceed to find repeated partial derivatives of z 

to as high orders as we choose, setting appropriate hypotheses of continuity. 

Alternatively, >ve can simply differentiate /(x,y,z) ■» 0 partially repeatedly 

with respect to either x or y, regarding z as a function of the one not held 

constant. 

Example 1. If x 3 + y 3 + z 3 — 3 xyz = 0. find z t , z ¥ , and z t¥ . 

Let x, y be the independent variables, z dependent, a function z = *p(x,y). 
Differentiating implicitly with respect to x (remembering that y is independent of x) 
we find (for z — xy j* 0) 

(9) 3x 2 -F 3 z'z, - 3yz - 3 xyz, = 0, z, = -(x 2 - yz)/(z 2 - xy ); 

note that this tallies with the result of using (7): 

Similarly, 3y 3 + 3 z 2 z„ - 3xx - 3xyz* = 0 furnishes = — (y* — xz)/(z 2 — xy), 
as does (8). 

We find by continuing from (9), differentiating partially with respect to y, 
with x constant, z a function of y: 

'2zzj m + i 2 z„ - z - yz, - xz, - xyz t¥ = 0. 

From this we can obtain z t¥ (its coefficient is z — xy = f, 0) as a function of 
x, y, z, after substitution of the values of z, , z ¥ , already computed. 

Example 2. If /(x,y,z) = 0, prove the relations 


« (s). ■ (r.). - 


«»(a (g), 


(Kelations of this type are important in thermodynamics; cf. Example 14.6.5 for 
a particular case. The affixed subscripts indicate the variable held fixed in the 
specified partial differentiation.! 

The first derivative required in (10) is (7) itself, since z is dependent, y constant. 
For the second partial derivative in (10) we consider x dependent, a function of 
z, y again held fixed; this reverses the roles of x and z in (7), and we write 


(**) = _L. 

\dz/ ¥ f M 


The product of this with (7) yields (10). 

The first factor of (11) is again (7). For the second factor we interchange x and z 
in (8); for the third we interchange y and z in (8) after preliminary decision as to 
dependent variable: 


(-) =- L 
\dyJ. !, ' 


(V)_ L. 

\dz), f. 
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The product of these with (7) is (11). Note especially the cyclic character of (11) 
in all respects. 

Example 3. It may he of interest to sec the expression of the solution y = <p(x) of 
J(x,y) = 0 as a Taylor’s series developed about the point P * at which proj>er con¬ 
ditions are arranged. With the telescoped notation y* = v>(x*), (»/')• = etc., 

the series is 

(12) y = y* + (y')*(* - **) + (y")*(* - x*) 2 /2! + • • • 

for some range of convergence about x*. We shall find the first three terms of the 
solution y = ip(x) of 

(13) f(x,y) m y* + y 1 + y - x - 0 

at and near the point 0: (0,0). (Note that such solution cannot be obtained in 
algebraic closed form.) We have in succession, 

5 yV + 2yy' + v' - I - 0, 

20yV* + Sy*y" + 2y’ 2 + 2yy” + y" = 0, 

60 j/V 3 + 60 y*y’y" + 5yV" + 4t i'y" + 2 y'y" + 2 yy ,n + y'" - 0 . 

Setting x* = 0 in (13) and the above differential equations, we find y * = 0, 
(!/')* - 1, ([/")* = -2, (•/”)• = 12. With these insertions in (12), we find the 
Maclaurin series for y = <p(x) at O to begin with 

y = x - 2 + 12 ^ + • • • - * - x* + 2 ** + • • ■ . 

14.17 Pairs of Equations f(x, y, z) = 0, g(x, y, z) = 0 

The pair of equations 

(1) f(x,y>z) = 0 , g(x,y,z) = 0, 

(in which we make the usual assumptions of continuity of /, g, and their 
partial derivatives at and near a common point P*) separately represent, 
surfaces, their intersection (if any) a space curve C. [The pair z = v>(x,f/), 
z = '!'(**!/)> likewise representative of two surfaces and their curve of 
intersection, are of type (1) if written as / = *(x,//) — z, g = ^(x,y) - z .) 
If we could assert that the pair (1) specify the solutions 

(2) V = **(*), 2 - 0(x) t 

then these equations would give C in terms of two cylinders; and the 
equations 

(3) x = t, y = F(t), 2 = G(t), 

would constitute parametric equations of C. 

Ability to assert existence of the solution (2) of (1) centers on the func¬ 


tional determinant 



called the Jacobian t of f, g, with respect to y, z. The J in the symbol on the 
right side of (4) stands for “Jacobian”; note that the symbol displays both 

tAftcr the nineteenth century German mathematician C. G. J. Jacobi. 



14.17) '*•«* Of EQUATIONS «». y. » = «■ »'«• » *' “ ° 

the functions and the variables with respect to which the differentiations 
in (4) are to be made. The covering theorem is the following 

theorem 14.17.1. In f(x,y,z) = 0, g(x,y,z ) = 0, ** a ’ uL ^ 

first partial derivatives be continuous at and near the point / : (x ,V > 
satisfying each equation ; let the Jacobian 


<H) - ° 


at P*. Then in some space R containing P * the given equations can be 
solved uniquely for y = F(x) and z = G(x), single-valued and differerv- 
tiable in R, and satisfied at P*. The derivatives y'(x), z'(x) are continuous 
in R. 

We do not prove this theorem; Example 1 will show a simple known case. 
The derivatives asserted by the theorem arc found from simultaneous 
equations containing them: 

(6) /, + fy + S*' = 0, g, + gy + g,z' - 0; 

note that J j* 0 is the condition for solving these for y' and z'. 

Example 1. For the planes 


/ a 2x - Sy + 5z - 4 - 0, 


3x + 2y - 4z + 8 = 0, 


we find 




/* /. 


2 ^ 0 . 


2 -4 


IV* Vi I I - -I 

This is the denominator required to be ^ 0 in the standard determinant solution 
of the linear equations for y and z in terms of x, as the reader should check. Thus, 
the theorem generalizes a known special case. (Stepj>ed down one dimension we 
find for the lines/ s ax -f- by + c = 0, g s a'x + b'y + c' = 0, the Jacobian 

j(t-a) = \ a b ; 

Vi yJ |a' 6' 

that this be y* 0 is required for unique solution of the equations.! 

Example 2. Show that 


x 1 — y — z = 0, x - 2y — z 2 = 0, 
have a solution y = F(x), z = G(x), at and near O: (0,0,0), and find y'(x), z'(x). 

Writing f = x 2 — y — z, g = x — 2y — z 2 , we have/, = — 1,/, = — 1 , g w — — 2, 
g, = —2 z. Then, in general, 

J = _1 “ 1 = 2z - 2 = 2(z - 1) 

-2 -2z 

and J 7* 0 unless z = 1. Hence, by Theorem 14.17.1 the required solutions near O 
exist, and are differentiable. Differentiating the given equations with respect to x, 
with y, z, functions of x, and if, z\ known existent, we have (cf. (6)) 

(7) 2x — y' — z' = 0, 1 - 2y' - 2zz' = 0; 

for x = 0, z = 0 at O the solutions are if = z' = — J. Note that J 7± 0 is 

required for this solution. 
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We go one step farther. Continuing to differentiate (7) with respect to x we have 
2 y" z" = 0, -2 y" - 2 z* - 2zz" = 0, 

which we solve (./ ^ 0) for y" = -{,z"= 2j, at O. The first terms of the Maclaurin 
series for y = F(x), z = tf(x), then are 

V = Jx - *78 + • , --ix + 9x'/8 + • • ■ . 

The intersection of the two surfaces near O is then, as in (3), 

C: * = *, y = ht - *78 + • • • , * - -41 + «*78 + • • • . 

14.18 Exercises 

1. For xyz + x + 2y — 2=0 find z, , z* , z, A , z, v , z yy , in general and at 
(2, 1, — I). [/Ins. At the point, z, = z„ = 0, z My = }.| 

2. For each implicit definition /(x, y, z) = 0 of z find the first- and second-order 
partial derivatives of z with respect tox, y, in general and at the point indicated; 
state when the general result is invalid. 

(a) xy + yz + zx = 3; (1,1,1) (b) xyz — c 3 ; (1, c, c 2 ) 

(c) x + y + 2 = 3 /xyz; (1,1,1) (d) Ax 2 + Iiy 2 + Cz* = D 

(e) x 2 / a 2 -f y 2 /b 2 + z 2 /c 2 = 1; ( a /V 3, 6/\/3, c/%/3) 

(A ns. (e) z„ = -c a (aV + cx 2 )/az 3 . z„ = — c*xy/a*6V.) 

3. Show that z, , z y , at (2, 3, —6) obtained implicitly for x 2 + y 2 4 - z = 49 
tally with the values obtained explicitly from z = —\/49 — (x*~+ y*). 

4. Find the first three terms of the Maclaurin form of the solution y = /(x) for 
y 3 + V 2 — V = X at and near O. [Ans. y = 0 — x + x 2 — 3x 3 -f • • • .) 

5. If z = /(x,[/), with F(x,y) = 0, show that dz/dx = (z,F„ — z y F f )/F y . 

6. If / a xz 4- yz — x — i/ = 0, g sa x 2 — xy + y 2 — z = 0, find z' = dz/dx = 
3(x — y)(l — z)/J, where J is the Jacobian required non-zero for existence 
of y = F(x), z = G(x), y', z\ 

7. Show that the surfaces f(x,y,z) = 0, g(x,y,z) = 0, intersect orthogonally if 
and only if f M g M + f y g y + f.g, = 0. 

8. Show that x 2 — Ay + 3z 2 = 0, 2x -f- y + z = 0, can be solved for y = F(x), 
z = G{x), at and near (—1, 1, 1). Show that the Maclaurin expansions of 
y, z, near the point are y = 1 — 1.4x + 0.208x 2 + • • • , z = 1 — 0.6x — 
0.208x 2 -+- • • • , and give parametric equations for the curve of intersection 
of the surfaces near the point. 

9. The surfaces x 2 y 2 + 2x + z 3 — 16 = 0, 3x 2 + y 2 — 2z — 9 = 0, have point 
(2,1,2) in common. Show that in the neighborhood of this point solutions 
y = F(x), z = G(x), exist and have the forms 

y = 1 - 3.9(x - 2) - 8.318(x - 2) 2 + • • • , 
z = 2 + 2.1(x - 2) + 0.787(x - 2) 2 + • • • . 

10. Theorem 14.17.1 can be generalized (among other ways) to the case of 
f(x,y,",») = 9, g(x,y,u,v ) = 0; under analogous conditions of continuity 
of /, g, and their partial derivatives at and near a common point P * satisfying 
the equations, together with J*[(J g/u *•)) ^ 0, there exist unique solutions 
u — F(x,y), v = G(x,y) t with continuous partial derivatives, in the neighbor¬ 
hood of P\ 

The derivatives are computed by the same technique as before. Thus, for 
x -f- M a + v = 0, y + u — v 2 = 0, with x, y, chosen as independent variables, 
\{ J = —(4 uv + 1) 5^ 0 we find u, by differentiating both equations with 
respect to x and solving the pair: 

1 -f- 2uu x + v M = 0, 

elimination of v t gives u, = 2 v/J. 


0 + u, - 2 uv, = 0; 




,4.191 TANGENT LINE AND NORMAL PLANE l 5 ^ 

H. Forx=u+v,y=2„+3v, find .>. by the method1 of. ^xerc^dO. 

Check the results by solving the given equations^ u and v, and 
directly. [/Ins. u M = 3, v t = — 2, u, — 1* v * *•' 

1 2. Find u, , v t , u„ , v„ , if 

(a) ** + y’ + u' + V 1 = 1, X + !/ + « + « = 0; 

(b) 2 x-y* - «’ - 1 >* - o, x* - 3» - u’ - »’ = 0. 

14.19 Space Curves: Tangent Line and Normal Plane 

Let the space curve C be given parametrically: 

(1) C: x - x(t), y = y(t), z = z( 0. 

the functions a-, y, z, having continuous derivatives for t on the range 
R(£) which are not all zero (a “singular” case to be avoided) for any 
specified value of t on R(f). Let P*: (£*; a*, y *, z*) be a fixed point on C; 
let Q : (l* + Af; a* + Ax, y* + Ay, z * + Az) be a nearby point on C. The 
line P*Q has (Aa, Ay, Az) for one set of direction numbers; these we modify, 
by introducing the factor (A t)~ l , to the set 




( 2 ) 

As At —♦ 0, Q —♦ P* along C, P*Q —» the tangent P*? 1 at P* (definition), 
and the limiting direction numbers of (2), 

(3) [f • * - 1] - 

are to be taken as the direction numbers of the tangent P*T. The equations 
of the tangent P*T at P* to C are therefore 


(4) (x - x*)/x'(t*) = (y - y*)/y'(t*) - (z - z*)/z'(f). 

The plane through P* perpendicular to the tangent P*T is called the 
normal plane of C at P*; its equation is 

(6) x'(t*)(x - x*) + y'(t*)(y - y*) + z'(t*)(z - z*) = 0. 

Example 1. The twisted cubic a =<,»/= t 2 , z = f 3 , [Example 14.3.3] has x\t) = 1, 
y'(t) — 2 1, z'(t) = 3 l 2 . At the origin these are [ 1,0,0): the tangent line is a/1 = 
y/ 0 = z/0, the a-axis, and the normal plane is a = 0, the yz-plane. At P*: (1,1,1) 
the direction numbers are [1,2,3], the tangent line is (a — 1)/1 = (y — l)/2 = 
(z — l)/3, and the normal plane is a — 1 -f 2(y — 1) + 3(z — 1) = 0, or a + 
2y + 3z - 6 = 0 (cf. Fig. 14.21.1). 


Alternatively, the space curve C might be given as the intersection of 
two surfaces, 

(6) S, : /(a,y,z) = 0, S ? : y(a,y,z) = 0. 

If proper conditions of continuity are met by /, g, and their first partial 
derivatives, then the equations (6) have one and only one solution y = F(a), 
z = G(x) at all points for which the Jacobianf «/(/ g y z) ^0 (Theorem 
14.17.1). Then the curve of intersection is given parametrically: 

(7) C: x = t, y = F(t), z = G(t); 


fWhat would be the procedure if this J = 0 but, say, J(J g/z x) 0? 



530 ] 


FUNCTIONS OF SEVERAL VARIABLES 


[ 14.20 


the previous method devised for (1) now applies. The derivatives in (4) 
and (5) are now x' = 1, y'(x), 2 '(x), (since t = x) and are found from f 
and g by the method of §14.17. 

Example 2. Find direction numbers of the tangent at (1,1.1) to the c ircle 

/ - x 2 + y 2 + z 7 — 3y = 0, g - 2x - Zy + 5z - 4 = 0. 
Applying the method of §14.17 we find that the circle can l>e given by the form 
(7); the derivatives y'(x), z'(x), are found from 

y’ - 2z' = 2, 3y' - 5z' = 2, 

to be y' — — 6, z' = —4. The tangent line has direction numbers (1, —6, —41 
and parametric equations 

x = l + t, y = 1 - z - 1 - 4t. 

As a check, note that these satisfy the plane g = 0 identically in t, so that the tangent 
lies in the plane of the plane curve as it should. 

14.20 Space Curves: Arc Length 

Let C be a space curve with equations 

(a) x = x(/)» y = y(t), z = z(t), 

(0 * (h) f(x,y,z) = 0, g(x,y,z ) - 0, 

(c) y = F(x), z = C(x), 

which by now we recognize as generally equivalent forms. Let all derivatives 
encountered be supposed continuous; in (a) we suppose them not all 
zero at a point under consideration; in (b) we suppose the Jacobian 
J = (/ 9f'J z) * 0 at such points. Let x lie on the range R(x): a £ x £ 6; 
in (a) let t lie on a range i m £ t £ U productive of R(x). 

In C between points P 0 , P x , for which x = a, x = 6, we inscribe a 
broken line of n sides P.-,P, , t - 1, 2, • • • , n, as in our original work 
with arc length of a curve y = /(x) in a plane. _The arc length of C is 
defined as lim 22 Pi- |P. • The projections of P.-.P, are (Ax), , (Ay/), 
(A 2 ,), the increments in x, y, z, sustained in covering the linear distance 
from P,_, to P, . In terms of these we have 

(2) P^P: = \/(Ax)* + (Ay) 2 + (A z)\ . 

The suggestion is, in analogy with the definition and calculation of arc 
length of a plane curve (§9.5), that arc length s(a,b) of C is given by the 
appropriate one of 

m + & - ©7 

.. + (H) + (s) J dx - 

These formulas can, indeed, be established from the hypotheses we have 
setf. The differential element of arc is 

(-4)_ ds 7 = dx 7 + dy 7 + dz 7 . 

fCf. do la Valine Poussin, Cours d’analyse infinittsimale, v. 1, 7th ed., p. 266. 


(3) 


s(a,b) 


s(a,b) 


dt, 


Ct 
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14.21] SPACE CURVES: THE OSCULATING PLANE 

Example. For the circular helix x = a cos 0, y = a sin 0, z = k$, the length from 
0 = 0 to 0 = 2ir is given by 

s(0,2ir) = J [a 2 sin 2 0 + a"’ cos 2 0 + k 2 \* d0 
= [’ vV + k 2 dB = 2r Va* + k*. 

Jn 

In fact, the length from 0 = 0 to 0 = 0 is seen to be 

s(0, 6) = eVa‘ + k 2 

and a- is in constant ratio to 0. 


14.21 Space Curves: The Osculating Plane 

Consider the space curve C: x = x(t), y = y(t), z = z(t), the functions 
x, y, z, having continuous first and second derivatives, not all of either 
set zero, for any specified t on a range R (t) containing /*, with the cor¬ 
responding P* a point on C. I>et P*T be the tangent line to C at P*\ 
let p* be the normal plane at P*. 

Although any plane containing the tangent line P*T may be construed 
as a tangent plane to C at P* t there is, generally, one plane of this “sheaf” 
of tangent planes which stands out in importance, in the sense of having 
closer contact with C at P* than any of the others. This plane is the 
osculating plane to C at P* t defined as follows. Let P': (t') } P”: (l"), be two 
points of C near P* t with t", on R(/). The three points P* t P\ P", 
determine a plane v, unique unless C is here a straight line. As P f , P", 
approach P* along C, the plane t generally approaches a unique limiting 
position; the limiting plane *■* of !*} is called the osculating plane to 
C at P*. The osculating plane is important in the study of motion along a 
space curve. 

Let ir*: ax 4- by + cz + d = 0 be the osculating plane to C at P*. The 
reader can follow almost verbatim the derivation of the osculating circle 
to a plane curve, §12.6, to show that the numbers a, b, c, d, satisfy the four 
equations 

a • x + b • y + c • z + rf = 0, 

a • x* + b • y* -f- c • z* + d = 0, 

a • x'* + b • y'* 4 - c • z'* = 0, 

a • x"* 4- b • y"* 4- c • z"* = 0, 

where s'*, for example, is short for *'(/*). The set of equations (1) does 
have a solution other than the trivial and obvious set 0, 0, 0, 0; for this 
it is necessary f that the determinant of the coefficients of a, 6. c, d, be 

fA sy ste m of four linear, homogeneous, equations in four unknowns has a solution 
other than the tr.v.nl one consisting of four zeros if and only if the determined of the 
coefficients is equal to zero. 
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zero. But this determinant has in its last column the elements 1, 1, 0, 0, 
and the condition can he reduced to 


( 2 ) 


- x* 
x'* 


y - y* 






z — z 
z'* 

r"* 


= 0 . 


* • r- z- 

This is the equation of a plane under development by the minors of the 
first row, and must by the manner of its derivation be the osculating plane 
i r* at P*. The direction numbers of its normals are the set 


(3) = 

y'* z'* 

f 

z'* X '* 

9 

X'* y'* 

1 


y"+ z"* 


2"* X "* 


x "* y”* 

J 


of coefficients in the development of (2). 

It is clear that the osculating plane of a plane curve is the plane itself 
of the curve. 

Example. For the twisted cubic x = l, y = t 2 , z = l 3 , we have x' = 1, x" = 0, 
!/' = y" = 2, z‘ = St 2 , z" = 6 1 . At (0,0,0), then, the osculating plane is 

x y z 

I 0 0|=0 

.0 2 0 . 

or z = 0, the xy-plane. At (1,1,1) the osculating plane is 

X — 1 y — 1 z — 1 

1 2 3=0 

0 2 6 

or 3x — Sy -f z — 1 = 0. This plane is shown in Figure 14.21.1 (which figure 
illustrates also points about to he discussed). 


The osculating plane contains the tangent line P*T, as was evident from 
the beginning. The normal to C at P* which lies in the osculating plane is 
called the principal normal to C (sec line labeled P n in Fig. 14.21.1); it lies 
in the normal plane to C at P*, in fact, is the intersection of the normal and 
osculating planes. The normal to the osculating plane at P* is called the 
binormal to C at P*, and also lies in the normal plane (see line labeled B„ 
in Fig. 14.21.1). Tangent, principal normal, and binormal, at P* are mutu¬ 
ally perpendicular and form a “moving trihedral” of space axes which 
travel with the point. The tangent is directed in the sense of increasing /; 
the normals have their positive directions to correspond with those of the 
coordinate axes if the trihedral were moved to the origin. 

Example (cunt.). At O on the twisted cubic we have found (Example 14.19.1) 
that the tangent line is the x-axis, the normal plane is the yz-plane. The osculating 
plane is the x//-plane. Then the principal normal is the y- axis, the binormal is the 
e-axis. Note that the tangent, principal normal, and binonnal are the x-, y- f z -axes in 
that order; follow Figure 14.21.1. 



CURVILINEAR MOTION 
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Now let 0 move to P\ (1,1,1) on the cubic, carrying the fih^ralofco- 
ordinate axes and planes with it. Tangent Ox turns into tangent / / , P rm ^P a ‘ 
normal Oy whirls into P*P n and the osculating xy-plane hugs C closely to sweep 
into its new indicated position, and binormal Oz twists into the new binonn 



P*B n . The reader should imagine the motion inherent in this description and in the 
figure. Equations for the planes and lines are easily computed ;t Figure 14.21.1 is 
scaled from the direction numbers computed at P*. 


14.22 Curvilinear Motion 


Suppose a particle in motion along a curve C given parametrically, 
x “ *(0» V = 2 /( 0 , 2 = 2 ( 0 ; we assume continuity of the first and second 
derivatives of the position coordinates ( x,y,z ) on C with respect to time t. 
The notions and formulas concerning velocity and acceleration of the 
particle in its motion along C are in such complete analogy with their 
sources in plane curvilinear motion that we record facts. 

Velocity is a vector v with three space-components [v t , v v , v t ] = [x, y, i], 
which also serve as the triple of direction numbers; the magnitude of v is 
I v | = ( v, + !»! + !»!)* = (x 2 -F y* 4- i 2 )*. According to §14.19 it is clear 
t hat v lie s along the tangent to C. According to §14.20 the rate of covering 


*At U, 1 1) we have direction numbers as follows: tangent [1.2.31: normals 
osculating plane [3, —3, 11, including binormal; principal normal [11, 8, —9). 


to 
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arc length s along C is the speed 

v = ft = ± [( 5 ?) + (S + (i) ]' = ±« + »: + o*. 

Acceleration is likewise a vector a with three space-component* 
[a, , a, , a,| = (c, , t>„ , c,) = [x, y, z], which are also its direction numbers; 
the magnitude of a is | a | = (a] + al + a]) h = (x 2 -f y 2 -f z 2 )*. 

Example. To discuss the motion of a point moving on the helix 

x = A cos t, y = A sin t, z = kt, ( t time, A > 0) 

we record 


A cos t, z = A:, x = - A cos t, y = —A sin t, 


0 . 


x = — A sin t, y 
Hence: 

v has magnitude Va 2 + k\ direction [-A sin t, A cos /, k); 
the speed is constant, and from the fact that cos 0 , = k/y/ A* + j?, a constant 
we see that the direction of the motion is at constant angle with the axis of the 
cylinder bearing the helix. As for acceleration: 

a has magnitude A and direction (—A cos l, — A sin t, 0); 

con . st “ nt in , magnitude, and since cos a, = 0 the vector a is always 

the first nv hc r bas ? ° f he C i' ln, e L r bcarinK the helix: in fact ' the - a*K n modifying 
the first two direction numbers shows that a is always directed toward the center 


It is easily proved that a at a point P’ on C lies always in the osculating 
plane for the given point P\ Since a has direction numbers [i, y, z], evalu- 
ated at P , it lies along the line with parametric equations 

(!) X = X* + £*t, y «= y* + y+ lf z _ z + + ft 

But these x, y, z, satisfy the equation (14.21.2) of the osculating plane 
identically in t, since 


x - X* 

* 

1 

z = z* 


X*/ 

n 

z*t 

X* 

y* 

z* 

= 

X* 

y * 

z * 

£* 

r 

z * 



r 

z* 


has two rows proportional for all t and is therefore zero for all t. (Of course, 
v lies in the osculating plane since the tangent along which v extends is 
found there; this can be verified by the method just used.) Since a is thus 
perpendicular to the binormal, it has merely tangential and (principal) 
normal components, as in the case of a plane curve. 


14.23 Exercises 

1. For the curve x = t, y = t, z = §<!, (the intersection of plane y = x with 
cylinder * = §x*J at the point P*: (1; 1, 1, §), show that: 

(a) the tangent line is x = 1 + t, y = 1 + t, z = § + (; 

(b) the normal plane is x -f- y -f z = 2§: 

(c) the osculating plane is x — y = 0; 

(d) the binormal is x = 1 + t, y = 1 — /,*=§; 

(e) the principal normal is x = 1 + t t y = 1 + z = § — 2t; 

(0 I v | = v^3, I a | = J, direction a: (0. 0, §J; 

(g) length from O to P* is §(16 — 4\/2)- 

Draw a scaled figure (cf. Fig. 14.21.1) to illustrate; use all possible checks. 
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2. For the curve x = t, y = I 3 , * = <*, at (1,1,1) find tangent line, normal plane 
osculating plane, binomial, principal normal, and specify ! v |, | a |. 

3. Show that the osculating plane for the curve C of intersection of f(x,y,z) = 0, 

g(x,y,z) = °» afc p * is 


x — x' 

1 


y - y* 




0 y"* * 

, denote differentiation with respect to i. [Assume the form (14.19.7) 


z - 2* 




z 


= 0 , 


where' " 
for C. 


4. Find tangent line, normal and osculating planes, for each curve: 

(a) x 2 -f y 9 - 2 x = 0, x* + y* + z 2 - 4. at (l, 1 , V2) 

(b) xy + yz = 8, x* + y* + z 2 = 14, at (3, 2, - 1) 

(c) xyz = 1, x = j/ 2 , at (1,1,1) 

[Ar«.(a)x = 1 - V2t,y= 1 ,*« v^2+ %/2x = *;2x - //+ 2\/2 z = 5. 

(b) x = 3 + 3/, y = 2 - 4*. z = -1 + t; 3x - Ay + z = 0; 37x + 29// + 
5z = 164.J 

5. Find the length of each curve: 

(a) y = }x 2 , 3z = 4x*, between points with abscissas x = 0, x = 1 

(b) x-U - it 3 , z - J* 2 , from O to « = 1 ) 

[Ans. (a) l[y /6 — In J (3 -f V 6)1 — 1; use approximate integration in (b).J 

6. Show that the curve x = < 2 , y = t 3 , z = t*, is tangent to the surface z 2 = x -f 
2 y- 2 at (1,1,1). 


7. A point moves along C:x 2 +jf 2 +z 2 = 14, xy + xz = 4; find v and a at 
(2, -1, 3) if u, = 3, a, = 2, there. [Ana. v: (-4, 1, 3), a: [-6, 20, 2J.J 

8. Show that if speed is constant then a lies in the normal plane, along the 
principal normal, of the curve of motion. (Use (14.22.1).] Verify the result for 
the helix of the Example, §14.22. 

9. (a) Let C be the intersection of x 2 -f y - 2z 2 = 0, 2x 2 -f y — z 2 = 2, con¬ 

taining P*\ (1,1,1). Exhibit the tangent line to C at P* as the pair of 
tangent planes to the surfaces at P *. Hence find direction numbers for 
the tangent line, and write its equations parametrically. What is the 
normal plane at P •? 

(b) Generalize (a) to C:/(x.y.z) = 0, g(x,y,z) = 0, containing P\ Show that 
direction numbers of the tangent line to C at P m are the ordered two-rowed 
determinants of the matrix 


(f: n /.* /:\ 

W gf gT g*) 

and write equations for tangent line and normal plane. 

(c) Apply (b) to the twisted cubic y = x\z = x ! (Example 14.19.1). 

1 0. Show that a necessary and sufficient condition that the curve C • fix u z) = 0 
= 0, be tangent at P' to the surface F(x,y,z) = 0 is 
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1 1. Obtain the osculating plane of the cum of intersection of the cylinders 
p* / <l , C °, a . s ' n an< * x = a cos t, z = a sin f, at a common point 

r r>* A 2 ' l* Make use of the satisfaction of each locus by the coordinates 
of P*. Could you predict the result?) 

14.24 Extreme Values of f(x, y) 

1 lie function /(x,y) will be said to have a relative maximum at P *: (x*, u*) if 
for all points (x* + Ax, y* -f Ay) in a sufficiently restricted neighborhood of P * 
the increment Af < 0; in the contrary case, A/ > 0 for all points sufficiently near 
* , /(x,y) is said to be relatively minimum at P*. 

We suppose that/ and such partial derivatives as may be used in the ensuing 
discussion are continuous at and near P*. If the surface z = /(x,y) has a relative 
extreme at P* then the sections of the surface by x = x* and y = y* must be plane 
curves with relative extrema at P*. and a necessary condition for this is the pair 
of equations 


( 1 ) 


dz 

dx 


- o, g « 


0, 


corresponding to the necessary/'(x) = 0 in the single variable case. Geometrically, 
t ic numbers /, , /„ , are (cf. (14.9.8)) the first two direction numbers of the set 
*i i ’ ^ ^ or nonna l s to the tangent plane of the surface z = /(x, y); that 

they be zero requires that the normal at />• be parallel to the z-axis, and hence that 
, t<n, Q cnt plane at P • be parallel to the xy-plane. A maximum occurs if the tangent 
plane is wholly above the surface near P\ a minimum if the tangent plane lies 
wholly below the surface at P*. 

Conditions ( 1 ) have been labeled necessary for relative extreme value. Simul¬ 
taneous solution of the pair for (x\ y*) yields all possible extrema, to be termed 
critical points; but we require further information to distinguish maximum from 
minimum, or to discard critical points of neither type. 

Example 1. The point for which x - 0, y = 0, is a critical point of all three sur¬ 
faces 


(a) x 2 4- y 2 + x 2 - 

(b) x 2 + y 2 = 2x, 


(c) x 2 - y‘ 


2x, 


dz 

dx 

dz 

dx 

dz 

dx 


x 

z 


dz_ 

dy 


_ y. 

z 


Z 7* 




al “ x » 


S _v ] 

% = -»] 


o] 


since these values make zero the necessary partial derivatives exhibited. In the 
sphere (a) the point (O.O.n) is clearly a maximum point, the north pole, (0, 0, — a) 
minimum, the south pole; in the circular paraboloid (b) the point (0,0,0) is a 
minimum (I'ig. 14.2.8). Hut in (c), the saddle-shaped hyperbolic paraboloid of 
Figure 14.2.9, (0.0,0) is neither fully a minimum nor fully a maximum since the 
tangent xy-plane is below some parts of the surface but above others. 

An analytic criterion (sufficient condition) for a critical point to be maximum or 
minimum is stated as follows: 

THEOREM 14.24.1. Let P*: (x*, y*) satisfy 

0) /, = 0, f. = 0, 

where f(x,y) is continuous, together with its partial derivatives of first and second 
order, in a region R containing P*\ letf * ,/,* ,/* , be not all zero. If, furthermore, 


( 2 ) 


(- f* • f* < o, 


then: P* is a point of (a) minimum or (b) maximum according as 

<3) (a) **(or f*) > 0 , (b) f*(or £*) < 0. 
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[This is a sufficient condition, applicable in many of the most usual 
Note that the over-all (2) is to be satisfied for both type of extreme. It can be.slio 'sn 
that in the case opposite to (2), namely/,* - f*J*> 0. ™ 

saddle-shaped hyperbolic paraboloid) occurs. In case/*; /*/Jt appe 

be made to tests involving third derivatives. These matters are too complicated 
prove, even to state, here.) 


Example 2. Find the dimensions of the rectangular parallelepiped of maximum 
volume with three faces in the coordinate planes and one vertex in the plane 
x/a -+■ y/b + =* 1, where a,b,c > 0 (Fig. 14.24.1). 



^ V, *, are the dimensions of a typical parallclepif>ed. volume and its partial 
derivatives are 


xyz = cxy 


( l- a~i)’ 0<x<a ' 0 < y < b, 0 < z < c, 

F.—(, -*-*), 


V 

V 


2c 


“ 6 


— v r i/ 

The only admissible values for which l> \\ = 0 are x = Ja, y -= Jfc, with corres¬ 
ponding * = these give V = abc, 27. For these values we compute F* = 
— 2bc/3a, l * = - c/3, V* = -2 ac/3h. Hence, to try (2), 

(Vry - V* • V* = c 2 9 - 4c 2 9 < 0. 

I hen, since 1 • < 0 (or V* < 0), condition (36) asserts a maximum. That it is 
absolute maximum is inherent in the geometrical situation. 

Contextual information will (as in Example 2) often certify a unique solution of 
equatK’ns (I) for pertinent ranges of the variables to he (absolute) maximum or 
mm mum, and the second derivative conditions of Theorem 14.24.1 can be omitted 
. ““ ?' se . u . s * ,on co 1 V t e . rs s'tuations in which is to be made extreme, subject 

I fl nn S condition F(x,y,z) = c among the variables, for here / is ultimately 
a function of two independent variables, say x, y. This was actually the situation 
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As “Iteniative procedure, sometimes the more effective, implicit 
dinerentiation may be employed, with a = z(x,y): then the e<|iiations 

f .1 m* i S' 7 °’ ~ = = (* dependent on x,y) 

extreme Tlu s"“i'n r' 0 " ‘Vv/' ’ ?. rc,ation a,non R ‘he variables in force for an 

extreme I hus m Example 2,/ = l = xyz, subject to F: x/n + ,,/b 4- z / c = i 

W ith z dependent, x,y, independent, we write the necessary relations 
(4) „ f. = yz + xyz, = 0, /. = xz + xyz . = 0. 

I?!!*/' +*»/« — o, F, = 1/ft + z./c = 0, so that z, = —c/a z = — c /h 

W.th these in 4), an. the fact that x. y, z, are surely non-zero, we eksily find the 
new relation x/a - y/b - z/c tor an extreme. Since the sum of these ratios is 1 
each ,s J, so that x = Jo y = Jft. z = Jc, as before. That the extreme is an a ^ 
lute maximum is seen contextually. 


14.25 The Envelope of a Family of Plane Curves 

Consider the family of plane curves given by 

0) f(c; x,y) = 0 

Uy var i ft tion of the parameter c over a defining range. Suppose that there exists a 

curve C with the two properties: (a) all 
members of the family ( 1 ) are tangent 
to C, (b) C is tangent at each of it* 
points to some member of (1); then C 
is called the envelope of the family. 
Figure 14.25.1 illustrates the possibility. 
We projxxsc to show how to find the 
envelop of a family ( 1 ) if an envelope 
exists (one is not always to be found). 
The envelope locus is important in the 
study of differential equations and in 
some phases of higher geometry. 

By property (b) of its definition the 
envelope of ( 1 ) can be expressed para¬ 
metrically in terms of c: C: x = y>{c), 
y = *(c), from which its tangentrslopd 
is 

dy/dx = *'(c)V(c). 

This slope must be equal to the slope of 
the curve of the family, for the same 

value or c, wmen is 

dy/dx = -/.//, . 

Equating the two values we find 

(2) S, <p'(c) + /, *'(c) = 0. 

On the other hand, as c varies, the coordinates x = y>(c) t y = ^(c), always fit the 
family equation ( 1 ), and we have the identity 

/(c; x,y ) = 0, x = *(c), y = *(c); 
differentiation of this with respect to c gives 

(3) f c + /* ^ + f* Jfc = /« + f* *'(c) + /„ <A'(c) = 0. 

Combination of (2) and (3) leads to the necessary condition 
(•*) fc(c; x,y) = 0. 
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We have thus proved that if an envelope exists, and if the derivatives n»ent,one<i 
in the discussion exist and are continuous, then the coordinates of * ^ 

the envelope satisfy the /fair of equations (1) and (4). bo ution of these eq ’ 

feasible, "ill generally lead to parametric equations of the envelope, from 
parameter can sometimes be eliminated. 

Example 1. The family of parabolas y = 4 c(x — c) is shown in Figure 14.2nd. 
To show that the lines y = ±x constitute its envelope we use f(c; x, y) — V 
4cx + 4c = 0 in the method outlined. Then f,= He — 4x; elimination of c between 
f = 0,/, = 0, results easily in y 2 — x 2 = 0, the desired locus. 


The following two examples illustrate situations in which care must be used either 
in technique or in interpretation. 

Example 2. The family of paral>oIas y = (x — c)' clearly has the line y = 0 a* 
envelope (draw a picture), and the usual method yields this result if applied to the 
family equation as given. If, however, the equation is changed to the form y ± 
(x — c) = 0, then/, = rfcl, and (4) is impossible. Failure of the usual method is 
due to the failure of the partial derivative /„ = \y~* in existence and continuity 
for y = 0. 

Example 3. The family (// — c) J = x(x — a) 2 consists of a set of nodal curves of 
the type pictured in Figure 5.8.1; variation of c moves this representative up and 
down, always tangential to the y-axis at the vertex, while the node at x = a travels 
the line x = a. Clearly, the line x = 0 is the envelop. Application of the standard 
method for envelopes leads to the locus x — 0. x = a; the second of these is to be 
discarded as the locus of the singular nodal points of the family. 


14.26 Exercises 

1. Discuss extrema for the following functions, testing by Theorem 14.24.1: 

(a) + v' ~~ 'toxy (Rel. min. for x, y = a, o.| 

(b) x' -f •/ — 3x (Rel. min. forx, y = 1.0. neither extreme for x, y «■ — I, 0.) 

(c) sin (.r + !/) + sin x -f sin y (Rel. max. (Jir. Jx). Rel. min. (— }tt, — J7r).j 
(<l) (f + y + l)/(x 2 + y -f I) (Max. value = 3.J 

(e) x" + y 1 4- x l — y 3 (f) <,i — j-i — ,,l 

2. Prove that the cube is the rectangular paral!clcpi|>ed of least surface for lixed 
content, and most content for fixed surface. 

3. Split a into three additive parts with maximum product (Kxamplc 14.24.2). 

4. Show that the volume of the largest rectangular parallelepiped inscriptible in 
the ellipsoid x /a 2 + y 2 /b 2 -f z 7 /c 2 = 1 is 8 ab< 3%/3. 

5. An open rectangular box is to have fixed content. Find its proportions for 
least material. (A ns. L = IP = 2//.) 

6. \\ hat point of the plane ax + by + cz = d is nearest the origin? 

7. Prove that the product of the sines of the angles of a triangle is maximum if 
and only if the triangle is equilateral. 

8. Find the most economical dimensions of a silo (cylinder topped bv cone) of 
specified content. 

9. Obtain the envelope of each family of curves: 

(a) The circles (x - c) 2 + if = a 2 , a fixed 

(b) The lines x cos a> + y sin w = p, p fixed 

(c) The lines of fixed length L with ends on the coordinate axes 

(d) The circles Gx 2 -f- G y 2 — 12cx -f 4r 2 = 0 

(e) The lines 2x — 2cy + c 2 = 0 
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(f) The circles through 0 with centers on y = x 2 

(g) Coaxial ellipses with constant area [wab = &) 

(h) The lines with intercepts adding to c 

(i) The circles tangent to y = 0 with centers on y = x 2 
M"?. (a) y = ±/i; (b) x 2 + y 2 = p 2 ; (d) j = ±>/2 y; (f) 2 y 3 -f x*(2y+ 1) = 


0; 4- ,/ 


•1 


^•27 Summary and Miscellaneous Exercises 

In this chapter is begun the generalization of the concepts of calculus and the 
study of functions to functions of more than one variable. In some respec ts the 
generalizations are those expected of analogy. There can l>e no great surprise at 
the extended definition of continuity, at the formula for arc length of a space curve 
at the velocity, speed, acceleration, of a particle in motion along a space curve. 
Extension of the derivative concept, however, requires the two partial derivatives 
in its complete formulation as the directional derivative, and the derivative of a 
chain is far more complicated than its one variable counterpart. And new features 
arise necessarily in the process of generalization. In place of the single tangent line 
and normal line to a plane curve there apj>car counterparts for both a curve and a 
sun ace. 1 he question of defining a curve as intersection of surfaces has no analogue 
o importance, and it is interesting to see the appearance of a derivative condition, 
t le nonvanishing of the Jacobian, in its expression. Sufficient conditions for a 
maximum or minimum are more subtle than their earlier roots. Although analogy 
may start off the extension, what eventuates must be studied on its own merits for 
new Features. 


Miscellaneous Exercises 

1. Find the angle of intersection of the helix x = 2 cos t, y - 2 sin t z = t 
with the surface xyz = 1 for that / between 0 and \tc. 

2. Show that the sum of the intercepts of any tangent plane to x* -f J + z* = 
is constant. 


3. If / is a function of only the differences of the variables x* , i = 1 2 • • • n 
show that ■ 0. 

4. The surfaces * - xy, xyz = 1, **+„>+,’ - 3 , intersect at ( 1 , 1 , 1 ); fin,I 
the angles of their intersection. 

5. Prove that the surfaces xyz = 1 , *■’/*’ + u' b' - **/c’ = 1 , do not Rcnerally 
intersect at right angles, the exception being in case a~ 2 -j- b 2 — c~ 2 = 6, 
in which circumstance there is orthogonal intersection along the entire line 
(ruling) of common points. 

6. Discover a right cylinder with axis parallel to the z-axis which is tangent to the 
surface z" 4- 2 xz 4-0=0. (.4m*. y = x*.| 

7. For x = r cos t, y = r sin /, show x r = r, . 

8. Discover those k in / a (x 2 4- •/ 4- r*)* such that/,, 4- f„ 4- f„ = 0. [Ans. 
k — — .J.) 

9. Show that every tetrahedron bounded by the coordinate planes and a tangent 
plane to xyz = c has the same volume. 


1 0. Write the simplest form of the tangent plane of the sphere x* 4 - ,f 4 . z 2 4 . 

Ax 4" My 4“ Cz 4- D = Oata point of the sphere. 

1 1. Obtain the directional derivative of z = In (x‘ 4* y 2 ) at ( 1 , 2 ) in the direction 
along the line from the origin. 

1 2. Discover the condition that the right circular cylinders x 3 4- y 2 = l, x 2 4- 
(z — a) = r , intersect at right angles at all their points of intersection. 
[Ans. a - 2 = 1.1 
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1 3. The area of the segment of a circle is .4 = 1 r*(0 - sin 0), whore r is the radius 
and 0 is the central angle. If the measurements r = 4, 0 — 4;> , c an be m e 
by no more than * per cent, find the maximum possible percentage error in tnc 
computed value of A. 

1 4. For the curve x = t*,y = t — 2, z = /*, at (1, — 1, I), find tangent line, normal 
and osculating planes, bi- and principal normals, v, and a. 2 

1 5. Find the envelope of the family of paral»olas y = x tan a — (g sec a/2vf t )x , 
representative of the paths of flight of a projectile fired at fixed initial velocity 
v 0 at angle a. 

1 6. Show that the envelope of circles with diameter OP, P on xy = a , is the 
lemniscate ( x 2 + y 2 )* = 4a 2 xy. 

1 7. Partition the positive number a into three additive parts such that x v \fz 
is maximum, where p, q, r, are positive constants. 

1 8. Find the shortest distance between the lines x — t, y = 21, z = 1 + t, and 
x = t, y = 3 + t, z = t. (.4ns. \V2.) 

19. If f(x,y) is transformed by x = Jr(e' -f- e~‘), y = \r(e — e~‘), show that 

As - = Ar - r-*A. + r' l A . 

20. If f(x,y) is homogeneous of degree n (cf. footnote attached to Kxcreise 14.7.3e) 
show that n(n — 1)/ = x 2 J„ -f 2 xyf. y + y*f„ . 

21. Supply the details of the following outline of proof for Theorem 14.0.1: 

// /(*.!/) its first- and second-order partial derivatives are continuous at and 

near (x,y), then at that value A, — f*> • I-et h, k, be such that (x + h, y - f- k) 
is near ( x,y ). Write 

T a /(.r + h,y + k) — f(x + h,y) — f(x,y + k) 4- f(x,y). 

With F(y) m f(x + h,y) — f(x,y), and all O 's between 0 and 1, 

T = F{y 4* k) - F(y) = kF.(y -f 0,k) (Mean-Value Th. on F(y )) 
= k\f w (x + h, y + 0 t k) - f,(x, y -f 0,*)) 

(*) = hkf yt (x Ojh, y -f- 0,k). [Mean-Value Th. on f y (x, y 4“ 0|£J 

With G(x) s f(x, y + k) — f(x, y), similar procedure gives 
(*•) T = hkf..{x + 0 % h, y 4- 0 t k). 

Combination of (•), (••), and the assumed continuities, complete the proof. 
Note the throwback to the theory of functions of one variable, a standard 
procedure. 



<( 15 )> Functions of Several Variables: 

Multiple Integration 


15.1 The Definite Integral of f(x,y) over R 

The definition of the definite integral of a function of several variables 
is quite naturally a straightforward generalization of the work of § 8.0 
for the definite integral of /(x). We assume J(x,y) well defined, single¬ 
valued, and bounded for values of its independent variables x, y, confined 
to a closed region R(x,y) of the xy-plane; by a closed region we understand 

a portion of the plane consisting of all points within and on a closed rectifi¬ 
able curve. 

We partition the region R(x,y) into n portions of area (&lt) h , 



k = 1,2, • • • , n, each bounded by a closed rectifiable curve, and each 
possible to enclose in a circle of radius p k , k = 1, 2, • • • , n. The reader 
should begin the construction of Figure 15.1.1. Let P\ : (x\ , y* k ) be an 
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THE DEFINITE INTEGRAL OF f(x.y) OVER R 
either interior to, or on the boundary of, 


(Mi), 


[543 

; let 


arbitrary point vvuvi *vt w, *■»* -- - . • 

f( x * 1 /1 ) be the corresponding functional value. I'orm the sum o e 

products f(x’, , jft) (Art). , * = 1. 2, • • • , ». Suppose that further part.- 
tioning boundaries are inserted, and then more, . . . , in such wise 
as n -> co all the p* and (AR) k — 0. If a limit number exists for 


that 


(1) 


lim 


{ E f(*.*,yf)(AR),} 




and if this same number is the limit number found in the above way for all 
possible modes of partitioning and choice of P* , we define the number (1) 
to be the definite double integral of f(x,y) over the region R. For (1) we use 
the symbol 

(2) ff * f(x,y) dR. 

The use of the double integral sign and of the adjective double can be 
taken to indicate that R is a two-dimensional region rather than a linear 


range. 

So much for definition. We still face the questions of existence, evalua¬ 
tion, and interpretation of (2). 

Existence of the definite double integral will be assured from the con¬ 
dition of continuity of f(x t y) over R, the most usual of sufficient conditions 
and an analogue of the corresponding Theorem 8.7.1 in the single variable 
case: 


theorem 15.1.1. If f(x,y) is single-valued and continuous over the 
closed region R then the definite integral //« f(x t y) dR exists. 

We shall use this theorem without proof. Since we shall discuss (2) only 
for the continuous functions occurring in most elementary applications 
we concern ourselves no more with existence of the definite integral. 

A basic interpretation of the definite integral (2) is ready and natural. 
The initial interpretation of the single variable integral was area bounded 
by the curve y = f(x) £ 0, y * 0, x — a, x — b. In extension, we expect 
(2) to represent volume. If z = f(x,y) 2s 0 be considered a surface over 
the region R (x,y) then the surface z = f(x,y), the plane z = 0, and the 
right cylinder with R as base and extending to the surface, contain a 
solid S. The term f(x* k , y* t ) (&R) k of (1) is the volume of a right cylinder 
of base and top (A R) k , and of height f(x\ , y\). The sum in (1) is the 
total volume of all such cylindrical elements based on the partitions 
(AR) k ; the analogy is with rectangular elements of area based on the 
intervals (Ax)* in a ^ x ^ 6 in the single variable case. The limit of the 
sum in (1) then is taken to define and compute the volume of the solid S. 
Ihe whole argument is in precise analogy with the initial area interpre¬ 
tation of /(x) dx. Figure 15.1.1 continues to illustrate. 

But the matter of evaluation of (2) is the prime difficulty to face and 
to master. This problem we initiate in the next sections. 
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15.2 Rectangular Nets 

For work with a function f(x,y) given in Cartesian coordinates the 
natural choice of the divisions (Aft), in the definite integral (15.1.1) is a 
set of rectangles with sides parallel to the x- and //-axes of the plane of 
K(x,i/). suppose R is the region shown in Figure 15.2.1 bounded by the 



continuous closed curve K such that any parallel to an axis meets K in 
no more than two points [any more complicated R can be reduced to 
several regions of this basic type by rectilinear cross-cuts). Let a, b, be 
the minimum, maximum, abscissas x, respectively, for points on K, and 
let c. d. be min »/, max y, respectively, for points on K. We partition the 
x-rangc a £ x £ b into m arbitrary parts (Ax), , t - 1, 2, • • • , m; and 
we partition the {/-range c ^ y ^ d into n arbitrary parts (A y), , 
j - 1. 2, • • • , n. We draw parallels to the y-axis through the division 
points on a £ x £ 6 , and we draw parallels to the x-axis through the 
division points on c 5 y £ d. The resulting sub-regions (Aft), into which 
R is thus partitioned are of two kinds: (i) for the most part (particularly 
as smaller and smaller subdivisions of the x-. y -, ranges are taken) the 
subregions are rectangles lying wholly within R. with possibly only 
boundary points in common with K; (ii) there are some sub-regions which 
are parts of rectangles through which K runs. 

If the sum in the definition (15.1.1) of double integral is divided into 
Zo. + Z«o, over the two types of subregions indicated by the subscripts, 
and the boundedness | /(x, y) | < M, M > 0. is used in the second sum, 
then 

I Zoo /(x* , i/!)(Aft), I < M £ ( , 0 (Aft,). 

In the limit process the right-hand sum approaches zero, for the area R is 
essentially the limit of the sum of rectangles of type (i). Hence the 
value of the integral depends ultimately on only those rectangles 


,5.3] AN EXAMPLE 

which do not jut beyond the boundary K. These will be said to ^nsUtute 
a rectangular net over R; and henceforward the statement that 
impose a rectangular net over R” shall in brief indicate all the preceding 

attendant circumstances. . . 

To express the new circumstances of a rectangular net partition 'V 
renovate previous notation. Let the elements of the rectangular not over 
R be numbered in some way from \ to N. The /«th element, heretofore 
(A/?)* , now has dimensions (Ax). , (Ay), , and area (Ax), . (Ay), , where 
i, j, are some pair of indices from the partitioning of the x-, //-. ranges. 
Calling this rectangular area [(Ax) (Ay)j* , we have the integral 

(1) lim £ f(xt , y*)[(Ax)(Ay)I* = If f(x,y) dx dy. 

Here, lim. v — designates a limiting process whereby both dimensions 
Ax, Ay, of all rectangles of the net approach zero as the net is refined, 
which explains the natural differential symbolism on the right of ( 1 ); 
the refinements of the x- and y-ranges are to be made, in general, inde¬ 
pendently of one another, but simultaneously. 

That (1), a definition essentially, is too general for ready usage is a 
ready objection. The sum on the left is generally difficult to achieve in 
form to which the limit process is applicable; especially is it hard to number 
the rectangular elements in workable fashion. To indicate these difficulties 
we shall offer a simple example; as a by-product of its solution through 
(1) we shall obtain insight into a possible appeal to one-variable technique. 

15.3 An Example 

The following example is comparable to those of §8.4. 

In Figure 15.3.1 the piece OMX of the plane z =■ x + y lies above 
the triangular region R(x,y) = OAB bounded by the lines x = 0, y = 0, 
x + y = 1; the last line is the projection of the trace of the plane in the 
plane z = 1. The piece OMX forms with the coordinate planes a tetra¬ 
hedron O-ABMX in the first quadrant, with vertex at O and with 
rectangular base ABMX. We shall compute the volume of this tetra¬ 
hedron by means of the definite integral (15.2.1)^ we know (for a check) 
that this volume is 5(base)• (height) = J(l X \/2) (J\/2) = l, an easy 
calculation. 

We impose a rectangular net on R, using the same number of equal 
subdivisions on both OA and OB. Let the division points on both seg¬ 
ments be 1/m, 2/m, • • • , (m — l)/m; the corresponding net is a set of 
squares. The advantage here is that the stacks of squares of the net have 
corners on the boundary i + y = 1 , and we can count (m — 1) squares in 
the first stack, (m — 2) in the next. etc. We can plan to sum the elements 
of the definite integral in each stack, then to sum the results. 

The cylindrical elements composing the sum in (15.2.1) will be rec¬ 
tangular parallelepipeds with the square bases just described. Consider 
the ith column of these, along the line HK: x\ = (i — 1) m of R. We 
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select asjjoints (xl, y\) the points |(« - l)/m, j/m\,j -1,2, ■■■ ,m -i, 
along UK |the point K has y = 1 - x* = (m - t + 1 )/m, and the y 
of J is I'm less than this, or (m — t)/m.) The corresponding 
f* = /(*t . 1/t) = *1 + >/*, are the set i/m, (i + l)/m, • • • , (m - l)/m. 
Then the sum of the volumes of the parallelepipeds in the ith column is 

m ‘ m ’ [« + 4r + i •§(»-«(<+« ~ 1), 

the sum being calculated as that of the arithmetical progression of suc¬ 
cessive integers beginning with i and ending with m - 1. For ease of sum¬ 
mation by columns we write this result as 

2 < OT - 0« + m - 1) = ~i |m(m - 1) - (t - l)t). 

Summing this from i = 1 to i = m — 1 we need to evaluate 
0 ) 2 2m* l m ( m “ 1) — (i — l)t| 

= 2m 5 S m(m ~ ~ d? *§" (! ' _ W 
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15.3J 

for the total volume V m of the parallelepipeds. r l he m — 1 terms, ea< h 
m ( m _ l), of the first sum accumulate to m{m - 1) . The remaining 

sum in (1) isf 

' (i - l)i = 0 + 1-2 + 2-3 + ••• + (m - 2 )(m - 1) 

= J(m - 2)(m - l)m. 


Thus, we continue (1) as 


V m = 


[m{m — l) 2 — Jm(m — l)(m 




This computes the approximating V m to the volume of the tetrahedron 
for the same arbitrary numl>er of equal divisions on each of CM, OB, and 
special choice of P* . 

The limit of the function V m in (2) as m —* ® is V = J; this we accept 
as the required volume of the tetrahedron. 

In complete parallel with the elementary introduction of §8.4 to the 
area-problem, this cumbersome work is unpromising for more difficult 
functions f(x,y). We need a relieving method. 



Fig. 15.3.2 


That solution of the example resulted from summation by columns 
parallel to the //-axis suggests the following alternative procedure. The 
ith column of parallelepipeds of Figure 15.3.1 can be considered built 
on the section of the tetrahedron cut by the plane = (i — \)/m. This 
section is the trapezoid T in that figure, extracted in Figure 15.3.2. This 


fThe formula 1-2 + 2-3 + 3-4 + ••• + k(k + 1 ) : 
established by mathematical induction: we use the case k 


H*(A* + 1)(A- + 2) is easily 

m — 2 . 
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reef W l«r circumscription of T which is 

2ar-s2.=i r miKht bc fo,md f,rst by ~ ° f the **• 


.4(i*) = lim f 2,(4)/), = f" ‘ " zdy 

*~ l *'*-o 

= (I * + y) ^ = I *'''J + iVU-' = 1((I - (*•)’] 

since x* is constant in this planar work. 

1 hat A (a:*) • (Ax), will furnish an element of volume to he used instead of (hut 

equivalently to, in this case) the ith column of rectangular parallelepipeds. 
That 


lim £ .4(:r*)(Ax). = P ' A(x) dx 

•'I n 

will yield the volume of the tetrahedron [cf. §9.2). Indeed, 
this way the approved volume 


we have in 


l A &> * - i 0 ~ *') <1* = Jl-r - |x*|i = i. 
I he method outlined is summarized symbolically by 


(3) 


r r/. 

•'/-0 L •'» - o 


(X + 


dx 


y ) <to] 

= § L:rr- § (I • + ■v*)^.v),](a !/ ), : 

m the inner sum it is the interval 0 £ „ £ 1 - *• which has been pnrti- 
tioned with x* held fixed; in the over-all, outer, sum it is the interval 
,.= x ^ l - The integration process represented in (3) is completely 
different from the integration process defined §15.2, namely, evaluation 
ot the double integral 

(4) //„ H x -V) dx d y = I'm E /(i*. . !/*.)[(Ax). • (Ay).]. 


In this latter we first obtain a tingle complete sum (cf. (2)] to which we 
then apply a single limit process. But in (3) we break up the limit process 
as indicated, first accomplishing a partial limit process with respect to a 
//-partitioning with x held fixed, then on the result as a function of x applying 
a new limit process with respect to an x-partitioning. Thus, the integration 
in (3) is not to he termed a double integration, a name which is given 
to (4); in distinction. (3) is called a doubly iterated integral to indicate 
an integration of the result of an integration. That the two processes 
give the same result (under suitable hvpotheses) is stated in Theorem 
15.4.1. 


Having thus been led to the consideration of an iterated integral, we 
now shall state in general terms the definitions and theorems and inter¬ 
pretations concerning it. 
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15.4 Iterated Integrals and a Fundamental Theorem 

Let R(x,y) he a region of the xy-plane bounded by a continuous close 
curve K such that any parallel to a coordinate axis cuts K in no more 
than two points (as in §15.2). This means that the contour K between 
min x = a and max x = b can be split into an upper boundary y - u{X) 
[ADB in Fig. 15.4.1J and a lower boundary y = l(x) [ACB'] which are 



continuous and single-valued in x; similarly K between min y = c, 
max y ■* d, can be split into a righthand boundary x = r(y) [CB'BD] 
and a left-hand boundary x - l(y) [CAD] which are continuous and single¬ 
valued functions of y. [The several parts of one of these boundaries may 
subscribe to different analytic expressions; cf. the pieces CE , EB\ B'B, 
BD, of x = r(y)). If R is not initially of this type it can be made into 
several such regions by cross-cuts, to each of which the coming theory is 
then applied. 

Let /(x,y) satisfy suitable conditions over R; we assume continuity 
in (x,y) as usual and sufficient for the following work. Let a rectangular 
net be imposed on R; let (x* , y*) be an arbitrary point of the rectangle 
[(Ax),-(Ay),). The line x = x* cuts K in the points with ordinates /(x*), 
u(xt); the range Z(x*) ^ y ^ a(x*) is partitioned by a certain number 
n' of the (Ay), of the net (watch Fig. 15.4.1). For this range, holding x* 
fixed, we form the ordinary definite integral 
lim -_. 

■*— S /(** , 2/*)(^y), = f 


( 1 ) 


f(x* , y) dy, x* fixed] 
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in the limit process we are refining the net in one direction only. The result 
the '"tegration is a function of x* because both limits depend on x* ■ 
we call this function 

( • 4(l1) = f(x * ’ y ] d y- 

1 he integral (!') exists because the continuity of f(x,y) in both variables 
furnishes its continuity in each variable individually, here in y. A(x) is 
readily shown continuous in x because /, u, l, are continuous. Hence the 
ordinary definite integral 

( 2 ) 


f a A (x) dx = lim 53 A(x*)(Ax), 


exists over the range a ^ x ^ 6 as the net is refined in the x-direction. 
1 he effective summary is 

(3) lim £ T lim Y. /(*’. , jrt)(Ay),l(Ax), 

<Ax),-0 (O L(A*>,-0 <>) J 

= /,.. f(x ’ y) dy ] 

We appreciate that (3) symbolizes an iterated (repeated) process of inte¬ 
gration. 

In precisely similar fashion, using first x variable on the range 
Ky*) £ x £ r (y*), with y*, fixed, we arrive at the iterated process 

(4) Jr- S [.Jr- S /(i * - 

= L I(x ’ y) dx ] dy - 

Ihe symbols just defined, 

(5) L f{x ’ v) dy ] Jf [/: n*’V) dx ] d y> 

are called definite (doubly) iterated integrals of f(x,y) over R. The inner 

integral is to be evaluated first by methods of single-variable integration 
with the other variable held constant; since the limits of integration are 
functions of that other variable, the inner result is a function of one variable 
to be integrated in its turn. The final result is, of course, a number. 

For given f(x,y) and the same R, the distinct integrals (5) produce 
the same resultant number. But if integration first on y , then x , be reversed 
in order, new limits must in generalf be formulated, arising from the 
reversed viewpoint towards the boundary of R. 

Example. Evaluate 


( 0 ) 


/o [/,. dy ] *• 


tUnless all four limits are constant, R then being a rectangle; the reader should con¬ 
sult a figure. 
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With x constant, we have 

J > xy dx = x[iy 2 il' = 

Then we perform the outer integration 

i (4* 1 -x 7 )dx = h\x' - ix’lY 2 = i(4 - 2) = 1. 

Thus, the value of the iterated integral (6) 
is 1. 

The basic R over which we have inte¬ 
grated is shown in Figure 15.4.2, lying be¬ 
tween the curves y = x = /(x) ami y = 

2x a u(x) from x = 0 to x = y/2- This 
information we extract from the limits of 
integration. Were we to change order of 
integration in (6), we should first run x 
over the range J y £ x £ y* since now 
x = l(y) ^ i y and x = r(y) a v'y; then y 
extends over 0 £ y ^ 2\/2. The figure 
explains. The integral (6) is now written 
and calculated as 

f ^ 1C *»*]* 

- i £ 1 Iv"* - \v'\dy = 1. 

In writing the iterated integrals (5) 
it is standard to omit the awkward 
brackets about the first-performed inner integration in order to show the 
two separated processes. Thus, the integrals (5) are, respectively,t 

(7) f [ f(x,y) dy dx, f f f(x,y) dx dy. 

•’lit) Je Jit*) 

We still read the two processes from inside out, so the order of the diffcrcntials 
is very important; likewise careful indication of limits is imperative. In 
cases of possible confusion, or if the limits have not yet been decided, the 
brackets should be restored. 

Because the double and the iterated integrals are so distinct in concept 
it is remarkable that the two different types of integrals are connected as 
to final value by the fundamental 

theorem 15.4.1. If f(x,y) is continuous over R(x,y), then the three 
integrals 

jf R /( X ’V) dx dy, j [j f(x,y) rfj/J dx, f [f f(x,y ) rfxj dy, 

(where appropriate limits depending on R are to be supplied) all exist and 
have the same value. 

fWe follow the usual practice in (7). Some writers use the alternate ft dx • f u ,{'\ f(x,y) dy 
for the first integral; some older books use dx dy without ordered discrimination, leaving 
the reader to fend for himself. 
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This theorem to be accepted without proof, is a special case of a general 
one due to luibini. It effectively removes the difficulties inherent in evalu¬ 
ating the double integral which may first translate a situation: the value 
of a double integral of continuous f{x,y) is the same as that of an iterated 
integral, an easier evaluation employing single-variable technique of 
integration. The only hard part of the exchange is the assignment of limits; 
this we shall study as we consider examples in coming sections. Thus.’ 
Theorem 15.4.1 serves as a sort of Fundamental Theorem of Double Inte¬ 
gration in that it reduces solution of the new problem in a vast majority 
of cases to known technique. 

The individual one-variable definite integrals in the iterated integrals (5) are 
often aptly termed partial integrals. If, for example, 


/ f(x,y) dy, x fixed, 
J iu) 


is considered from the indefinite viewpoint and is obtained bv antidifferentiation 
the process reverses a previous partial differentiation, say F>(x,y) = f(x,y). In such 
a situation, however, an arbitrary function v>(x) must be attached to the anti- 
uilterentiation: 


/ l(x,y) dy = F(x,y) + *>(*), 

since in the inverse partial differentiation with respect to y the ^-derivative of vU) 
is zero. (I*or example, with v>(x) arbitrary, ' 

/ + y) dy = xy + \y ! + *(. x) since-- \xy + \y 2 -f v>(x)l - x + y.] 

If, now, G(x,y) is such a function that G M (x,y) = F(x,y), we have 

(8) /.» [/., /(l,v) rfy ] dx = + ***)) dx 

= G(z,y ) + <p{y) + J v(x) dx, 

for arbitrary y>, f. In summary. C,„ = F, = /: as an antidifferentiation process the 
iterated integration on the left side of (8) is inverse to the differential operator 
d /dy dx; note the reversed order of the operational symbols in the two operators. 
Similarly, 

I f dx dy is inverse to z~r • 

•'<»» L Jim* J dx dy 

The reader can show, however, that in a definite iterated integration (just as in the 
single-variable case) the arbitrary *(x) disappears in the subtraction consequent 
upon insertion of the limits of integration. 


15.5 Volume under a Surface 

The double integral of f(x,y) over R has already been interpreted 
(§15.1) as defining the volume bounded by the surface f(x,y) ^ 0, the 
plane z = 0, and the cylindrical surface based on R. Fubini’s Theorem 
15.4.1 suggests the iterated integral of f(x,y) over R for actual calculation 
of that volume. Choice between the two possible iterates is generally 
dependent on study of the actual problem set; a wise choice will often 
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simplify the work involved. A carefully drawn figure is almost indispensable, 
especially a sketch of the region R of integration from which to determine 
(he limits of integration. In some cases it is best to project the configuration 
on one of the other two coordinate planes and use a basic region R in 
that plane. It should be apparent that the previously studied volumes 
(Chapter 9) were such that the inner integration of a double iterate was 
already known, say the circular sectional area of a volume of revolution; 
the present work is, then, a natural extension of the former; or, reversed, 
the former is a special case of the present. 

Example. Find the volume of the bulge cut from the solid x J •+• z 2 = \y by the 
plane y = x. 

The solid is the paraboloid of revolution shown in Figure 15.5.1; the “bulge 
is the shaded protuberance of the solid in front of the plane y = x, the half drawn 



in the first octant being duplicated below the /-//-plane. R (x.y) is the plane region 
bounded by the parabola y = \x~ (lower curve) and the line y = x (upper curve) 
in the x//-plane. With y on the range \x 2 ^ y ^ x and /• on 0 k .r ^ 4 the volume 
required is given by 

2 / / y/ly — x~ dydx. 

• n 
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Use of the power formula on the inner integral reduces the volume iterate to 

2 L 1 * v/42/ “ (4 dy) = * J„ IWy “ x ">%' d * 

= $ f o ( 4x ~ s*) 1 ^ = 2 tt. 

15.6 Exercises 

1. Indicate, in words and in sketch, the volume represented by each double 
iterated integral; evaluate: 

(a) L L " Va'-x'-y 2 dydx (b) 2 jf jf ‘ z tan a dy dz 

(C) /., I (3x + 2y + 6) dy dx (d) j[ i " (1 “ **> rf i/ 

[.•I/is. (b) |a 3 tan a: volume of one wedge of cylinder x + »/ 2 = a 2 between 
planes * — 0, z — i tan a; (d) First-octant volume between cylinders 
z ~ 1 — !/ ) 

2 ‘ L R . is tll ?r tri , a 'i gl , e e, J \ cl r ed by th * ! ines I !' = p, * = 1, V = z, set up proper 
units on //„ (z + y ) dy dz and //* (z J + y J ) dx dy, and show that the two 
iterates have the same value. 

3. Convert each iterated integral into a double integral, drawing the region of 
integration. Keverse the order of integration. 

(a) l J, Kx ' y) dx dy ’ (b) j[‘ J f(x,y) dx dy; 

(°) J a I, y dy dx. 

4. Find the volume under the paraboloid z = x 2 + y 2 and bounded by (a) z = 0 
0>7lS’]* ” °' * + V = 2: <b) * “ '• 'J = 1. * = 0. z + y = 3. |.4n». (a) 2j’; 

5. Find the volume bounded by the planes z = 0, z = 1, and the parabolic cylin- 

6. Find the first-octant volume bounded by the cylinders x 2 + y = a 2 

z + y = a . (4ns. §a 3 .J 9 

7. Find the first-octant volume under * = x 2 , above z = 0, and bounded bv 
x -f- y = 1 and y = 0. 

8. Find the volume between the cylinder x 2 - 2ox + y = 0, the paraboloid 
x + y = az, and the x//-plane. |.4/i*. \ra.) 

9. Find the volume contained inside both sphere x 2 +y+z 2 = a 2 and cylinder 
x 2 - ax + y = 0. [A ns. 2(3ir - 4)a 3 /9.) 

1 0. For the paraboloid x’/4 + y*/9 +2=1, compute (a) the volume between it 
and 2 = 0; (b) the contents removed from the solid in (a) by boring a cylin¬ 
drical hole of diameter 2 and axis along the 2 -axis. (a) 3x.| 

15.7 Particularizing and Interpreting f(x,y) in the Double 
Integral. Applications 

The interpretation (§15.5) of 

(0 ff f(x,y) dx dy 
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as volume i“Jer the surface z = f(x,y) a 0 is but one interpretation 
of the double integral of f(x t y) over R. It is possible to assign certain 
simple particular functions as f(x,y), choosing those which lead to other, 
and important, interpretations of the double integral over R. In this 
section we develop this statement. 

I. Plane Area by Double Integration. We set f(x,y) = 1 and consider 
the especially simple 

(2 ) ff * 1 • dx dy. 

This will give the area of R itself since R is covered with the rectangular 
net of which the differential element of area = dx dy. (Formula (2) is 
also the volume of the cylinder of height 1 over the base R, and this 
volume is given by the same number as the area of R.J We evaluate (2) 
by one of its iterates, obtaining the limits from a figure. After the inner 
integration is performed we are reduced to previous area problems. 

Example 1. Obtain the area bounded by the circle x -f- y — 10.c = 0 and the 
lines x -f- 3#/ = 10, y = 0 (Fig. 1">.7.1). 



We elect to set up the iterated integral of type / (/ dx) dy, (Use of the other iterate 
would necessitate two integrals since the upper boundary curve y = u(x) = 
01 D has different analytic expressions for the pieces OI and'/ /j.) Here x = r(y) = 
10 - 3 y from the equation of the line, and x = l(y) = 5 - V2o- after solu¬ 
tion of the quadratic circle-equation for x and proper choice o"f the negative sign 
from the ambiguous ± occurring in the solution. Hence the area sought is given by 

A = L Lv^r. dx dy = 15 _ 3y + dy 

= [sy - | y 3 + | y + f sin- = \ (3 + 5 sin- |). 

In extension, we suppose f(z,y) a density point-function p(x,y), that is a 
function describing from point to point, the variation of density of a thin 
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lamina of material on the area .1. Then ' ~ v 

( 3 ) If, p(x ’ y) dx dy 

is the mass of the lamina, f 

II. Mass Center of Plane Lamina. With the simple dx dy = dA now 
set as the differential element of area available for a double integration, 
and with recollection of the formulas .4 x = f p(x,y)xdA, Ay = J p(x,y)y dA, 
for the coordinates of the mass center (x,y) of the plane lamina A under 
continuous density function p(x.y), we can immediately adopt 

*' p(x,y) dx dy = [[ p(x,y) x dx dy 

(4) A JJ * 

y • ff a dx d y = if 4 p(x * y) y dx dy 

as new and very workable formulations of the previous formulas for 
mass center of a plane lamina. In the right-hand integrals of (4) the inte¬ 
grands are further particular choices of f(x,y) in the general double integral 
(I). If p s 1 formulas (4) give the centroid of the plane area .1. 

We note relief from certain restrictions in work with centroids in §0.20. since 
both dimensions of the element dxdy approach zero as we define the integral. 
Indeed, dxdy is always essentially equidistant in all its points both from the .r-axis 
and from the {/-axis, and it is easy to conceive of x dx dy as the moment M y of the 
element with respect to the y- axis, and of y dx dy as the moment U. with respect to 
the x-axis. 

Example 2. Find the center of mass of the area bounded by the curves y -+- 2x — 

,! ~ y ~ x ~ -M — 0. if the density at a point is proportional to the square of its 

distance from the origin. 

With p(x,y) = k(x 2 + >f), k constant, and with eye to Figure 15.7.2 and formulas 
(4), we have the coordinates (S.y) of the center of mass given by 

1 ■ [ f *(*’ + y 1 ) dxdy = f f" *’ k(x 7 + i/)x dx dy, 

® 0 Jo J y *- 2 y 

y * f [ W** + y 7 ) dx dy = f f k(x 2 + y 7 )x dx dy. 

The straightforward integrations are left to the reader (as a check, the value of the 
common mass integral on the left is 13-16&/35). 

III. Mean Value. Centroid and center of mass are special mean values 
and formulas (4) are special cases of the general formula 


Q = fj Q(u,v) du dv J JJ du dv 


[entirely analogous to (9.10.5)1 for the mean value Q m of Q(u,v) with respect 
to u and v. 


tDensity of a homogeneous IhmIv Is p - ma*x/rotumr. For a nonhomogeneous body 
Pi = is the mean density of a partition; if lim p, - p. for all manners of 

approach (^F), —• 0 in all dimensions, then p, Ls called the point-density at /\ (where 
Pi lies in (Al’)i at each stage of the limit process). Hence, dm - p(x,y,z) dV is the obvious 
element of mass. With V read as “content” we have dm genetically; for a plane lamina 
dm = p(x,y) dA. 
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Example 3. If the positive number X is divided into three random additive parts 
;> 0, find the mean value of the product of the parts. x The 

Let the parts be u, v, N — u — v, with product Q(.u,v) — uv(N u v). 




numerator of (5) is //* uv(N — u — v) du dv, where R is the triangle (Fig. 15.7.3) 
bounded by the axes u = 0, v = 0, and the line v « N — u. (If u is selected from 
the range 0 ^ u g N, then choice of v from 0 ^ v ^ X — u will have the third 
number N — u — v ^ 0, as is proper.) Hence we evaluate the numerator as 

J J uv(N — u — v) dvdu = I ( l.Vuv 3 — JmV — |uif) v ““ du 

- i l u(N - ii ) 3 du = *(i(AT - u) s - J.V(.V - ii) 4 )? - 

with use of formula 9. Since the denominator of (5) is the area J N 2 of the triangular 

R, we have Q m = (iV*/120) -4- J:V 2 - A' a /60. 

Remark on Method. The reader must note carefully the method of procedure 
in the work of this section. It is one of interpretation of a set integral in the light of 
previous definition of concept. Such assignment of meaning to an integral seems 
unmistakable in the simple, but important, situations here given, covering most of 
the elementary applications (see also §15.9). But the reader should understand that 
each of the formulas could be developed from basic definition applied to elements, 
summation of these, and consideration of limit of the sum; this is the method 
scrupulously followed in the initial discussions of applications of the single-variable 
definite integral, as presented in Chapters 8, 9. Imitation of these methods in the 
present circumstances is not too difficult, and may be carried through by the reader 
who desires to do so. 


15.8 Exercises 

1. Describe each area, and compute it: 

/ 2 r* + 2 r V-'-ir* -12 -«0-*V12 

( J ri d V dx (*>) J o I * dx dy (c) 2 J" j dxdy 

[Ans. (c) 960: area between y 2 = 12(60 — x ) and tf = 3x.) 

2. Compute each area by double integration: 

(a) Between y = x + 1, y 2 = 5 — x; (b) Between x 2 +i/= 0 , x — y = 0 

(c) Between xy = a, x+y=a + 1. [Ans. (c) J(a 2 — 1) — a In «.) 
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3. Fine! the centroid of each area: 

(a) That bounded by y = x — \x , y = x 2 — 2x; 

(b) That bounded by y = 4 px, its axis, and x = Op; 

(c) That bounded by the first-quadrant arc of x + y 2 = n 2 , x = 0 y = 0. 

(*») * = 27p/5, y = 9p/4; (c) x = y = 4«/3t.| 

4. Find the mass of the square lxiunded by x = ± 1 , y = ± 1 , if the density 
varies as the square of the distance from the center. 

5. Find the mass and mass center of: 

(a) A 3 ft. by 5 ft. rectangular plate with density twice the distance from the 
3 ft.-edge; 

(b) A plate bounded by y" = 4;ix and the line x = Ap if density is proportional 
to distance from the line. [Aim. X = \2p/7.] 

(c) The arch of y = sin x if density p = ky. 

6 . Find the mean value of the square of the distance of a point of a square from 
the center. 

7. For the area hounded by y* = Apx, x = Ap, find the mean value of the squared 
distance of a point from the vertex of the parabola. 

8 . Find the centroid of the area between the cissoid x 3 = (2 a — x)y 2 and its 

asymptote. (.4ux. x = 5o/3.) 

9. Show that each integral is zero: 

( ft ) Jj* V dy dx, R: area bounded by x 2 + y = a 7 ; 

(b) i\ H x dx dy, R: triangle with vertices (0, ly/3h), (±h, — J v^A). 

15.9 Surface Area and Integrals over a Surface 

By analogy with 

* - ( H+ JW'dx 

for arc length of y = /(x) we can anticipate that, the double integral 

s = JJ k (! + »>: + ^i !) 1 dx dy 

should serve for area of a surface S: z - v (x,y) above its projection R(x,y) 
on the .ry-plane. Here we are using the special function (1 + <p* + 
for the f(x.y) in the general double integral, in line with the program "of 
interpretation of special /(x.y) in §15.7. We note that if z = y>(x,y) a 1 
formula (1) reduces, as it should, to the area JJ* dx dy of R itself. 

Example 1. Use ( 1 ) to compute 4ro* as the surface area of the sphere x 2 + y 2 -f- 
z = a . 

Here z = <p(x,y) = (o — x 2 — y 2 )* for the first-octant eighth of the sphere ex¬ 
tended over the first quadrant R of the circle x 2 + y 2 — a 2 ; the reader should supply 
the figure. We have jp. = --r (« 2 - x 2 - y)~\ = -y( a 2 - x 2 - y 2 ) - *, 

|1 + Vi + ~ x 2 — y 2 ) -1 . Then ( 1 ) in iterated fonn is 



The total surface area is 8 (Jth j ) = 4m 2 . 


dx = iira 2 . 
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It is worth while to indicate a derivation of (I). I-et z = <p(x,y) l>e a surface S. W e 
assume <p(x,y) * ,ave cont * nu °us first partial derivatives over the region R of 
variation of x and y; this ensures that the tangent plane of the surface turns con¬ 
tinuously from point to point of the surface: the surface is “smooth.” We consider 
(I*'ig. 15.9.1) the portion R' of S defined single-valuedly for x, y, ranging over the 


(AT') k 


fan it } 

in 


in 

i ii 
i ii 
ill 1 






Fig. 15.9.1 


fundamental region R of the *j/-planc. We impose a rectangular net (A/0* on R; 
let P[ be the point of R' which corresponds to a selected random point P*: (.r* . //*) 
of (A/0*; let (A7”)* be the portion of the tangent plane to R' at P' which is cut off 
by the planes parallel to the r-axis through the lines bounding (A/0* ; let .V* be 
the normal to this tangent plane at P' , making angles c* k , 0 k , y k , with the co¬ 
ordinate axes. 

We shall define the surface area of R' to be the limit of the sum of the areas of the 
portions (A 7*')* of the tangent planes to R' at the points P[,k= 1,2, • • • , n, as the 
rectangular network over R is refined; the plane areas (AT”)* should in the limit 
process smooth out to the total surface area. Since (as the projection of (A T') k on 
the xy-plane) (A/?)* = (AT') k • cos 7* , we are immediately concerned with 

(2) £ (AT”)* = 23 7 * • (A R) k 

K H 

and we have only to insert an appropriate value for sec y k to be ready to pass to a 
double integral form of ( 2 ). 

Direction numbers for the normal .V* are [cf. (14.9.5,9)] the set ((*>*)*, (v*) k , - 1) 
obtained by evaluating the partial derivatives at P*. Hence 

(3) cost* = -l/±l(**)J + (*>*)! + 1]*, sec t* = I/cost* . 

We choose the negative square root to make sec 7 * and the areas in (2) positive. 
From (2) and (3) and demand for a limiting value for the sum. we arrive at (1) as 
the double integral representative of surface area. 

Under the hypotheses on <p(x,y) the integrand in (1) is continuous and the integral 
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exists. It is to be evaluated by appropriate iterated integrals with limits selected 
from R according to previous procedure. The companion formulas 

(10 J f N U + +1 + tfl dy dz \x - *0,,*)] 

(l'O [f* U + 1 + W *1 dz dx [ 1 / = w(z,x)| 

are useful if the surface is projected on the regions R (y,z) or R(z,x), as it must he in 
certain cases—cf. Exercises 15.10.6b, 7b. 

We now use the element of surface area dS = + <pl + 1]* dx dy in 

writing 

( 4 ) ff* f(x,y,z) dS = If* f(x,y,z)[<p] + + l] 1 dx dy, z = *>(x,i/), 

as the integral of the function f(x,y,z) over the portion R of the surface 

z = <p(x,y). This generalizes the usual double integral JJ# f(x,y) dx dy 
over the region R of the plane z = 0. The new concept is useful when the 
f(x,y,z) in (4) is specialized suitably (in the manner of §15.7) to give 
centroid, etc., of a surface. For example, the z-coordinate z of the centroid 
of the surface z = <p(x,y) over R (x,y) would be given by 

(5) i • Jf* Wm + vl + 1)* dx dy = [J z[<p\ + y>l + 1]* dx di/ 
in which f(x,y,z) m z. 

Example 2. Find the centroid of the first-octant surface area cut from the cylinder 
tf + z = a 2 by the cylinder x 2 + y — a (Fig. 15.9.2). 



Fig. 15.9.2 



,5.11] FUNCTIONS IN CYLINDRICAL COORDINATES, . -Hr. « t* 6 ' 

By (1) the surface area of the octant is readily found to be a 2 ; this is the va ue o 
the left-hand integral in (5). Then 

- z . a ' = a z(a* - yY> dx dy = a I / dx dy = i*a , 

Jo Jo J 0 •'o 

so that 2 = . , . 

The other coordinates of the centroid would be computed similarly Iroin 

iS = ff x(a 2 - y’r' dx dy, yS = JJ y(a 2 - yY 1 dx dy 


15.10 Exercises 

1 . Show that the first-octant surface area cut from the cylinder y + z = a by 
the cylinder x -f- y* = a is a*. Complete Example 15.9.2. 

2. Compute the first-octant area of the surface of the cylinder x 2 + z" = a 
between the planes y = 0, y = mx. (/Ins. ma 2 .J 

3. Compute the area of that part of the surface z = xy which lies above the circle 
R : x 4- y 2 = a 2 . 

4. If the surface S is given by f(x,y,z) = 0, show that the portion of S over the 
plane region R (x,y) is 

Write companion formulas for area of S over R (y,z), R(*,x). (Use a variant 
form of cos 7* in (15.9.3).| 

5. Find the area of the triangular piece of the plane x/a + y/b + z/c = 1, 
a, b, c, >0, cut off in the first octant by the coordinate planes. (.4/is. 
Wtt 1 + bV + 7 ?.| 

6. Set up appropriate integrals for computing each surface area (computation is 
best performed by transformation to cylindrical coordinates (§§15.11,12), and 
is left for Exercise 15.13.51: 

(a) Tliat of the sphere x 2 + '/ + z 2 — a cut off by the cylinder x 2 + y 2 — 
ay = 0; 

(b) That of the cylinder in (a) cut off by the sphere (explain why you should 
use formula (15.9.1') or (15.9.1"), but not (15.9.1); the projecting cylinder 
onto the yz-plane is found by eliminating x from the equations]; 

(c) That of the sphere in (a) alx>ve the square bounded by x = ±s, y = =fc«, 
0 < s ^ lv/2 a. 

7. Given the paraboloid P: x 2 + z £ ' = 4'/, the cylinder C: y = x 2 , and the plane tt: 
y = 3. Find (a) the surface of P cut off by C and t: (b) the surface of C cut off 
by P and ir. (.1/is. (a) 50 t/ 9; (b) (13* — l)/v/3-l 

8. Prove that the centroid of the curved surface of a hemisphere of radius n lies 
a distance Jn above the plane base. Ix/cate also the centroid of the entire 
bounding surface. 

9. Locate the centroid of the lateral surface and of the total surface of the cone 
x + V ~ (z — l) 2 = 0 and bounding plane z = 0. 


15.11 Functions in Cylindrical Coordinates, z = f(r, (-)), 
and Polar Nets in a Double Integral 

In many situations it is advantageous to represent a surface in terms of 
cylindrical coordinates. These utilize polar coordinates in the x^-plane in 
place of the rectangular x, y , but leave z rectangular. Thus a point in 
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space will have the coordinates ( r,0,z ); three such points are shown in 
Figure 15.11.1. Because z is measured along an element of the right circular 
cylinder x 2 + y 2 = r 2 [we recall that x = r cos 0, j = r sin 0 , connect 
rectangular and polar plane coordinates! the system of coordinates is 
called cylindrical. 

Thus z = f(r,0) will represent a surface in terms of cylindrical co¬ 
ordinates. Transformation from z = F(x,y) to z = f(r, 0 ) is made through 

(1) x = r cos 0 , y = r sin 0, z = z, x 2 + y 2 = r 2 . 

For example, 

Sphere x 2 + y 2 + z 2 = a 2 

becomes z 2 = a 2 — r 2 ; 
Cone x 2 + y 2 — z 2 = 0 

becomes z 2 = r 2 ; 
Cylinder x 2 + •/ — a 5 * 

becomes r = a; 
Cylinder y 2 + z 2 = a 2 

becomes z 2 = a 2 — r 2 sin 2 0. 

From the simplicity of these represen¬ 
tations, as well as from the frequent 
utility of trigonometric functions, we 
foresee that transformation to cylin¬ 
drical coordinates may save much 
work. 

The double integral of f(r,0) over 
a closed region R with a continuous boundary is defined (as in §15.1) as 

(2) lim £ /(«•*, . 0*,)(AIf), = ff /(r,B ) dll, 

v—• »-1 JJr 

the symbols having standard meanings. Theorem 15.1.1 applies by a re¬ 
reading of the marks x, y , therein as r, 0: the integral (2) exists if f(r,0) is 
continuous over R. It is, however, natural to turn to a polar net over R 
when the integrand is the polar f(r,0). This net is formed by the set of 
circles r = c concentric at the pole and the set of rays 0 = k\ these are the 
rectangular x 2 + y 2 — c a , y — (tan k)x ; watch Figure 15.11.2. We assume 
R to be such that no ray and no circle of the net cuts R in more than two 
points. An element of the area lies between two circles and between two 
lines of the system, and does not jut beyond the boundary of R; the 
contribution to (2) of the terras based on incomplete elements along the 
boundary tends to zero in the limiting process of (2). In Figure 15.11.2 
the curvilinear quadrilateral A BCD is a sample element of the polar net. 

Let ABCD of Figure 15.11.2 be contained between the circles C, : 
r = : r = r, + Ar. , and the lines 0 = 0, , 0 = 0, 4- A0 y ; here 

Ar, = AB = CD and A0, = Z DOR „ — Z.AOR n • The area of ABCD is 
the difference between the sectorial areas OBC, OAD. Let r = f t be the 
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circle midway between C. and C.*, , these circles now having equations 
C < :r = f, - iAr, , C,* t :r = f { + jAr. . Then 

area ABCD = OBC — OAD = jA0,[(r t + *Ar.) 2 - (r. - jAr,) 2 ] 

= f.A0,Ar, . 



Fig. 15.11.2 


In some numbering of the (A/?)/s from k = 1 to & = ;V let ABCD be 
the kth element: a slight change in notation writes 

(A/0, = |r • AO • Ar|* . 

With this replacement, the double integral (2) is written 
* - .v , . 

(3) lim £ /(rt , 9!) r, |A9 • Ar], = / / f(r,9) r d0 dr. 

v— *-1 JJk 

P »-0 

^ /(**,0) is continuous and f is regarded as a function (continuous) of 
r and 0, the required limit exists by a straightforward extension of the 
Theorem of Bliss. 

There is no difficulty in interpreting (3) as volume bounded by the sur¬ 
face z = f(r,0) ^ 0, z = 0, and the cylinder standing on the boundary of R. 
The element of volume is /(r* , 0\) [fA0Ar)* ; its differential form is 
f(r,9)r dO dr, evident from (3). 

To evaluate the double integral //* f(r,0)r dO dr, we use either of the 
iterates 


(4) 


r'* 

f(r,$)rdrde, / / f(r,6) de ■ r dr. 


I he structure of the first of these (the more usual one in practice) is interesting. 
Suppose the plane determined by the z-axis and the line 0=0* of the r//-plane cuts 
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the plane section E of Figure 15.11.3 from the solid under the surface z = /(r,0) 
above R. If r is the distance from the z-axis of the centroid of the area E, we have 
r given by the standard fonnula 

rE = I". rf(r, 6 ) dr, 



where r* r* are the nearer and farther points of the boundary of R from 0 along 
the line 0 = 0\ But the number (fd0)E is, by Pappus' Theorem 9.20.2, the volume 
of the thin wedge over the sector of R of angle (to, since in rotating E through the 
angle dO the centroid travels a distance r d$. The various wedges over It are assem¬ 
bled in the iterate jj; rE dd. The reader should supply a discussion of the second 

'^Example 1. Find the firstroctant volume bounded by the elliptic paraboloid 
r 3 4- y 2 - 2 mz = 0. the cylinder x + y = a 2 , and the planes 2 = 0 f j/=0 , x-y 

(Fig. 15.11.4). t 

We decide to transform the problem to cylindrical coordinates because of the 

presence of (/ + y 2 ) in the surface e<juations. The paraboloid is z = r /2m, the 
cylinder is r = a, the plane x = y is vertical to the xy-plane and cuts it in the ray 
0 = Jt. R is the circular sector bounded by r = a, 0 = 0, 0 = 5^- The required 
volume is readily to be set up for calculation with the iterated integral 

_-Lf" 

8 m J 0 


d0 


7 ra 

32 m 


If in (3) we set z = f(r,6) = 1, we have 


(6) 


|J r dS dr = area R 
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The reader should supply details of the structure of the iterates // (r dr) dO, 
{f r dd dr, of (5), noting that the inner integration of the first iterate 
assembles the basic sectorial element \r 2 dd of area in polar coordinates 
(§ 12 . 2 ). 



Example 2. Find the area of the region lying between the circle r = a and a loop 
of the lemniscate r 2 = 2 a cos 20 (Fig. 15.11.5 shows the curves and their points 
(a,±jir) of intersection). 



Because of symmetry of the area in the initial ray we shall double the area lying 
above OR n . There is little trouble setting up the iterated integral from the figure: 


r/« 


-r-oV2 eo* 2# -»/« 

= 2 i.-0 Jr.. r dr do = J' [2 a 3 cos 26 - a 2 ] do 

= W(V 3 - W). 
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15.12 Transformation of J7 f(x,y) dR 

to Cylindrical Coordinates. Applications 

We could now, in duplication of the work of §15.7, discuss interpretations 
of // f(r,0)r dr dO for various simple choices of J{r,0). It is, however, 
instructive to start with the integral representations of mass center, etc., 
as written in §15.7 in terms of rectangular coordinates, and to ask how 
to transform them as integrals into a system of cylindrical coordinates. 
The question raised is this: Under the substitutions 

(1) x = r cos 0, y = r sin 0, (z = z) 
into what is the double integral 

(2) [I* f(x,y) dx dy 

transformed? Answer to the question proposed is not obvious, as we can 
see from a comparison of the rectangular and polar area integrals of R 
itself, 

(3) JJ dx dy, JJ r dr dO, 

already established from fundamental considerations. The polar form 
in (3) is not obtained from the rectangular form by multiplying together 
the differentials of .t and y in (1). 

We shall state without proof the answering 

THEORKM 15.12.1. Let the double integral JJ* f(x,y) dx dy of the. 
continuous, single-valued, function f(x,y) be definexl as in §§15.1,2. 
I'ruler the polar transformation x = r cos 0, y = r sin 0, on the double 
integral, 

(4) Jj f(x,y) dx dy = JJ fir cos 0 , r sin 0] r dr dO, 

where R p is the polar representation of the boundary of R. 

The crucial (4) shows that x - r cos 0, y = r sin 0, are directly substituted 
both in f(x,y) and in the equations defining the contour of R; but r dr dO 
is the required f replacement for dx dy. 

Example 1. If we wish to transform 




tTheorcm 15.12.1 is special case of the follow-in* general result. Let the functions 
x = <e(u,v), y - f(u,r), continuous with continuous first partial derivatives, map a 
region R'(u,yj into a region R(x,i/) in a one-to-one way for both interior points and those 
on the boundaries, and so the boundaries correspond. If, further, the Jacobian 
J{<e +/u v) 7* 0, then 

(4') JJ }(x,y) dx dy = JJJ fMu,v), +(u,v)] | du dv. 

The result generalizes to higher dimensions. In the case of the polar transformation (1), 
./ j a. | x,ij 9 — x 9 y, | = r, accounting for the r in (4). Note carefully that this docs not 
assert equality of dx dy and r dr dO ; it is the integrals which are equal. 
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into cylindrical coordinates we do three tilings: (i) in place of the integrand x we 
write V cos 2 0); (ii) in place of dx dij we write r dr dB\ (iii) noting that the R 
indicated by the limits of integration in (5) is the first quadrant of the circle 
x 4- y = a, which is r = a in polar form, we cover this region by running r from 
0 to a and 0 from 0 to Jjr. Thus, the integral (5) transforms into 

(5') J J ’ x 3 dy dx = f J (r 2 cos 2 0)r dr d0. 

The reader should calculate icu /16 for both integrals; evaluation of the polar form 
is the more immediate. 


Application of Theorem 15.12.1 to the formulas of §§15.7, 9, catalogues 
some of the polar formulas of double integration which find widest appli¬ 
cation. In these we indicate by p(r, 0 ) a continuous density function which 
cither may be given directly in polar form or may be p(r cos 0, r sin 0) in 
transformation of a p(x,y). 

I. Mass of Plane Lamina is given, from (15.7.3), by 

(6) JJ p(r,0) r dr d0. 

If p a 1, this is the plane area itself. 

II. Center of Mass of a Plane Lamina has rectangular coordinates ( x,y) 
from 

( 7 ) 5 ' JJ n P( r »0) r dr d0 = jj p(r,0) x* cos 0 dr d 0 , 

(®) y ’ JJ * P(r,0) r dr d 0 = jj p(r,0) r* sin 0 dr d0. 

These are transformations of (15.7.4). 

III. Surface Area. Transformation of the formula 

( 15 - 91 ) S - I]* Wl + *1 + l) 1 dx dy 

is not so immediate. Suppose that r - *(x,y) transforms into 2 = *>(r cos 0 . 

y sin 0 ) = \Kr,0) under x « r cos 0, y - r sin 0 . From differentiation of 

z = *( x >y) subject to x = r cos 0, y = r sin 0, 

we obtain 


dz _ dz dx dz dy dz dz 

dr~ dxTr + tojTr = Tx COS * + dy sin »' 


_ d 2 dx dz^ dy 

dx d 0 dy d0 


dO 


dz „ . dz 

di rsme + e7j rcos *■ 


From these it follows that 

(S'+-(H)’ - (ST + ©’■ 

Hence (15.9.1) transforms into 

(9) 


S “ //«. [(I) + + 1 ]‘ r * < 19 , 
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where the derivatives are computed usually from the transformed form 
z = \J/(r,0) of the surface. 

In extension, the surface integral of F(r,0,z) over the surface z - ^(r t 0) 
above /2 p (r,0) is [from (15.9.4)) 

ff g F(r,B,z)[*l + r-**i +11 'rdrdB, z = *(r,8). 

This integral is employed in finding mass center, etc., of a surface, as in 
(15.9.5); we shall not catalogue the formulas. 

Even with these formulas at hand we often decide to change to cylindrical 
coordinates only after a problem is first arranged in rectangular co¬ 
ordinates. Frequently the insistent presence of the form (x 2 -f- V*) will 
dictate such decision. 

Example 2. Find the surface area of the portion of a sphere cut off by a right 
circular cone with vertex at the center of the sphere. 

With the sphere of radius a centered at O, and with 2a as the plane angle at the 
vertex O of the cone in a plane through its axis, we show one-eighth of the con¬ 
figuration in the first octant of Figure 15.12.1; the surface is S. The sphere has 



equation x 2 + y + z — a. The trace z = y ctn a of the cone in the r/z-plane cuts 
the sphere in the point (0, a sin a, a cos a ); then the plane z = a cos a cuts the sphere 
in the circle K: x 2 + y 2 = a - a cos 2 a = a sin 2 a,z= a cos a. The region R(x,y) 
of integration is bounded by K', the xy-projection of K, and the x-, y-, axes. 

The marked presence of the form x 2 + y 2 in the equation of the sphere and in the 
boundary K' suggests working in cylindrical coordinates. Then the sphere is 
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2 = y/ a * _ ^ and K' is r = a sin a. To use (9) we compute 

S--5- £-«■ [(!)'++ + 1 

Hence, 

S= a f 1 ' f - 7 == = a 1 f 1 ' (1 - <-osa) rfff = - ra«). 

Jo .'0 Va — r Jo 

The entire surface area is 4x«*(l — cos a); note that when a = and the cone 
flattens into the xy-plane, the result gives 4xa 2 for the surface of the entire sphere 
(as it should). 

15.13 Exercises 

1. Find by double integration the plane areas defined as follows: 

(a) The entire area of the cardioid r = a(l — cos 0 ); 

(b) The area inside r = 3a cos 0, outside r = a(l + cos 0); 

(c) The area between r = a(l + cos 0) and the line x — J a; 

(d) The area common to the circles r = a cos 0, r = 2a sin 0. 

I An a. (a) jira 2 ; (b) ra 2 ; (c) a 2 ( 8 r + 9 \/ 3 )/ 16 .J 

2. Compute the coordinates of the centroid of each area: 

(a) The upper half of the cardioid r = a(l — cos 0 ); 

(b) A loop of r = a sin 20; 

(c) A loop of the lemniscate r = a cos 20; 

(d) The area between r = 2 sin 0, r = 4 sin 0. 

[Ana. (a) (-la, 16a/9r); (b) X = y = 128a/105ir; (c) X = na/Ay/2.) 

3. Compute the mass of : 

(a) The triangular lamina bounded by y - 0, x = a, y — x, if the density 
varies as the distance from O; 

(b) The lunar lamina inside r = a(l -f cos 0) and outside r = a, if density 
varies as distance from the pole; 

(c) The lamina bounded by the spiral 0 = r 2 , 0 ^ 0 £ }ir, ami the ray 0 = Jtt, 
if density varies inversely as the distance from the pole. 

[Ans. (a) J*a 3 (v /2 + In tan (3r/8J.| 

4. Find the volume under the plane x+2y-*+5«0, above * = 0, and 
enclosed within the right cylinder erected on the cardioid r = a(l — cos 0 ). 

5. Return to Exercise 15.10.6 and complete the required computations by trans¬ 
formation of integral from rectangular to cylindrical coordinates. [Ans. (a) 
2a ( 7 r — 2); (b) 4a .) 

6. Find both volume and surface area of the part of the sphere x 2 -f y -f ? = a u 
cut off by the right cylinder erected on one leaf of the rose r = a cos 30 
(-4 ns. Surface area = |a (t — 2).J 

7. Establish the formulas 

V » = 2T II„ C0S 9 ** d9 > = 2r If » dr d0, 

for the volume of revolution of the polar curve r = f(6) about the v- x- axis 
respectively. [Multiply equations (15.12.7,8) by 2x, set p = 1 . ami’apply a 
Theorem of Pappus.J 1 • 

Apply the formulas to finding the volume generated 

(a) By revolving the lemniscate r 2 = a 2 cos 20 about the //-axis- 

(b) By revolving the cardioid r = a(l - cos 0) about the taxi's 
(A/is. (a) y/2 aV/8: (b) 8xa a /3.) 
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8. Find the mass center of the part of the circular disc r = a remaining after 
removal of the smaller disc r = —a cos 0, if density varies as distance from 
the center of the larger disc. (Divide the range of ^-integration into two: 

0 ^ 0 ^ and ^ 0 ^ ir, after using symmetry. A ns. 6a/5(3ir — 2).] 

9. Find the surface area of the sphere x -f- if + * ~~ - n V — 0 cut off by the 
paraboloid x -f- z = ky. (.4 a*. 2 vak.) 

1 0. Insert appropriate limits of integration in the integral JJ((x — y)/{x + t/)l dft, 
taken over the triangle in the xy-plane with vertices (1.0), (1,1). Make 

the change of variable u = x — y, v = x + V, in accordance with the result 
stated in the footnote attached to Theorem 15.12.1. Map the triangle according 
to the transformation, and check the new limits. Show geometrically how the 
Jacobian reconciles the values of the two integrals. 

15.14 Triple Integrals 

Generalization from the double integral of f(x,y) to the triple integral 
of f(x,y,z) is so direct an analogy with the concepts involved in the former 
(§§15.1,2,4,5) that we merely write a summary descriptive sketch. 

We now consider a function f(x,y,z) which is single-valued for x, ?/, z, 
ranging over a three-dimensional closed space R(x,y,z) bounded by a 
surface S. S shall be a continuous boundary whose sections by planes 
parallel to the coordinate planes arc of the basic type of §15.1. We parti¬ 
tion R(.r ,ij,z) into pieces (A/0* each of which can be enclosed in a sphere 
of radius p* , k = 1, 2, • • • , A r . With P*: (x\ , »/* » **) an arbitrary point 
in (A/0* we multiply the functional value f(z% , y\ , z\) by (A/0* , sum 
the products, and define the limit of the sum (if one exists) as N —* ® and 
p* —► 0 to be the definite triple integral of f over R: 

( 1 ) lim £ f(«?,y?,*f)(AR), = [[[ f(i,y.*)dR 

*-• *-l JJJ ft 

#•—0 

is the triple integral of f(x,y,z) over R(x,y,z). This integral exists if f(x,y,z) 
is continuous in the three variables x, y, z. 

We immediately generalize the rectangular net which proved so effective 
in the two-dimensional case. Projections of S on the coordinate planes 
arc necessarily plane regions of the basic type used in the double integral; 
let the extent of the x- f //-, z-. ranges for these be a £ x £ b, c £ y £ d, 
v ^ z ^ g. These ranges we partition, with (Ax) 4 , (A»/), , (Az) fc , the 
representative divisions. 

By means of planes parallel to the coordinate planes and through the 
division points of all three partitionings, we obtain a fundamental space 
partition which is a rectangular parallelepiped (watch Figure 15.14.1); only 
those wholly inside R(x,y,z) need be considered in the limit of sum (1) when 
we use these parallelepipeds as (A R) k . This partitioning we shall continue 
to call a rectangular net over R. Let the parallelepiped with edges (Ax), , 
(A y)f , (A z) h , lie within R. Then this parallelepiped, of volume (Ax), • 
(Ai/), (Az) a , will serve in place of some (Aft)* of the original random 
partitioning if the x-, y -, z-. partitionings are all refined simultaneously so as 
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to make the p* of an enclosing sphere approach zero. Adjusting the numcia- 
tion of these new (A R) k = (Ax), • (Ay), (Az)* = [AxAyAz] k we now write 

(Oas 

( 2 ) .1'™ E /(I*. . y*. , = [II f{x,y,z) dx dy dz. 

pk-o *-i 



We now look for iterated equivalents of (2). In Figure 15.14.1 we show 
in detail the projection of R(x,y,z) cylindrically onto the xy-plane. The 
plane region R'(x,y) is of the type already employed in discussing double 
integrals; projected back to S its boundary K' corresponds to the boundary 
K of a plane section of S by a plane z = z\ . We suppose that above this 
plane section S has equation z = U(x t y ), below it S has equation 
z = L(x,y). We hold x\ , y\ , and [(Ax)(Ay)]* fixed in the sum (2) but 
refine the z-partitioning. The partial integral 

I /(**,i/V) dz 

j f-£(*•.»•> 

achieves the limiting value of that part of the sum (2) which is built of 
elemental parallelepipeds in the column above the area (AH'), = [AxAy], 
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The result is a function F(x*,//*). This we iterate over R'(x,y) as in the 
case of doubly iterated integrals; the double integral 


n *-■<*•> 
— /(*•> 


F(x,y) dy dx 


assembles the columnar parts of (2) into a slice built on (Ax), , then 
assembles these slices. The dissection is that of the triply iterated integral 


(3) 


,h -Hit) <•( (*.»> 

/ / / /(*,!/,z) dz dy dx 

•’/-a •'■•1(f) «'i-tlf.»! 


The order of performance (note the order of the differentials) is from 
inside out, as in the case of a double iterate. The iterate (3) is only one 
of the six possible: one more arises if the other double iterate over R'(x,i/) 
is used, and two distinct iterates can be formed from projecting R onto 
the yz- plane, two from projecting R onto the zx-plane. In a particular 
problem one of these possible iterates may be easier to handle than others. 
Needless to say, the limits of integration generally change from iterate to 
iterate, as in the two-dimensional situation. 

The generalization of Fubini’s Theorem 15.4.1 is valid: if f(x,y t z) is 
continuous in all three variables over R, then the triple integral (2) and all 
six iterates all exist and have the same value. 

What of interpretation of (2)? The original simple reading of 
Si n /(*.!/) dx dy as volume under the surface z = f(x,y) generalizes into 
(four-dimensional) “volume” under the (four-dimensional) “surface” 
w = f(x,y,z). Mere, as in other mathematical generalizations, we work 
algebraically but keep geometric language. If this reading is unsatisfactory 
(as it probably is at first glance) the reader may turn promptly to the 
next section wherein we specialize f(x,y,z) so as to cover geometric and 
physical interpretations of (2) which can be visualized. 


15.15 Standard Applications of Triple Integration 

This section is modeled on §15.7. We particularize the function f(x,y,z) 
in the several ways which suggest themselves from previous concepts 
and their expression in terms of integrals. For economy we argue almost 
exclusively in differential fashion; the reader who insists may construct 
proofs in terms of limit of sum of finite elements, along the lines previously 
employed in detail. 

I. Volume and Mass of a Solid. We set f(x,y,z) ■ 1 in (15.14.2). The 
resulting 

(1) JJj " dx dy dz = V, 

(he volume of the solid contained within the surface S bounding R [cf. the 
double integral (15.7.2) for area). This geometrical interpretation merely 
reaccumulates the rectangular parallelepipeds of the net. 

If a continuous density function p(x,y,z) be supplied, the integral 

JJJ * p(x,y,z) dx dy dz 


( 2 ) 
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computes the mass of the solid (of. (15.7.3)]. Probably this is the simplest 
interpretation of the original triple integral (15.14.2) provided the coneep 
of mass is considered basic equipment. 

Example 1. Compute the volume of the tetrahedron bounded by the planes 
x + y + z = 2a, * + y — 2 = 0 , y = 0, x = 0 (Fig. 15.15.1). 



The first two planes intersect in the line L: x + y = a, z = a, of which the 
projection on the x//-plane is the line V: x + y = a. The projection on the a-y-plane 
of the R(x,j/,z) contained within the plane surfaces bounding the solid is the triangle 
R'(x,y) bounded by the lines x + y = a, y = 0, x = 0, of that plane. The element 
dx dy dz of volume is shown in the column rising (like a tiny elevator) vertically 
above the area-element dx dy. In building an iterated integral we readily argue that 
z varies on x + y ^ z ^ 2a — x — y between the oblique planes (for column sum), 
then y varies on 0 ^ y ^ a — x (for slice sum), then x varies on 0 ^ x <> a (for 
total volume). Hence, we evaluate 


r a r Q ~* x ~» 

/ / / dzdy dx 

•'X-O 



X - y) dy dx 
= §a\ 
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Example 2. Find the first-octant volume bounded by the cylinder y + z = « 2 
and the plane i+i/+z = d. 

The cylinder and plane are shown in Figure 15.15.2, intersecting in the first 
octant in a portion of an ellipse E. Clearly we should project the bounding surface 



on the //s-plane, using as fundamental area of y -, integration the region R'(j/,z) 
bounded by the quarter-circle y -f* z — <*• We assume 2 a 2 — d 2 ^ 0 to ensure that 
the trace y + z = d of the plane is not a secant of the trace y + z — of the 
cylinder; in the contrary case R'(y,x) would have to l>e subdivided. The element 
dV = dx dy dz will first travel the x-range 0 ^ x d — y — z for a columnar 
integration; then y will vary over 0 ^ y ^ vV — z *; finally, z will vary on 
0 ^ z ^ a. Hence, the volume is 





d-W-l 

x-0 


dx dy dz 



(d — y — z) dydz 



z *)) dz = Wd - §a\ 


(If we ask the complete volume between cylinder and plane the figure is one of a 
cylinder with a slant plane cut so that the top surface is the complete ellipse E. 
Then R \y,z) is the entire circle y* + z = a , and the iterated integral representing 
volume is 
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TRANSFORMATION OF TRIPIE INTEGRALS 

In the triple integration of the simple element dx dy dz we have the 
essence of the calculus of volume in rectangular coordinates. 1 he presen 
method covers by suitable specialization all the previous computations 
of volume; indeed, it is now apparent that these depended on a 
knowledge of the result of the inner, or of both the inner and midd e, 
integrations of the iterate. 

II. Mass Center of a Solid. In terms of the simple volume clement 
dV = dx dy dz (all dimensions of which approach zero in the triple integral) 
the formulas for abscissa x of mass center of a solid is readily recorded as 

(3) x • p(x,y,z) dx dy dz = JJJ ^ xp(x,y,z) dx dy dz 

The formulas for y, z, are similar; p(x,y,z) is a continuous density function. 
The triple integrals are evaluated by iteration, limits being set up as in 
the preceding work with volumes. The reader should note how (3) general¬ 
izes formula (15.7.4) for mass center of plane area. 

III. Mean Values. The reader can easily supply the generalization of 
formula (15.7.5) for mean values expressed as triple integrals. 

15.16 Transformation of Triple Integrals; 

Cylindrical and Spherical Networks 

In many problems involving triple integration it is wise to transform 
from rectangular coordinates to one of two standard “polar nets” in space 
called cylindrical and spherical coordinate systems. The former we have 
already met and discussed. Since the rectangular z is unchanged in the 
set ( r t 0,z ) of cylindrical coordinates, and since the area element dx dy 
transforms into the polar area element r dr dd, it is clear geometrically 
that the volume element dV = dx dy dz is replaced by the volume element 
dV = r dr dO dz in cylindrical coordinates.! This volume element is shown 
in Figure 15.1(5.1. This weapon of transformation may be used now, as 
was the corresponding transform used in 15.12, to turn the known formulas 
developed in §15.15 into cylindrical coordinates if this system promises 
easier integrations. 

In particular, volume itself in cylindrical coordinates is given by 

(1) v = [[[' dx dydz — Jfj r dr dO dz. 

Example 1. Compute the first-octant volume of the solid bounded by the parabo¬ 
loid x + y + z = 2 and the cone x‘ + y — z 2 = 0. 

In Figure 15.16.1 we show the surfaces bounding the solid, and set up the volume 
in rectangular coordinates as 

r l rvT—x* r ,~2-x’- w - 

(2) V = , _ c/z dy dx 

•'x-O •'r-0 »',-V x » +y » 

tAppeal to the mapping result stated in the footnote, p. 566. and generalized to three 
variables would establish the integral equality JJJ* f(x,y,z) dx dy dz - ffL ff r cos 0 
r sin 6, z) r dr de dz. 
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The presence of x -+• if (=r 2 ) suggests change to cylindrical form [if the reader 
proceeds with (2) as given he will run into complicated integrations, and will wish 



to change). Then dx dj dz becomes r dr de dz, with z traversing r ^ z £ 2 — 
r traversing 0 ^ r ^ 1, then 0 traversing 0 iS 0 \t. Hence (2) is 


V 


[ '* [' f* r dz dr de = f ' 2 r (2 r - r 3 - r 2 ) dr dO 

J9-0 Jr- 0 J»-r Jo Jo 


2 

r , 


then 



The second polar system of spherical coordinates is often useful. A 
point P 1 [watch Fig. 15.16.2) is located in space by means of its distance 
OP , = r, from the origin, the angle <*>, from the 2 -axis to OP, in the plane 
ZOP x , and the angle 0, from the X 2 -plane to this plane. The new angle 
v?, is “co-latitude.” the angle 0, is “longitude,” as in location of a point 
on the surface of a sphere of radius r, . The transformations from rectangular 
to spherical coordinates are 

(3) x = r sin v? cos 0. y = r sin •p sin 0, z = r cos <p, 

easily derived from the figure. Using these, we reduce the equation 
x 2 + y 2 + z = a 2 of a sphere centered at 0 to the simple r = a. Hence 
spherical coordinates are often of particular utility in connection with a 
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sphere [the analogy is with the equation r = a for the circle x’ + V = ® 
in a plane system of polar coordinates). The range of co-lat . f • 
standardly 0 Sx, that of longitude 0 is 0 g 0 £ 2ir 

Starting from point P: (r,®*) in Figure 15.16.2 we search out (on geo- 
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metrical evidence) the element of volume in spherical coordinates. Increase 
of r by dr will contain the element, shaded in the figure, within a spherical 
shell of radii r, r + dr. Change do in 6 [PP" = QQ " = r sin p d0| selects a 
spherical wedge from the shell. Change dip in p [ PP' = rdp] selects a plug 
(like an old-fashioned watermelon plug) from the wedge. The resulting 
differential of volume is 

(•I) dV = r 7 sin <p dr d0 dp, 

essentially a rectangular parallelepiped because the bounding surfaces 
are orthogonal. Hence, we have the transformation formula 

(5) JJJ y f(x,y,z) dx dy dz 



(which looks more complicated than it is in use). Cf. footnotes, pp. 566, 575. 


Example 2. Find the mass of a solid sphere for which the density varies as the 
square of the distance of a point from a fixed point on the surface of the sphere. 

The law of variation of the density suggests that the distance of each point of the 
solid be considered the variable r in a system of spherical coordinates with the 
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fixed point of the sphere the south pole at 0; then the density at P, in or on the 
sphere (Fig. 15.16.3) is p, = kr* and the general density function is p = hr*. If the 
radius of the sphere is a, the equation of the sphere is r = 2a cos <p (see plane D 
which revolves about OZ like a swinging door, or transform the Cartesian equation 



via (4)]. In spherical coordinates the general mass formula /// dx dy dz = 
Iff «tV sin p dr dO dp, where the ranges 0 ^ r ^ 2a cos p, 0 ^ p ^ Jrr, 
2 tt, will take in the entire sphere. Hence, 


M 


r /; /. 


• 2 a cot < 


r* sin p dr d*p dO 


32 fcflV 
15 


15.17 Exercises 

(In evaluating triple integrals in the following exercises the reader should use his 
own discretion in choosing among the three types of coordinate systems.) 

1. Compute the volume of: 

(a) the tetrahedron bounded by the planes x = 0, y = 0, z = 0, and 

x/a + y/b + z/c = 1; .22 

(b) the space between the cylinder x + y = 2 ay, the paraboloid x + y = az, 
and the plane z = 0; 
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(c) the cylinder x 7 + y 2 = ax cut off by the paraboloid z + if = 2,,x \ 

(d) the space between the sphere x + V + z — « 2 and t,,e cylinder 

£ + V = m J> 

(e) the space encl osed b etween the cone z = r, the cylinder r = 2a cos 0, and 

* « 0 (r = vV“+ ,f); 

(f) the closed space within the surface x* i/ 1 -+■ z* = a 1 . 

[Ans. (a) abc/ 6; (b) &ra 3 ; (c) (3 t + 8)n 3 /12; (d) r - 8)o 3 /9; (e) 32a/9; 
(f) W/35.J 

2. Find the mass of a solid sphere of radius a if the point density varies (a) di¬ 
rectly as, (b) inversely as, (c) as the square of, the distance from the center. 
[Ans. (a) bra*; (c) 4bra f '/b.\ 

3. Find the mass of a right circular cone if point density varies as (a) distance 
from vertex; (b) distance from axis; (c) distance from base. 

[i4/is. (b) \irkab 3 , a = altitude, b = base-radius.) 

4. Find the centroid of each homogeneous solid: 

(a) the first-octant space bounded by the cylinder x 2 -f y 2 — 2 ay = 0 and the 
paraboloid x -f- if = ar; 

(b) the wedge cut from the cylinder x + y 2 = a 2 by the planes z = ztmx; 

(c) a hemispherical shell of radii a, b, a < b ; specialize the result for a = 0, 
and for a —* b; 

(d) the tetrahedron of Exercise 1(a). 

[/Ins. (a) i) = 4o/3; (b) X = 3w/16; (c) for shell centered at O and above 
z = 0,i = 3 (b* - o 4 )/8(6* - a 3 ).) 

5. Prove that the mean distance of the points of a solid sphere of radius a from a 
fixed point of its surface is 6o/5. 

6. Find the centroid of the portion of the surface of a sphere cut off by one nappe 
of the right circular cone with vertex at the center and with elements at angle 
a with the axis. If axis is z-axis, l = a cos see Example 15.12.2.) 

7. Find the volume of the piece of the cylinder x 3 + y 2 = a 2 cut off by the planes 

x = 0, z = z — x + 1. 

8. If the positive number N is divided into four random additive parts ^0, find 
the mean value of their product (cf. Example 15.7.3). How would you solve 
the problem for five or more parts, and on what basis would you rest your 
solution? 

9. Find the mean value of two positive proper fractions with sum ^ 1. \.\ 

Of three. Of four. Of n. (.4ns. l/(n + 1).| 

10. If intensity of light varies inversely as the square of the distance, find the 
mean intensity of illumination in a hemispherical dome lighted by a lamp at the 

15.18 Moment of Inertia 

Suppose a particle of mass m at a point P at distance r from a fixed line L rotates 
in a circular path at uniform angular velocity a about L; in unit time it passes over 
an arc of length ra, so nor is its linear velocity. In physics, half the product of the 
mass by the square of linear velocity is defined to be the kinetic energy (energy of 


K.E. = JrnrV. 
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l'rom this the quantity mr 2 , independent of the motion present in the a, is extracted 
for study as the moment of inertia I L of the mass about L: 

I l = mr*. 

Tiiat I L is truly a “moment” in the sense of §0.18 is easily realized: I,, = (mr) • r is 
the moment of the moinent-of-the-mass al>out L. Hence //.is called the second 
moment of the mass about L, the original moment mr now called the first moment. 
Note that the first moment varies as the first power of the arm r, the second moment 
as the second power of r. 

For a system of n particles of masses m, at distances r, from L,i = 1, 2, • • • , n, 
we define 

/i ■ E m *f< 

to be the moment of inertia of the system about L. 

I^t a continuous material body B be partitioned into n portions /?, of correspond¬ 
ing masses (Am), so that as n —♦<» all dimensions of each li, approach zero. I.et the 
portions be small enough to be considered n particles of mass (Am), at distance r, 
from the axis L. Then the moment of inertia of the system is 2 (Am).rf ; and if the 
limit of this expression exists as n — we define the moment of inertia of D with 
respect to L to be 

0) //. - Hm = [JJr’dm. 

If p(x,y,z) is a continuous density point-function, essentially uniform for small mass 
(Am)* of volume (AT), , we have (Am). = p(x, , x Ji , *,)(AV), and (1) becomes 

(2) I t = lim 2 r ?p(*. » Vi , lJ(AV), = [fj ’ r 7 p(x,y,z) d V. 

If H is homogeneous p = constant precedes the integral sign. 

If m is the total mass of H then the number R determined from 

(3) mR 7 = I L 

is called the radius of gyration of D about L. The number R is the distance from L 
to a point at which the mass could be concentrated without changing its moment 
of inertia with respect to L (compare with the notion of center of mass). For a 
homogeneous body R is independent of the density since p cancels from both m 
and //. in (3). 

It is easily appreciated that moment of inertia obeys the additive law: the 
moment of inertia of R with respect to L is equal to the sum of the moments of 
inertia of its component parts about L. 

Technique of Calculati on. The differential dY = ds dy dz can be considered 
en tirely at distance vV + >/' from the *-»xis, y/~ij 2 -f z 2 from the x-axis, 
y/z 2 4 - X i from the y- axis; hence we write 

( 4 ) I, = JJJ ^ p(x,y,z)(x 2 -f y 7 ) dx dy dz; I, , I„ .cyclic, 

for moment of inertia of B with respect to the coordinate axes. 

We have, further, the immediate definition 

(5) Io = JJJ /f p(x,y^)(x 2 + y 2 + z 2 ) dx dy dz 

for the polar moment of inertia of B about the point 0. 

The following theorem is often useful. 
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THEOREM 15.18.1 (Parallel Axis Theorem). The moment of inertia of « 
urith respect to any line L is equal to the sum of (a) its moment of inertia about a 
parallel line U through the center of mass of the body and (b) the moment of inertia 
about L of the concentration of the body at the center of mass. 

Let the body B (Fig. 15.18.1) have its mass center at O, let the 2 -axis be the parallel 
axis Z/, let the perpendicular from O to the given L be the x-axis, let L be distant c 
from L\ let P, : (x, , y, , 2 .) be any point of the element (Am), , let P , be distant r, 
from L, r' from L' . Then 


r! 

so that 
1 ,. 


(c - x.y + 


x? 


+ if. - 2cx. + c 2 = i*i - 2cx, + c 


lim 51 = lim 51 (K* — 2 cx, -f c 2 )(Am), . 

= lim 51 rJ*(Am), — 2c lim 51 x.(Am). + c 2 lim 51 (Am), 
Here the first term is I L - ; the third term 
is cm, m the total mass of B\ the middle 
term is zero because lim £ x,(Am), = 
mX = 0 since the mass center is at O. 

Hence, l L = U' + cm, which symbol¬ 
izes the theorem. 

Example 1. Find the moment of iner¬ 
tia of a homogeneous sphere with respect 
to (a) a diameter, (l>) a tangent line. 

With sphere of radius a centered at 
0 we answer (a) with 


/, ™ 8p / / / (x 2 + y ‘) dz dy dx, 

the triple integral being evaluated over 
the first octant of the sphere. In cylin¬ 
drical coordinates 



/ / r 1 • r dz dO dr 

0 Jo Jo 

= 4irp f r 3 y/a* — r' J dr = wpa\ 

Jo 15 

Since mass m = 4x-p// 3 /3, we have /. = | mu 2 . 

For (b) let the tangent line be L: y = a, x =* 0. Then by the Parallel Axis Theorem 
U — I, -\- a m since the centroid of the sphere is on the 2 -axis. From the result of 
(a) we obtain l L — 7mu /5. 


As in the case of centroids (cf. §0.20) the symbol V can be interpreted as general 
“content,” and formula ( 2 ) de-generalized to those for moment of inertia of plane 
areas, surface areas, and arcs. Thus, l t and /„ for a plane area .4 are 

(6) I, = Jf^ p(x,y)y 2 dy dx, I. = fj p(x,y)x' dy dx. 

The other possibilities are readily supplied by suitable selection of the element dY 
and of the moment-arm r. 


Example 2. 1- ind the moment of inertia of the homogeneous first-quadrant area 
bounded by y = 4x — x* and the x-axis. about each coordinate axis. 
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The requirements are easily computed from (6) (the reader supplying the figure 
and the details): 

= f> J o J o dydx = p f x 2 (4x - x 2 ) dx = 256p/5, 

c * /•*'-'* «•* 

7 ' = P J o J n y 2 dy dx = }p J (4x - x 2 ) s dx = 4096p/105. 

From the readily computed A = 32/3 the radii of gyration are /** = 128/35, 
™ 24/5. 




15.19 Exercises 

1. On the basis of formula (15.18.2), define and give formulas for the moments 

of inertia , /„ , of a body with respect to the coordinate planes (c.g., 

I /// 5* that /, = /„ + /„ (cyclic), I Q = /,„ + /„. + 

t -f- /,), and state the results as theorems. 

2. On the basis of formula (15.18.2), make a list of formulas for / 0 in 

both cylindrical and spherical coordinates (e.g., I Q = /// pr* sin y> dr d0 dy,). 

3. Find the specified moment of inertia for each solid: 

(a) /, for the homogeneous rectangular parallelepiped bounded by the co¬ 
ordinate planes and * - a, y « 6, * « c; (.In*. \abc(b 2 + c 2 ).) 

(b) /„ for the homogeneous right circular cylinder y 2 -f : J = a 2 , -fcgrgfc, 
with respect to a line through the center and perpendicular to the axis’; 
(An*. 2t pa*b(\b 2 + }a 2 ).) 

(c) A right circular cylinder about the axis if point density varies as distance 
from the axis; (An*. J irkab*, a = altitude. 6 = radius.) 

(d) /,, H ,, for the homogeneous solid bounded by the paraboloid y 2 -f- z = x, 
and plane x = 2; [A,is. I, = 4xp/3, H r = J>/6.) 

(e) A right circular cylinder topped by a hemisphere of the same radius 
(homogeneous), about the axis. 

(f) A sphere about a diameter if density varies as the square of the distance 
from the center; (A ns. 8A*xa 7 /21.) 

(g) The homogeneous tetrahedron bounded by the coordinate planes and 
x/a + y/b 4 - i/c — 1, about the z-axis. (An*. abc(a 4- 6 2 )/60.) 

4. List formulas for /,,/,,/<>, for a plane area, in polar coordinates (e.g., 
/„ = // pr 3 cos 2 0 dr dO). 

5. Find the specified moment of inertia of each homogeneous plane area: 

(a) for the rectangle of dimensions a = a 7 — a, , b = b 2 — 6, , parallel 
to the x-axis, y- axis, respectively; {Ana. /, = \pn(b\ — 6?).) 

(b) 1 0 , for the circle x 2 4- ’/ = a ; also I T , T a tangent; 

[Am*. I t — iwrpu / 4 .J 

(c) l n if the circle with center, (— J«,0), radius Jo, is deleted in (b); 

[A ms. 13xpn 4 /32.) 

(d) A square of edge a, about a diagonal; [Ans. pa 4 /12.J 

(e) for one arch of the sine curve; (Ana. /, = p(ir 2 — 4).] 

(f) for the area between y 2 — Ax, y = x; (A ns. /, = 64p/7.) 

(g) lo , for the cardioid r = a(l — cos 0); (A ns. 35wpa 4 /16.) 

(h) I n , for the first-quadrant loop of r 2 = a sin 20. 

6. Specialize (15.18.2) for moments of inertia of a surface (dV = dS) and of a 
plane arc (dV = ds). Also write a formula for /, of a surface of revolution of a 
plane curve y = f(x) about the x-axis. 
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7. (a) Find the moment of inertia of the surface of a sphere about a diameter, 
(b) Find /, for the surface of the torus generated by revolution of the circ 

x* + (y - b) 2 = a (b > a) about the x-axis. [Ans. (a) Sirpa /•*; 
(b) m( 6 * ■+■ in 2 ), m the mass.] 

8 . Find the moment of inertia of (a) the circumference of a circle about 0) » 
diameter, (ii) the center, (iii) a tangent; (b) the first-quadrant arc of the 
hypocycloid; (c) a thin homogeneous rod (line) about one end. f/lw*. (a.i) npn ; 
(b) 3 pa 3 /S; (c) §pL 3 , L the length.] 

9. Let particles of mass m, , m* , //I 3 , be situated at points P x , Pj , Pa , of the 
xy-plane. Find the point P: ( x,ij ) such that the moment of inertia of the par¬ 
ticles about P is minimum. [.4ns. The mass center of the system.] 

15.20 Summary and Generalization 

In this chapter we have generalized the notion of definite integral of /(.r) over a 
linear range R(.r ,y) to those of double integral of f(x,y) over a plane region R(x,y) 
and triple integral of f(x,y,z) over a space R (x,y,z); the variable marks may stand 
for other coordinate systems than the rectangular. Interpretations are varied and 
valuable. Indeed, the generalized integrals are the most natural means 01 dealing 
with problems in area, volume, and the physical applications, in that they cover 
general ground whereas the single variable integral handled only special cases. Yet 
it is only by build-up from the special to the more general that we can then look 
back and see the special in the general. (We remark in passing that it is fruitful to 
generalize the one-variable integral in a completely different direction, by changing 
the linear range to a curvilinear one; the result is the curvilinear integral basic in 
Complex Variable theory.) 

It is now entirely reasonable to consider a function f(x x ,**,•••, x n ) of n vari¬ 
ables defined and single-valued and continuous over a space R(xi , x 7 , • • • , x„) of 
variation of those variables; and by analytic analogy to construct 

0 ) ff J k /(*. , x t , • • • , x m ) dx x dx 2 • • • dx n , 

the n-tuple integral of f over R. The details are purely notational. If n = 2, 3 ,wo 
have double and triple integrals, with all attendant geometrical and physical inter¬ 
pretations thereof. Although we lose “visual" applications for w > 3 even if we 
continue to give geometric names because of analytic analogy, the integral ( 1 ) 
is valuable. I* or example, the remainder in Taylor’s theorem can be expressed as 
the n-fold iterate of the nth derivative of f(x): 

f — f /'”(*)(*)’. 

• r « 


See also Exercises 15.17.8,9. 
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16.1 Description of the Real Number System 

[The title of this section is to be taken literally: the discussion is to inform the 
reader but is in no sense a rigorous presentation of the development of the real 
number system, such as may l>c found in Modern Algebra or in Heal Variable 
theory.) 

The reader is acquainted with the integers, 0, ± 1, ±2, ±3, • • • , the signs + or - 
indicating direction of application of the magnitude* specified by the figures. He 
knows that ratios of these integers with non-zero divisor are the frac tions or rational 
numbers, so-called simply because they are such ratios of integers. The general 
symbol, then, for a rational number is p/q, q j* 0, with p and q integers. The ra¬ 
tional include the integers, since q may be the integer 1. The rational system may 
be visualized as points on a straight line, the integers at unit or multiple-unit dis¬ 
tance from the zero point, the nonintegral fractions lying between them at points 
obtained by subdivision of the unit according to the denominator q of the fraction. 
The rationals lal>el a dense set of points on the line between any two of them, 
r » an<1 r » • * here their average (mid-point), r, = 4(r, + r.,), and r, = }(r, + r,)’ 
a,,d r 5 — $(r, + r«), • • • , to mention but a few— an infinite number of rationals 
between any pair, no matter how close together that pair might l>e. 

A rational number p/q is reduced to equivalent decimal form by dividing q into 
p. If a zero remainder is encountered in the division the decimal terminates 
|e.g., 1/8 = 1.000/8 = 0.I2.5|, if no zero remainder occurs the decimal is not only 
nonterminating, but (since only q — 1 non-zero remainders arc possible and one of 
these must recur after at most q — 1 steps) must repeat a certain cycle of digits 
endlessly |e.g., 1/7 = 0.112857142857 . .). Both types are written in endless cyclic 
fashion bv placing a dot over the first and last digit of the cycle [e.g., 
1/7 = 0.1428571, using (j as the cycle of the terminators |e.g., 1/8 = 0.1250). Other 
examples are 1/0 = 0.16.8/11 = 0.72, 101/900 = 0.112- 

Conversely, a specified endless cyclic decimal can be returned to rational form 
p/q by summing its cyclic part as an infinite convergent geometric series (if the 
cyclic part is (j the noncyclic part has merely to be read as usual). This means that 
it is the limit of the sequence of partial sums obtained by choking off after each 
cycle. For example, 

(1) 0.72 = lim |0.72, 0.7272, • • • , 0.72 ... 72, • • •) = 72/99 - 8/11 

is indicative of general procedure. 

We conclude that the set of rational numbers is identical with the set of endless 
cyclic decimals. And this set is dense between any two rationals. 

The set of all endless decimals is not exhausted by the rationals: there remains 
the set of noncyclic endless decimals (e.g., 0.121221222 ...) which it is sensible to 
term irrational (not-rational). Since it can be provedf that y/2 (existent as the 

fAssume y/2 = p/q, p, q, |>ositive integers without common factor. Clearly, p/q is a 
nonintegral number between 1 and 2. for p t /q 1 = 2, which is between l 2 = 1 and 2 2 = 4. 
Since p i /q l = 2, we have p 3 = 2y 2 , with the resultant first conclusion: 

(i) p* is a |x>sitive integer divisible exactly by 2. 

Now the integer p itself is either divisible by 2 or is not: p = 2P or p = 2 P + 1, with 
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measure of the diagonal of a unit square) is not rational, its decimal form 1.414214 
obtained digit by digit by the standard algorithm, must be endless and 
noncyclic. Following analogy with the limit notion (1) for a rational number, corv- 
sider the two sequences of rationals: 

(2) II. 14, 141, 1.414, 1.4142, •••), 

(3) {2, 1.5, 1.42, 1.415, 1.4143, •••). 

Sequence (2) is formed by choking off y/2 = 1.4142 ... after each digit in succes¬ 
sion; (3) is obtained by increasing by 1 the last digit of each member of (2). Sequence 
(2) always increases, is bounded above by any member of (3), so approaches a 
limit; (3) always decreases, is bounded below by any member of (2), so approaches 
a limit (cf. Theorem 16.2.1, below). The sequences, however, with never-mingling 
members, ultimately have corresponding members arbitrarily close to each other, 
hence must have the same limit. This, finally, must be y/2 itself, ever sandwiched 
between corresponding members of the sequences. In effect, the irrational y/2 
appears as the limit of sequences of rationals. The discussion is representative. 

We picture the discussion. Figure 16.1.1 tabulates sequence (2) on the left, (3) on 


1 


1.41 

1.414 



THE NESTED INTERVALS 
F.G. 16.1.1 


the right. Accompanying the table we picture a line interval with rational end¬ 
points corresponding to the tabular entries in a row. As we continue from row to 
row of the table we pass from interval to interval of the figure, with each interval 
within its predecessor, and with y/2 within each interval. This construction can be 
continued indefinitely. It is called a sequence of nested intervals. From a certain 
point on the end points are arbitrarily close to each other; further continuation 
only accentuates this effect. Assuming (a postulate due to Dedekind and Cantor) 


V a positive integer. In the latter case, however, p 3 = -I/'* + 4/'+ 1, which is not divisi¬ 
ble by 2, in contradiction to the necessity of (i). Therefore: 

(ii) p is a positive integer exactly divisible by 2: p = 2P, I* a positive integer. 

But then p 2 = AP 1 , and a combination of this with the previous p 7 = 2q t yields q * - 2 P 1 . 
This last is structurally like the original p* = 2 q*, hence must vield the same information 
about q that the original yielded about p. Thus we must have 

(iii) q is a positive integer divisible exactly by 2. 

And (ii) and (iii) together assert that p and q necessarily have the common factor 2, 
although we assumed them to hick common factors. This contradiction exposes as un¬ 
tenable the hypothesis that y/2 is rational, and we accept its contrary as valid: y/2 is 
irrational. 
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that the sequence of nested intervals approaches a unique definite point P on the 
line, we label P: y/'2- Similar discussion pertains to other irrationals. 

Although, as we recall, the rationals form a dense set, the preceding description 
shows that V 2 will label a point not previously labeled with a rational but occur¬ 
ring between arbitrarily close points so labeled. The irrationals fill in gaps between 
the ranks of rationals, and the set of points on the line is called perfect , each point 
labeled with a rational or an irrational, an endless decimal. 

I he real number system is the set of all rational and all irrational numbers, positive 
and negative. On the basis of the description in the present section, it is the class 
of all endless decimals. If we assume that even' point on an indefinitely extended 
linear scale is the limit of at least one sequence of nested intervals with rational 
end points, then every point on the scale has a real label, that is. corresponds to an 
endless decimal. The scale of all real numbers is called the real continuum, in the 
sense that no point on it is without real label, while progress from point to point is 
without necessity of leaping over gaps. 

16.2 Limit of a Monotone Bounded Sequence 

The following theorem has been frequently used in this book on the basis of 
plausibility. The proof now given rests on the nature of a real number. 

theorem 16.2.1. If no member (after the first) of a sequence |a*| is less 
[greater] than its predecessor and if no mcmlter exceeds [ix less than ) a fixed number 
B, then the sequence possesses a limit l, l ^ II (/ ^ B\. 

Such sequences are called monotone increasing ( decreasing ], bounded, sequences. 

Let the real numbers \a k \ be a bounded monotone increasing sequence, and ex¬ 
press them as endless decimals: 

a. = /, . d\"dl"di" . . . 

„ _ r 

“J - ij Uj Ul ... 

— tj • d\ (*7 “3 ... 

• • • 

in which symbolism the /’s are integers and the d 's are digits, and the superscript 
(A) on the d’s correlates with the subscript I; indicating the position of the a* in the 
sequence. When we progress down the column of integers /, ,/*,/*,•••, we must 
eventually come to a largest one, /, because no a k can ever exceed the bound B; 
this / will remain invariably the integer part of all succeeding a’s because the suc¬ 
ceeding members of the sequence do not decrease. Suppose that a km is the first a 
with integral part I. 

We now progress down the column of d/s, starting with the digit dj* -1 . Again we 
must, because of the bound B, come upon a largest d, , say D, , first appearing in 
the symbol for a k% . A, eZ A 0 ; and this O, will be the tenth’s digit in all subsequent 
a’s since the sequence cannot decrease. Starting now with a k> , we count down the 
column of d 2 ’s until we find the necessary maximum, say D 2 in the symbol for , 
A 2 ^ A, ; this />. will be the hundredth’s digit in all following «’s since the sequence 
cannot decrease. We repeat this process for succeeding columns of digits, finding 
• • • D q as the 7 th digit after the decimal point for all a’s after a* t , • • • . 

Consider the number 

a = / . D X D 2 D 3 . . . jD, . . . 

defined by the above process. We shall show that a is the limit of the sequence {a*}. 
Given an t > 0, we can first choose r > 0 so large that = 10”' < e; we agree to 
replace the given « by «, , which is smaller. Now, 10"' is the decimal name for the 
rth decimal place, in which we find D, of the number a. The rational numlwr 

a* = I . />,/)*/>, • • • I>'0 
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coincides with a throughout the first r places, hence differs from it by less than 
I0" r . Hut all fl’s of the sequence {a*} beyond a kf are identical with n* throughout 
their first r decimal places, and hence are closer to a than a* is, since they are 
endless; yet they never exceed a because of the construction of that number. Thus, 
from a certain member a kr of the sequence on, all a k , k > k, , lie within 10 ' of «, 
hence within « of a. Since this argument holds for any choice of «, we have proved 
the theorem for an increasing sequence (the other part is similarly proved). 

16.3 Existence of e = lim*__ [(1 + l/k) fc | 

With Theorem 16.2.1 as principal tool we can establish the existence of the limit 
of the sequence 

( 1 ) lim*_. {(1 + 1/A:)*), 

therefrom defining the number e. 

(i) First suppose k a positive integer We shall prove that (a) the sequence (1) 
increases always as k —*<© through positive integer values, and (b) no member of 
the sequence ever exceeds 3; these two facts will establish a limit for the sequence 
as k—*<*> through positive integer values [Theorem 16.2.1]. 

To accomplish part (a) of this project we use the binomial theorem for positive 
integer exponent to write the finite expansions: 



Comparing these two expansions term by term and factor by factor, we note that 
(3) exceeds (2) in all terms: all factors are positive, comparable factors obeyf 


1 - H < i_ UL- 

k < A; + 1 


for any positive integer m, and the unmatched last term of (3) is positive. We con¬ 
clude that 


(-0 


(‘ + f)‘ < (> + FhT 


for any positive integer k; this proves (a). 

fThe fraction m/(k + 1) < m/k: the larger the divisor the smaller the quotient, for 
equal dividends, all numbers positive. The inequality in the text follows immediately. 
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To prove (b): we first observe that for any k > 2, 
1 . 1 1 
(0) k\ < ^ U e " 
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1-2-3 • • • A: 1-2-2 ••• 2 * 

for each of the k - 2 factors >2 in the denominator on the left is greater than its 
replacement 2 on the right. From (5) and the fact that each parenthesis in (2) is less 
than 1 , we can assert that 

(6) (l+|) <2 + [i + l+... + -l T ] = 2 + [i-(l)‘ '], 

the last equality summing the preceding geometric progression. From ( 6 ) we 
conclude that 


(■♦S' 


< 3 


for all integers k > 2 (and, by inspection, this holds for k = 1,2). This proves (b). 

From (a ) 4 and (b) we conclude that the increasing but bounded sequence 
((1 + 1/A) | possesses a limit £3 as A —*® through positive integer values. We 
designate this limit by e, so that e is now defined. 

(ii) On the basis of the proof in (i) for k a positive integer we argue the general 
case. I-ct r be any positive real number, necessarily found on a range k £ r < k+ 1 , 
where k, k + 1 , are consecutive positive integers. Then: 


1 + 


k 

± 

+ 


+ 1 r 


•i 


< 1 




+ 1 


(7) 

Since 


(■+rhr «(•+#•(«+r- 

(■ + rhT 



1 + 

lim -- 

1 + 


k—m 


and 


A- + 1 


& (■+r - £ (>+DT 1 +1) - 


both by case (i), we see that the flanking expressions in (7) approach the same 
limit, the already established number e. But as k —*<*>, the scale H r < H 1 
advances indefinitely far to the right, carrying with it the real variable r; hence 
A —»® implies r—*® . Thus the function (1 + l/r) r , entrapped in (7) between two 
sequences both approaching e, must likewise approach e. It is proved that 

/ \ L 


. U “ (* + if = 


as k —»® as a continuous real variable. 

16.4 The Hyperbolic Functions 

In certain formulas (B7, B9, BIO; several integrals in Part II D) of the table of 
integrals there occur alternate results using the inverse hyperbolic functions: 

sinh ‘ (u a) for In | u + \ /u 2 + a 2 |, 
cosh 1 (u/a ) for In | u + Vu 2 - a 2 |, 
tanh 1 (u a) for Jin | (a + u)/(a — u) |. 
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The sufficed h initials the word hyperbolic: “cosh,” for example, is read, “hyperbolic 
cosine.” Hyperbolic functions are defined as certain useful combinations of expo¬ 
nentials arising frequently in practice. We present a brief discussion of their origin, 
their algebra and calculus, and their utility. 

We contrast the two definite integrals 


(la) [ \/l — x*dx, 0 < x, < 1 , (lb) f y/x 2 ^- \ dx, x x > 1 . 

• <i •'i 

The first is the area of the piece A PQ of the circle x 2 -+- •/ = 1 (Fig. 16.4.1) extending 
in the first quadrant from x = x, to x = 1, where P: (x, , y,) is on the circle and 
Q: (*1 » °) is on the axis. Formula 42, gives, upon replacement of sin -1 u by its 
equal jir — cos it, 

f‘ Vl - X* dx = [JxVr^i 5 - i COS- *1). 

_ = — }Ji y/l — xi + i cos' 1 x x . 

Writing VT — x? = i/i , we have 

(2) + J Vl j cos"' Xx . 




On the left of ( 2 ) the terms are the areas OQP and PQA, combining into the area of 
the circular sector OAP; indeed, with 0 = angle QOP = cos'* x, , the right hand side 
of ( 2 ) is the familiar formula \a0, a = 1 , for the area of the circular sector containing 
the angle 0. Thus (in summary): 

( 2 ') '2 area circular sector OAP = cos 1 x, . 

Similarly, the integral (lb) represents the area QPA (Fig. 16.4.2) under the first 
quadrant of the equilateral hyperbola x — y = 1 from x = 1 to x = x, > 1 where 
P : (*i , Z/i) is on the curve. By formula 29, with u = x we have 

j x W - 1 dx = Jx, Vxi — 1 — i In (x, + y/x\ — 1 ), 
from which 

(3) \x x y x — f y/x 2 — I dx = i In (x, + y/x\ — 1). 

On the left of (3) the terms are the areas OQP and QPA of Figure 16.4.2, their 
difference being the area of the hyperbolic sector OAP: 

(30 2 area hyperbolic sector OAP = In (x, + y/ x\ — 1 ). 
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We list the points of similarity of the two problems. The integrals (1) are similar 
in structure, their evaluations in 42, and 29, carry this same similarity in the first 
Fi m ’ Thc peo,netry of the Problems, resolved in the results 

•i* ik u. quest,on re,ative to the unit circle and the unit 

equilateral hyperbola; (2 ), (3 ), are analogous on the left, but not on the right, and 
the deviation is that of the second terms of the integrations used. In these circum- 
stances it is mathematical instinct to carry through the analogy by making the right 
sides of (2 ), (3 ), similar in structure. This we do by calling the right side of (3') 
an inverse hyperbolic cosine to match the inverse circular cosine on the right of ( 2 '): 

(4) cosh 1 u = In | u + Vu 5 — 1 | , |u|^l, 

is a definition which preserves the analogies throughout the problems. We now must 
study the content and wisdom of this definition. 

To find thc inverse of (4) we set 

(5) In | u + vV - T | = v, | u | £ 1, 

and solve the relation for u. In succession we obtain | u + \/ M * _ j | = e \ 0 r 
" + y ,{J — 1 = =fce' (the plus sign if u ^ 1 , thc minus sign if m ^ — 1 ), « 2 — l = 
(±c - u) 2 = c 2 ’ ± 2e’ii 4- u. 




±14 


4- 1 e' + c 


14 = 


c' 4-e 


2c' 2 ' 

Since we have also solved cosh ’ 1 u = v, we have found 

cosh v - i(e r 4- e~'). 

If we similarly solve (from the alternate last term in 29,) In (u4-v'u T "4- l) = v 
for u, we find u = }(e' — e ~ f ); this we define to be 

(7) sinh v = J(e' - e"), 

companion to 

' 8 > sinh 1 u = In (u 4- Vu* 4- I). 

In terms of the inverse functions (4), ( 8 ), the two integrals in formula 29, are now 


/ 

/ 


VV 4- a* tlu = !«Vu ! 4- a 2 4- $a 2 sinh 1 - 4 - c, 

a 

Vu 2 ~ a 2 du = 5 u y/ M 2 — a 1 - \a 2 cosh * 1 - 4 - c, 


I u I £ 


in good analogy with the two forms of 42 , : 

/ vV — 14” du = $u\/a 2 — u 2 4- Ja'sin -1 - 4- c 

J a. 


= |m Va 2 — u - \a 2 cos ‘"+c, | u | £ | a |. 

Similarly, the basic forms B9, BIO, are, in their alternate hyperbolic forms, analo¬ 
gous to B 8 . A prime pur|>ose in introducing the hyperbolic functions is thus fulfilled. 
The direct hyperlwdic functions defined in ( 6 ), (7), satisfy 

(9) cosh* v - sinh* v = *[(*' + O* ~ (c - 0*1 = 1 

in analogy with the circular identity cos 2 x 4- sin 2 x = l. From this identity we see 
that x = cosh u, y = sinh it, constitute parametric equations for the equilateral 
hyperbola x 2 — y = 1 just as x = cos it, y = sin u, sen e for the circle x 2 4 - y 2 = 1 - 



THE HYPERBOLIC FUNCTIONS 


16 . 4 ] 

We next turn to the integrals B6, B7, with a = 
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1, to build analogy between these: 


(10a) 


/ 


du 

1 + u 2 


= tan ' u + c, 


(10b) 


i 


du 

1 - u* 



1 + u 
1 - u 


+ C. 


Since 

1 + u 1 - u a 

f >0 

if 

|u | < i 


1 - 14 “ (1 - U) 2 

i<0 

if 

1 » 1 > 1 


the right side of (10b) is written without the absolute value signs in the separate 
forms 

(i) \ ln */ I M I < *■ (“) i In Itz - } - */ I “ I > 1 • 

Pursuing these two cases in parallel, we set 

(i) I In f^j = ■>(!“ I < 1). (H) y = »(M > 1), 

and solve for 

(i) u = e . e _; (I “ I < 1). (ii) u = c . ~ t ~ e _. (| u | > 1). 

e -T e e — e 

In (i) we have 11 = sinh i»/cosh v, in (ii) we see u = cosh v/sinh v\ following trigono¬ 
metric analogy we define 


(i) tanh v 


sinh v 


e - e 


/..v . , cosh v e r ■+• c 

(n) ctnh v = — r— = — 1 — 


cosh v e ’ + e -' * v “' " “ sinh t; c ' - c 

In terms of these hyperbolic functions tl»e two parallel cases continue: 

tanh ' u = v = Jin * (| u | < 1), 


(i) 

(ii) 


ctnh ' u = v 


1 > 1); 


(i) J J l“ u i = tanh-' n + c (| u , < 1), 

(ii) / = ctn h'' u + c (| « | > 1). 

These integrals complete the analogy with (10a); under the transformation u = u’/a 
they supply the alternates for B7. 

Hyperbolic secant and cosecant are defined as reciprocals of hyperbolic cosine 
and sine, respectively. They are not much used. 

The graphs of the hyperbolic sine, cosine, and tangent, are shown in Figure 
1G.4.3. Details of the graphs—-the absolute minimum (0,1) of y = cosh x, the 
inflection point (0,0) on y = sinh x and y = tanh x, the horizontal limiting asymp¬ 
totes y = ±1 on y = tanh x—are easily supplied by the reader from the defining 
exponential forms, by use of the standard methods of curve tracing. It is important 
to note the ranges of the functions: sinh x is unlimited, cosh x ^ 1, 

— 1 < tanh x < 1. The graphs of the inverse functions are obtained by the usual 
reflection through the line y = x; again note the ranges. 

The analogy of the hyperbolic and the circular functions persists: the reader may 
deduce identities matching the well-known trigonometric ones, using basically the 
exponential definitions. These are to be proved by the reader in the attached 
Exercises. Also left to these exercises are the formulas for differentiating and inte- 
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grating the hyperbolic functions, easily proved from the exponentials, and again 
in marked analogy with trigonometric formulas. With these, many algebraic 
integrals can be evaluated by hyperbolic substitutions analogous to the trigonometric 
substitutions used in §11.13, provided that the differentials of the hyperbolic 
functions are known. For example, to evaluate B9 we could set u = a sinh v 
a + “ - 0 + sinh »> = a cosh 2 v,du= a cosh v dv, to have 


f — du f 
J J? J 


a cosh v dv . u 

T cosh Slnh a +c - 



Finally, the hyperbolic functions are tabulated as are the circular functions 
[Table 7.J; since these entries are made by combining exponential values according 
to the definitions, use of hyperbolic functions saves time in computations. Thus, we 
compute, using BIO, 


f d * 

vV + 2x - 3 


r~ *=_= 

•'l l V(x + l) 2 - 2’ 
cosh' 1 1.25 — cosh' 1 1.05 


. cosh ” 


0.69 - 0.32 = 0.37. 


Exercises (In these exercises discuss analogies with the circular functions.) 

1. Using the definitions of the hyperbolic functions obtain the hyperbolic ana¬ 
logues of the standard trigonometric identities Table II, 1., p. 604. 

2. Find sinh (— x), cosh (—x), tank (—x). 

3. Show from the definitions that cosh x + sinh x = c', cosh x — sinh x = e~*. 
\\ rite the definitions of sinh (x + y) and cosh (x + y), and use the above rela¬ 
tions to prove that 

sinh (x + y) = sinh x cosh y + cosh x sinh y, 
cosh (x + y) = cosh x cosh y + sinh x sinh y. 

From these, obtain formulas for sinh (x — y), cosh (x — y), tanh (x =fc y). 
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4. Obtain the analogues of the trigonometric identities for double and half angle , 

Table II, 3., P- 605; for the product formulas, Table II, 4. , . 

5. List for reference the derivatives of the six hyperbolic functions, obUin^twm 
the exponential definitions. Reverse these into antid.fferent'at.on fonmilas. 
Discuss analogies with corresponding trigonometric derivatue an g 
formulas. From these results write 


d sinh 3x, 


d cosh ( 1 /x) 


d tanh x" 


j x sinh x 1 dx, j cosh 2 x dx, f tanh * dx. 

6. Establish the essential features (extrema, points of inflection, concavities, 
asymptotes, extent, symmetries) of the graphs of y = sinh x, y — cosh x, 
y = tanh x, shown in Fig. 16.4.3. 

7. In connection with the definition of sinh -1 x, cosh 1 x, tanh x, explain the 
replacements, listed to open Part D, Table of Integrals, of logarithmic functions 
by inverse hyperbolic functions. Establish sundry of the formulas marked 
in this section of the Table. 

8. List the derivatives of the inverse hyperbolic sine, cosine, tangent Explain 
the ambiguous sign in that for cosh 1 x, and its lack in that for sinh x. 

9. List the integrals of the inverse hyperbolic functions. 

1 0. Sh ow t hat the substitutions u = a sinh x in y/u 2 + u = a cosh x in 
y/„* — d 1 , v = a tanh x in y/ a 2 — u i , are suitable transformations of inte¬ 
grals containing these particular algebraic forms. What is the trigonometric 
analogy? In this way obtain 


j u~*V9u* — 4 du; J ( 14- u*)"* du = 2ly/b. 

1 1. Using hyperbolic forms in the Table of Integrals and the Table of Values of 
Hyperbolic Functions, p. 616, evaluate: 


(a) f* x 2 dx/ VV - 1 (b) [* dx/xVx + 1 

(c) ^ dx/x'y/b — x a 

1 2. Find the area bounded by y = tanh x, y — sinh x, from x = 0 to x = 1. 
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1. TABLE OF INTEGRALS 


The constant of integration is omitted 
A formula is prohibited for values causing a zero denominator 

I. Basic Integrals 


Bl. 

(a) [ u* du = u — 
J n + 

n p 

* -1 

0>) J 

* 

u” 

1 du = In | u | 

B2. 

(a) J e u du = 

c * 



(b) J 

1 

a“ 

du = 

a - / In a 

B3. 

J sin u du = 

— cos 

u 






B4. 

J cos u du = 

sin m 







B5. 

J tan u du = 

-In I 

cos u I 

= In | sec 

«l 




B6. 

f du 

J a 3 + u* * 

- tan" 
a 

|J! b _ 

a 

± ctn- S 
a a 





B7. 

f du 

J a » - " 

^ ln 

a + u 

a — u 

= -tunh 
a 

-1 

a 

(i 

«l < 

i ° i) 





= - ctnh 
a 

-• !f 
a 

(i 

« 1 > 

Ia|) 

B8. 

B9. 

f du 

J Vcr-u* 
r du 

= sin 

— i„ i 

-l u 

a 

-1 w 
- cos - 
a 

ft. ; . 

(I** 

i < 

• _ * 

1 a |) 

U 



J VT+fl 1 


u -t- vw a' i 

= sii 

lh 

a 


Bio 

/* du 

= In | 


i-s . 



■ - , 
a 


A-# 1 V/ • 

*' Vm* - a 1 

u + V u - a | 

= cosh" 

(1 u | > | a |) 


II. Integrals of Algebraic Functions 
A. General Reduction Formulas 

1 - J u m (au n + b) p du = 

a - W+ l + Da [“.< au " + 


— (m - n + 


1 )b [ n m 


\au m + b)" du 
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1 


(rip 4 - m + 1 ) _ 


£u"*'(aw" + b) p 4- npb J u m (au + b) p 1 da J 




— (np + n + m 4- l)a J u m,n (au n 4- b)" du J 


f — 

J u m I 


4(np4n4m41) J u m (au n -f- 6) p+1 rfuj 


du 


W 4- 6) p 

a. - - 1 f ~ 1 

(m - 1)6 L u — 1 W + 6) p_l 


— (np + m — n — \)a [ -—-1 

J u m -'(au " 4- 6) P J 

b. — 1 f 1 

n(p - 1)6 Lti—W 4- 6)*"' 

4- (np 4- m — n — 1) f -—-1 

J u-(a W - 4- 6) p -'J 

I. r-JCiL-- 

J (an* 4- 6) p 

(» - np + l)a [(an" + 6)— “ (m “ " + 1)6 / 
b - - <» + n - ■* + I) / . ] 


b. 


n{p 

- 1)6 

L(au" 4- by 1 

(an" 

+ by 

du 


u m 


- 

-1 

r (air 4- 6) p *' 

(m ■ 

- 1)6 

L - 


1 

r (au' + by 

?ip - 

- m 4- 

1 L u— 


u 


B. Integrals Containing the Form au 4- b. 

5. J u"(au + b)’'• du = (?/a"“) f („• _ 6)V*-‘ * (au + b = v') 

6. a. J ( au + by du = (au + 6)’*‘/(p + i) a 
b. J~ (au + 6)~‘ tfi< = a"‘ In | aw + b | 



] tabic of integrals, and other tables 

r. [ — u " du _L f - b)- do . , . 

J (au + by a-• J (au + 6 = ”) 


( 7 i-7-, are special cases) 


7, ‘ / au + 6 - a ~ ,[(au + 6) ~ 6 In | au + b ft 

I au + 6 | + 

7 [ u du _-*T . _1___ , 6_1 

3 J (au + 6) 4 au 4- 6 + 2 (au 4- 6) 2 J 

7< ‘ / au +^6 = a + &)* “ 26(au + b) + 6 2 In | au 4- 6 |] 

7i ' I (a“ +V = a '{ (a “ + « - 26 In | au + 6 | - 

t [ du 1 /* (v — a) m * p ~* , 

* J u"(au + 6 )' “ " 6 ^ J ^ * (aM + 


(8,-8, arr special cases) 


u(au + 6) 


6 ’* In 


au 4- 6 


_ 6 - 


f d " _ 1 au + 6 

J ujau + 6) - 6u + F *" ~^ 




_ du _ = 1 _ l 

u(au + b) 3 b(au + 6) 6 




i f dU 
J u J (au 4- 6) : 


2au 4-6 ,2a, au 4- 6 

6 i u(au 4- 6) + 7? ,n . u 


9. f u(au 4- by du - -!= b)>>? - % au + 6)>M 1 

J a L p 4- 2 p 4- 1 J 

10. [ u\au 4- 6) p du = » ffaL+y M _ ?6(au 4- 6)- 

i *'(«* + *r' 1 

p +1 J 

11 . / u m (au + by du = ^ p ] + ])o [u-(a» + 6)- 

— mb J u"*‘(au 4- 6) p du J 
0/ w 4- p 4- 1 =0 use 12a, b, or see 7, 8) 

12. a. f 4" = _ (*“ + *>)’ . f (qm 4- 6) > ~ l 

pw* J u * 

b. /’ (q^ + 6)* du = 1 f" (au 4- 6) pt| f (au 4- 6)»° du l 

J UT" a L(p + D ^ 1 + J u'** J 
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13. J u m (au + by du = | “u m "(au + b) p 

+ pb J u m (au -f b) p 1 du J 

(if m + p + 1 = 0 see 7, 8) 

14. /«-(«, + b)'du = ( ~ m ^ |)fc [u-'(au + 6)'*' 

- (m + p + 2)a J u~"(au + /,)• rf«J 

(if m +l = 0 use 15a, b) 

15. a. J _ (ML±_by j b J (au + by~ l ^ ; . 

b. fl£L±J£j, _ ifta u + b)- ' r (au + M- . 1 

■1 N 6 L p + 1 J - ~ rf " J 

16. /«.“(«.« + 6)*du = [_ u — (fltt + 6) ... 


17- J u~Vau + 6 


+ (m + p + 2) J u-(au + b)’" *] 

(2m + 3)5 [ u ~ (au + V 

~ mb J u m Vau + 6 dul 


17 ‘- J Vau + bdu = 2(au + 6)'/3a 

17,. f u Vau + 6 rfu = 2(3au - 26)(au + fc)'/15a' 

17, fu’V^T+bdu = 2(15aV - 12abu + 86’)( a ,i + 6 )Vl 05 a* 

I. [ —- du , _L r VWTj 

Van + 6 m6 (. u - 

+ 2ro_^J)a f du 1 

„ . 2 ' -^vW+lJ > o) 


+ r du 

r . 2 J uFVau^+% 

I8 " J V^+T = 2V ™+~ b / a 


18 , f- 

J u 

18 , f- 

J u- 


7~~ = -L In ' Va y + 6 - y/fe I 

a “ + 6 Vi I vWTi + Vb I* 6 > 0 

= V^ tan "6<0 
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19. f . = - 

J y/au + b (2m 4- l)a 

19 


, AND OTHER TABLES 

\u m Vau + 6 - mb f - u "- (Ih 1 
L J y/au 4- &J 

f u du 2 (au - 2b) /-—r 

“ J Van + 6 = 3a 2 + 6 

m f u* du 2(3aV - 4ahu + 8b 3 ) -- 

/ JZF+ 1 -I*?- ^ + 6 

2 o f Van 4- £ du __1_ T ( au + 6) 1 

J u"* 1 mb L tt - 

(2m — 3) a f y/au 4- 6 dul 

2 J ^ J > °) 


+ 


2°,. J ^ au + b du = 2V^+1+bf —^L 

3 “ •» uVau 


au 4- b 

C. Integrals Containing the Form au 2 -f c 

1 he form A U 2 + BU + C is transformed tou 3 + c by completion of the square ; 
cf. (11.19.6) 

21 ‘ f t™* + «)“*■ = [(„„■ + c) - + (2m “ ’> / (au * + c) J 

22 - “• l^rr~c = -jz tan ~‘>lt u - a >° • c >° 

b -/ 


du __ 

a “ a + « ~ Vac 
( fa _ 1 

ai/ 2 4- c 2\/— 


j V -a u 4- y/c 
* y/—a u — y/c 

4= tanh” 1 \[^~ u, 

— ac v c 


a < 0, c > 0 


23. a. [ -“1“ = - "1 

J (au 2 -f c)~« 2ma(au 2 + c)" 



b . f _«**. = 

J au 2 + c 

£ to ' 

oti 2 +c\ 

24. 

f u 2 du 

1 

r -u 


J (au 2 + c) m " 

2 ma 

L(au 2 4- c)"* 

25. 

f u 2 du u 

_« f 

du 


J au 2 4- c a 

a J 

au 2 4- c 


26. 

f 

5 h l 

u 2 


J u(au 2 + c) 

au 2 4- c 


27. 

f du 

_ I 1 

r du 

J u 2 (au 2 4- c)~' 

c J 

u 2 (au 2 4- c)" 

28. 

r du 

1 

? r 

du 

J u 2 (au 2 4- c) " 

cu 

c J au 2 4- c 


/ 


du 


(au 2 4- c) 


:] 


a f du 
c J (au 2 + e) m * 1 
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D. Integrals Containing: \/ U ‘ + c 2 , 

W - uM U I < IC I, yAT^'?,\u\> Je | 

See note under C 

Formulas marked * allow the replacements 
sinh~ l ^ for In | u -f y/u 2 + c 2 |, cosh' 1 /or In | w ± y/u 2 — c‘ 


sinh 1 - for In 
u 


c + Vt?”4- c* ,.i£ f . 

--P<®h -Min 


c ± \/? — u‘ 


2 

* 29, ‘ f * c * = =fc c* ± Jc 2 In | m + vV d= <? | 

*29,. f (u* =fc c 2 )* ± c 2 )* =fc 


30. J U y/(7 ±c s Tdu = vV ± c’r*7(n + 2) 
* 31, / vV =fc c* cfo = Jm(m 2 -fc c 2 )« =P Ic’uy/u T 

- 1C 

l 7 f _rfw 

• J (u‘ ±cr' c -v7i? 

33 ‘ f V«*±c* " *“V / u‘± C *=F } C * In I u + A 

14 f U ' du ~U _ 

J (u J ± C 2 ) :,/2 “ 77..* . i + In | W + vV - 


+ |c* In | m -f d= c* 


- Jc* In | m + v/I? ± c - 


}« vV ± c* =F ic’ In I u + vV 


' J OS ± cY' 1 ~ Vu J ± c 1 + ln I “ + v'J r ±7 | 

*35. a. f — du = _ I i„ i c + Vu* + c 8 I 
“Vu + c <: | U I 

h r _i u i 

j«Vu f -r« sec c “c cos "i 

36. [ -^ = T Vm* ± c* 

»Va’ ± c 2 c’u 

*37. a. J y'“ i + ^ du = v^+l 5 - c In I L+JV^lT? 

K f VP~=P _ “ 

b - J s- d “ = VP^P - C sec- s 

*38. [ du = _ VPJjT? _ 

^ u w + In | u + V^7± c 2 | 


m =fc c 4 
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’• / * C ’ r du “ m + !i +T [“■” 

=F (m - Dc 2 / u—V(u* =t e 2 )" du] 

>. f — u " du -—?_r 

J V(u 2 =t c 2 )" m — n + 1 L V( w 7 -t c’)-’ 


41. f - 

J u' 


=F (» - DC 2 [ -£]' du 1 1 

_ - 1 VS 2 ± c 2 )"J 

r_ _ 1 

V(u ! ± «*)■•* 


+ < " + "- 3> /?=^ferJ 

42 1 - J Vc* — u* du = \uy/c * - li 2 4- ic’siiT' ^ 

42j ‘ / ( c * “ w *)* " }w(c 2 - u 2 )* + |c 2 mVc 2 — t? +■ jc* sin - ' - 

c 

«. / uV(c* -u 2 )- du = - V( C ’ - u 2 )—/( n + 2 ) 

44. j uWc ‘ - tt'du = - }u(c 2 - u 2 )' + *c*u Vc* - u* + ja‘ sin -1 ^ 

c 

4* f du U 

' J (^- U 2 )’" " cVc 1 - u* 

46 ‘ / ^=T==i = + Jc 2 sin ' 1 j 

17 ( U 7 du U . | u 

47 - J (? - u 1 ) 2 ' 1 - v £_ m . " sm c 

■48. f — du } - - I In c + 

J uVc’ - u 2 c u 

49 /■__**_ 

W - J u’ Vc^TJ ~ c*u 

'5°. / -y- ei - u ’ du- Vc^T? - c In | C - ^ Vo* ~ u 2 

51. [VIZZ du= _ vZZZ_ sin -.« 

J U U c 

52. / u'Vic^uJ du = - ^ +1 [-»--'V(e 2 -u 2 r 3 

+ (m - l)c 2 1 u- 2 V(c* - u 2 )" du] 


c- - u* 


c- - u* 


- }u \/?^? + Jc 2 sin ' 1 - 


_w —i u 

sm c 

- i In I c - + Vc> ~ 


c — u 


— u 2 — c In 


c 4- Vc - u 


u 

— sin - 
c 



53. 
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r U m (hi _ — 1 _ f" u m ' 

J V(c 2 — *?)" m ~ ^ + 1 L \/(c* — i/ 2 )"”* 

- (m - l)c 2 


[601 


f u m ~ 2 du 1 

54. [ = = -i r_!_ 

^ u-vV _ u y (m - dc* Lm— vV - «*>— 

- (m + n - 3) / — /" 1 

«- \/ (c ' - „',"J 

E. Other Irrational Integrands 

ss. a. J V2bu - u* du = J (u - b) y/2bu - u* + sin" 

b ’ / " sin “ 

56 ‘ rf “ = V(a + u)(6 + ^j 

+ (a - 6) In (Va + m + Vb -f- M ) 
b ‘ / rfu = ~ V(a + u)(6~u) - (a + b) sin- .1^ 

*• / VrTf rfM “ V(a - u)(6 + u) + (a + 6) sin"JLti! 

, . ,_ Va + b 

57. f du _ 2sin -. " ~ a 

J VOT- a)(6 - u) 2sm Vft-o 


III. Integrals of Transcendental Functions 

m > 0, p and ? represent integers 


J 

f sin 2 m (fa 

- J* 

— i sin 2 m 

59. I 

^ sin" n (fa 

= __ 

— Sin"”’ „ nnil .. 1 ^ 1 C . _ . 

J 



m n “ 008 M + m J sin" 2 «i <fa 

6°. J 

cos* ?( (fa 

= i u 

+ } sin 2 m 

6!./ 

cos" u du 

= 1 
m 

cos— u sin u + *~± J cos-* u du 

62. / 

sin 2 m cos 2 

u du 

= ~ A sin 4m 

63. a. 

/ v ' r + 

cos u 

^m = 2 \/ 2 sin fw 


b- J Vl - cos a du = _ 2 V2 cos *u 
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COS*” U 


64. a. f sin p u cos 0 u du - —J— sin p “ xi 
J V + q L 

+ (q — 1) J sin p u cos 0-2 u rfuj 

b. [ sin p xl cos* u du = —?— —sin p_l u 

J V + gl 


cos** 1 u 


c. f sin p u cos* u du = —J —- 
J p + 1 L 


+ (p — 1) J sin p 2 u cos* xl du J 


sin'* 1 u cos** 1 xi 


l. J sin p iz 


cos* u du 


+ (p + Q + 2) J sin p * 2 xl cos* u rfuj 
p-j sin'*' u cos**' u 

4 (p 4 ? 4 2) J sin p u cos** 2 u rfuj 


65. 

a. 

«l 

f sin au sin bu du = \ 

X—sin (a 4- b)u sin (a — b)u~\ 
1 a + 6 H a - b J 


b. 

f sin au cos bu du = 

X cos (a 4- b)u cos (a — b)u 
*L a 4 6 + a — 6 


c. 

« 

f cos au cos bu du = 

.[sin (a 4- b)u sin (a — 6 )ul 
*L a 4 b ^ a — 6 J 

66 . 

a. 

r du 

1 1 ± sin u — tan u ^ sec u 


'•/r 


du 


± cos u 


“ — ctn u ± esc u 


67. 

a 


du 

- In h 

C | i 

a. 

J a 

4- 6 sin m 


b. 


du 

2, . 
- tan 
c 


J a 

4- 6 sin m 

68. 

a 


du 

- In 
c 

a* 

J a 

4- 6 cos « 


b. 

r_ 

du 

?.an- 
c 


J a 

4- 6 cos m 

69. 

i 

tan" 

, tan" 

m a?/ = - 

m - 

1 M 
■ 1 


$u + b — c 
Ju 4 6 4 c * 


a -f 6 — c tan }u 
• ft tan jiA 
\ a 4 6 /’ 


c’ - b 2 - a 2 > 0 
c a = a 2 - 6 2 > 0 
c* = 6 2 - a 2 > 0 
c 2 = a 2 - 6 2 > 0 


7 °. J ctn w </m = In | sin u | 

71. J ctn 2 u du = — 

72. / 


ctn u — u 


ctn" u du = — 


u -i 


ctn" 2 u du 


m — 1 
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73 

74 


. J sec u du = In J sec u + tan u j 

. J sec 2 u du — tan u 

f m , sec" ‘ u tan u , m — 2 f m - 2 , 

75. / sec u du = ----r / sec u du 

J m — 1 m — 1 J 

•. J sec u tan u tfu = sec u 

J esc u du = In | esc u — ctn u | 

. J esc 2 u du = — ctn u 

f .. j. esc" -2 uctnu , m-2 f 

• / fSC U du --—-;- H-- / CSC 1/ <ft| 

J m — i m — I J 


76 

77 

78 

79 

80 


*• J esc u ctn u du = — esc u 


81. 

•7 

u" sin 

au du = 

I 1 

a | 


<" cos au -f m 

/«' 

'cos a// du J 


b 7 

u" cos 

au du = 

1 

a i 


sin au — in j 

«— 1 ' 

sin au du 

■J 

82. 

a 7 

u du 

— j— i 

sin u 

= —u ctn u 

+ 

In | sin u | 




b 7 

u c/a 
cos 2 U 

■ u tan u + In 

| cos u | 



83. 

/ ®“ l 

1 u du 

= u sin" 

1 u 

+ 

Vi - i? 

(|u| 

5 1) 

84. 

/ cos 

-1 u du 

= u cos 


Vl — u 2 

(!« 

1 5 1) 

85. 

i 

j' tan 

udu 

= u tan 

■« - 

In \/l + u 2 



86. 

• 

f ctn 

1 u du 

= u ctn" 

1 U + 

In Vl + u 2 



*87. 

J 

f sec' 

1 u du 

= usee' 

1 u 

: — 

In | u + Vu 2 

- 1 

1 (1 u 1 = 

*88. j 

^ csc“ 

1 u du 

= u esc - 

*u 

+ 

In 1 u + V? 

- 1 

1 (l«l* 


'■ J (In w)" du = «(ln m)“ - m J (In u)~' dx 
'■ f u- In u du = m—["-J5JL. _ . 1 1 

J Lm + 1 (m + 1) 2 J 

91 ' f u\n u = ln 1 ln " I 


89 

90 



604 ] 

92 
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. J mV" du = 1 [*V - m J u m ~'e mm */mJ 
a - J e ay sin 6m du = e"“(a sin bu — b cos bu)/(a* 4 - 6 2 ) 
b* / e *" cos du = «*"(& sin 6m 4- a cos 6m) /(a 2 + 6 2 ) 

• / 77- = ^l tan 1 ( e ~ n/5) 


•4c- + fie— 

95. Wallis' Formula : If m > 1, n > 1, arc integers , 


i. 


*/2 


sin" m cos" m c/m 


= (m - l)(m - 3) • • • f2 or l)(w - l)(n - 3) • • • 12 or 1 ] 

(m + n)(m 4- n — 2) • • • (2 or 1 ] K 

^ = }ir i/ m, n, arc both even, K = 1 otherwise. 

The formula is valid for m [or n] = 0, 1, if the numerator 
factors pertaining to m [or n) arc disregarded. 


2. FORMULAS FOR REFERENCE 

I. Geometry (Mensuration) 

(I he letters in the formulas mean: 6, base; h, height; r, R, radius; 9, 
central angle in radians; fi, base area; s, slant height.) 

1. Triangle: area = }66 

2 . Trapezoid: area = $6(6, 4- 6,) 

3. Circle: circumference = 2rr; area = wr 2 ; arc = rO; 
area sector = Jr 2 0; area segment = j r 2 (9 - sin 9) 

4. Prism: volume = Bh 

5. Pyramid: volume = J Bh 

Frustum: volume = J6(fi, 4- fi, 4- y/B'B,) 

6. Right Circular Cylinder: lateral surface = 2xrh; 
volume = irr 2 h 

7. Right Circular Cone: lateral surface = xrs = xry/r 2 4- h 2 ; 
volume = \xr 2 h. Frustum: lateral surface = *(r 4- R)s; 
volume = \xh{r 2 4- fi 2 4- rR) 

8. Sphere: surface = Axr 2 \ volume = firr 3 

II. Trigonometry 

1. Fundamental Identities: 

(a) Reciprocal Relations: sin x esc x = 1, cos x sec x m 1, 
tan x ctn x = 1 

(b) Fractional Relations: tan x = sin x/cos x, ctn x = cos x/sin x 

(c) Pythagorean Relations: sin 2 x 4- cos 2 x = 1, sec 2 x - tan 2 x m 1, 
esc 2 x — ctn 2 x = 1 
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1 — 2 sin 7 X 


(c) t an 2x 


2 . Functions of a sum or difference of angles: 

(а) sin (x + y) = sin x cos y + cos x sin y 

(б) sin (x — y) = sin x cos y — cos x sin y 

( c ) cos (x + y) = cos x cos y — sin x sin y 

( d) cos (x y) = cos x cos y + sin x sin y 

W tan (x + v) - lS>f±*eUL 
1 — tan x tan y 

/ n . , x tan x — tan y 

(/) tan (x - y) m r—---— 

1 + tan x tan y 

[ tan 6 = ~~ - " l - gives angle d between lines of slopes m, , m 2 \ 

i m x m 2 j 

3 . Functions of double and half angles: 

(a) sin 2x s 2 sin x cos x 

(6) cos 2x = cos 7 x - sin 7 x = 2 cos 7 x - 1 e 1 - 2 sin 7 x 

(c) tan 2x - - 2 t8n *- 
1 — Ian' x 

(d) sin }x ■ ± V }(i - cos x ) 

(<•) cos Jx - ± VTd + cos x) 

(/) tan }x - ± ~ cos * m - 8in 1 . Lr 009 x 

V 1 + cos x 1 4 - cos x sin x 

4 . Sum or difference of functions into products: 

(a) sin x + sin y m 2sin }(* + V) cos J(x - y) 

(6) sin x - sin y a 2 cos }(* + y) sin |(x - y) 

(c) cos x + cos y m 2 cos §(* + y) cos }(x - y) 

(d) cos x - cos y = -2 sin J(x + y) sin }(x - y) 

5 . Products of functions into sums or differences: 

(a) 2sin x cos y e sin (x + y) + sin (x - y) 

(6) 2 cos x sin y = sin (x + y) - sin (x - y) 

(c) 2 cos x cos y = cos (x + y) + cos (x - y) 

W 2sin xsin y a -cos (x + y) + cos (x - y) 

6 . Law of Sines: /n any frranyfe a sin .4 = 6/sin B = c /sin C 
7 . Law of Cosines: In any triangle a ! = 6 ! + c’ - 26 c cos 4 
8 . Area of Triangle = $6c sin .4 

= Vs(s - a)(s - 6)(s - c), s = J(a + 6 + c) 


•sin x 






100 

1,000 

3162 

2.154 

121 

1.331 

3-317 

2.224 

144 

1.728 

3464 

2.289 

I69 

2,197 

3.606 

2-351 

I96 

2.744 

3-742 

2.410 

225 

3.375 

3-873 

2.466 

256 

4.096 

4.000 

2.520 

289 

4.913 

4123 

2.571 

324 

5.832 

4-243 

2.621 

36 l 

6.859 

4359 

2.668 

400 

8.000 

4472 

2.714 

441 

9.261 

4 583 

2-759 

484 

10.648 

4690 

2.802 

529 

12.167 

4796 

2.844 

576 

13.824 

4.899 

2.884 

625 

15.625 

5.000 

2924 

676 

17.576 

5-099 

2.962 

729 

19.683 

5.196 

3.000 

784 

21.952 

5 292 

3-037 

84I 

24.389 

5385 

3072 

900 

27,000 

5-477 

3107 

961 

29.791 

5-568 

3141 

1.024 

32.768 

5-657 

3-175 

1,089 

35.937 

5-745 

3208 

M 56 

39.304 

5831 

3 240 

1.225 

42,875 

5916 

3271 

1.296 

46,656 

6.000 

3302 

1.369 

50,653 

6.083 

3-332 

1.444 

54.872 

6.164 

3-362 

1.521 

59.319 

6.245 

3391 

1,600 

64,000 

6.325 

3 420 

1.681 

68.921 

6403 

3 448 

1.764 

74.088 

6.481 

3-476 

1.849 

79.507 

6-557 

3-503 

1.936 

85.184 

6633 

3-530 

2.025 

91.125 

6.708 

3-557 

2.116 

97.336 

6.782 

3 583 

2.209 

103.823 

6.856 

3.609 

2.304 

110,592 

6.928 

3-634 

2.401 

117.649 

7.000 

3659 

2.500 

125.000 

7071 

3684 


.07*4 

.0667 

.0625 

.0588 

•0556 

.0526 


0500 


.0476 

•0455 

•0435 

.0417 

.0400 

0385 

.0370 

•0357 

•0345 



3 . 6 oo 


3.721 

3.844 

3.969 

4.096 

4.225 

4.356 

4.489 

4.624 

4.761 


71 5.041 

72 5.184 

73 5.329 

74 5.476 

75 5.625 

76 5.776 

77 5.929 

78 6.084 

79 6 . 2 4 i 


6.561 
6.724 
6.889 

7.056 

7.225 

7.396 

7.569 

7.744 

7.921 


216,000 


226.981 

238.328 

250.047 

262.144 

274.625 

287.496 

300.763 

3 * 4.432 

328.509 


357 . 91 1 
373.248 
389.017 

405.224 

421.875 

438.976 

456.533 

474.552 

493.039 


531.441 

551.368 

571.787 

592.704 

614.125 

636,056 

658.503 

681.472 

704.969 


.0196 

.0192 

.0189 

.0185 

.0182 

•0179 

•0175 

.0172 

.0169 


.0167 


•02 50 

90 

8.100 729.000 

.0244 

91 

8.281 753.571 

.0238 

92 

8,464 778.688 

•0233 

93 

8.649 804,357 

.0227 

94 

8.836 830.584 

.0222 

95 

9.025 857.375 

.0217 


9,216 884.736 

.0213 

97 

9.409 912.673 

.0208 

98 

9,604 94M92 

.0204 

99 

9.801 970.299 


7.810 

3.936 

7.874 

3958 

7-937 

3-979 

8.000 

4.000 

8.062 

4.021 

8.124 

4.041 

8.185 

4.062 

8.246 

4.082 

8.307 

4.102 

8.367 

4121 

8.426 

4141 

8.485 

4.160 

8-544 

4-179 

8.602 

4.198 

8.660 

4.217 

8.718 

4236 

8-775 

4 254 

8.832 

4-273 

8.888 

4.291 


4309 

9.000 

4327 

9.055 

4344 

9.110 

4 362 

9.165 

4.380 

9.220 

4397 

9274 

4414 

9327 

4431 

9381 

4.448 

9434 

4465 






9487 


9 539 
9-592 
9.644 

9695 

9-747 

9.798 

9.849 

9.899 

9-950 


4.481 l.oi 11 


4.498 .0110 
4.514 .0109 
4.531 .0108 

4-547 0106 
4 563 -0105 
4.579 0104 

4-595 0103 
4.610 .0102 
4.626 .0101 






















































4. FOUR-PLACE LOGARITHMS 


T 

IB 

ID 

2 

3 

4 6 6 

in 

8 

9 

_1( 


> 0043 

0086 

0128 

0170 0212 0253 

IB! 



11 

0414 

t 0453 

0492 

0531 

0569 0607 0645 

0682 

07*9 

0755 

i; 

! 079a 

0828 

0864 

0899 

0934 0969 1004 

*038 

1072 

1106 

n 

1139 

i «73 

1206 

1239 

1271 1303 *335 

*367 

*399 

*430 

14 

1461 

1492 

1523 

1553 

1584 1614 1644 

*673 

1703 

*732 

16 

1761 

1790 

1818 

1847 

1 1875 1903 * 93 * 

*959 

1987 

2014 


IP 

2068 

2095 

2122 

2148 2175 2201 

2227 

2253 

2279 


ip: 

2330 

2355 

2380 

2405 2430 2455 

2480 

2504 

2529 


2553 

2577 

2601 

2625 

2648 2672 2695 

2718 

2742 

2765 


IEZ2 

2810 

2833 

2856 

2878 2900 2923 

2945 

2967 

2989 


3010 

3032 

3054 

3075 

3096 3118 3139 

3160 

3 * 8 i 

3201 

21 

3222 

3243 

3263 

3284 

3304 3324 3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 3522 3541 

3560 

3579 

3598 



3636 

3655 

3674 

3692 37 ** 3729 

3747 

3766 

3784 

El 


3820 

3838 

3856 

3874 3892 3909 

3927 

3945 

3962 

Hm 

isn 

3997 

4 ° 14 

4031 

4048 4063 4082 

4099 

4116 

4*33 

26 

A A* 

4150 

4166 

4183 

4200 

4216 4232 4249 

4265 

4281 

4298 

27 

4314 

4330 

4346 

4362 

4378 4393 4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

4518 

4533 4548 4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 4698 4713 

4728 

4742 

4757 


4771 

4786 

4800 


WH . mETMJE® 

4871 

4886 

4900 


4914 

4928 

4942 

4955 

4969 4983 4997 

50*1 

5024 

5038 

5051 

5065 

5079 

5092 

5*05 5**9 5*32 

5*45 

5*59 

5*72 

B 

5185 

5198 

5211 

5224 

5237 5250 5263 

5276 

5289 

5302 

5315 

5328 


5353 

5366 5378 5391 

5403 

54*6 

S128 

£-1 

544 ' 

5453 

5465 

5478 

5490 5502 5514 

55 27 


wmm 

JO 

37 

5563 

5682 

5575 

5694 

5587 

5599 

5611 5623 5635 

5647 

5658 

5670 

5705 

57*7 

5729 5740 5752 

5763 

5775 

5786 

38 

39 

5798 
591 1 

5809 

5821 

5832 

5843 5855 5866 

5877 

5888 

5899 

5922 

5933 

5944 

5955 5966 5977 

5988 

5 QQ 9 

6010 

m 

6021 

6031 

6042 

6053 

6064 6075 6085 

6096 


wmm 

6128 

6232 

6138 

6243 

6149 

6253 

6160 

6263 

6170 6180 6191 
6274 6284 6294 

6201 

6304 

6212 

63*4 

6222 

6325 

hI 

6335 

6435 

6532 

6345 

6444 

6542 

6355 

6454 

6sS I 

p|l| 

6375 6385 6395 

6474 6484 6493 

6405 

6503 

6415 

6513 

6425 

6522 

46 

47 * 

S628 

S721 

6637 

6730 

6646 

6739 

6656 

6749 

° 5 /* 0580 6590 

6665 6675 6684 

6758 6767 6776 

6599 

6693 

6785 


6618 

6712 

6803 

48 ( 

49 ( 

60 ( 

>812 i 
>902 « 

>990 t 

S821 

S911 

>998 

6830 

6920 

7007 

6839 

6928 

7016 

6848 6857 6866 
6937 6946 6933 

6875 

6964 

6884 

6972 

6893 

6981 

51 7 

52 7 

076 7 

160 7 

^084 

168 

7093 

7177 

7101 

7185 

7024 7033 7042 
7 **o 7118 7126 
7*93 7202 7210 

7050 

7*35 

7218 

7059 

7*43 

7226 

7067 

7*52 

7235 

53 7 

54 7 

243 1 7 
324 1 7 

251 

332 

7259 

7340 

7267 

7348 

7275 7284 7292 
7356 7364 7372 

7300 

738 o 

7308 

7388 

73*6 

7*06 










































FOUR-PLACE LOGARITHMS 


608] 


n 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

55 

7404 

1 74«2 

7419 


7435 

7443 

7451 

mm 


7474 

56 

57 

7482 

7559 

7490 

7566 

7497 

7574 

75<>5 

7582 

7513 

7589 

7520 

7597 

7528 

7604 

7536 

7612 

7543 

7619 

7551 

7627 

58 

59 

7634 

7709 

7642 

7716 

7649 

7723 

7657 

7731 

7664 

7738 

7672 

7745 

7679 

7752 

7686 

7760 

7694 

7767 

7701 

7774 

60 

7782 

WTHm 








imi 

61 

62 

7853 

7924 

7860 

793* 

7868 

7938 

7875 

7945 

7882 

7952 

7889 

7959 

7896 

7966 

7903 

7973 

79 io 

798 o 

7917 

7987 

63 

64 

7993 

8062 

8000 

8069 

8007 

8075 

8014 

8082 

8021 

8089 

8028 

8096 

8035 

8102 

8041 

8109 

8048 

8116 

8055 

8122 

66 

8129 

8136 

8142 

8149 



[Of 

8176 

8182 

8189 

66 

67 

8195 

8261 

8202 

8267 

8209 

8274 

8215 

8280 

8222 

8287 

8228 

8293 

8235 

8299 

8241 

8306 

8248 

8312 

8254 

« 3»9 

§ 

8325 

8388 

8331 

8395 

8338 

8401 

8344 

8407 

8351 

8414 

8357 

8420 

8363 

8426 

8370 

8432 

8376 

8439 

8382 

8445 


8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 



71 

72 

8513 

8573 

8519 

8579 

8525 

8585 

8531 

8591 

8537 

8597 

8543 

8603 

8549 

8609 

8555 

8615 

8561 

8621 

8567 

8627 

73 

74 

8633 

8692 

8639 

8698 

8645 

8704 

8651 

8710 

8657 

8716 

8663 

8722 

8669 

8727 

8675 

8733 

8681 

8739 

8686 

8745 

76 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

76 

77 

8808 

8865 

8814 

8871 

8820 

8876 

8825 

8882 

8831 

8887 

8837 

8893 

8842 

8899 

8848 

8904 

8854 

8910 

88.59 

8915 

78 

79 

8921 

8976 

8927 

8982 

8932 

8987 

8938 

8993 

8943 

8998 

8949 

9004 

8954 

9009 

8960 

9015 

8965 

9020 

8971 

9025 

80 

9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

81 

82 

9085 

9138 

9090 

9143 

9096 

9149 

9101 

9*54 

9106 

9159 

9112 

9165 

9117 

9170 

9122 

9*75 

9128 

9180 

9*33 

9*86 

83 

84 

9191 

9243 

9196 

9248 

9201 

9253 

9206 

9258 

9212 

9263 

9217 

9269 

9222 

9274 

9227 

9279 

9232 

9284 

9238 

9289 

86 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

86 

87 

9345 

9395 

9350 

9400 

9355 

9405 

9360 

9410 

9365 

9415 

9370 

9420 

9375 

9425 

938 o 

9430 

9385 

9435 

9390 

9440 

88 

89 

9445 

9494 

9450 

9499 

9455 

95°4 

9460 

9509 

9465 

9513 

9469 

9518 

9474 

9523 

9479 

9528 

9484 

9533 

9489 

9538 

90 

9542 | 

9547 

955 2 

9557 

9562 

9566 

9571 

9576 


9586 

91 

92 

9590 

9638 ( 

9595 

9643 

9600 

9647 

9605 

9652 

9609 

9657 

9614 

9661 

9619 

9666 

9624 

9671 

9628 

9675 

9633 

9680 

93 

94 

9685 , 
9731 

9689 

9736 

9694 

9741 

9699 

9745 

9703 

9750 

9708 

9754 

97*3 

9759 

9717 

9763 

97 22 
9768 

9727 

9773 

96 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

96 

97 

9823 

9868 

9827 

9872 

9832 

9877 

9836 

9881 

9841 

9886 

9845 

9890 

9850 

9894 

9854 

9899 

9859 

9903 

9863 

9908 

98 

99 

9912 

9956 

9917 

9961 

9921 

9965 

9926 

9969 

9930 

9974 

9934 

9978 

9939 

9983 

9943 

9987 

9948 

9991 

9952 

9996 

























































Ck I Tan Co* 



.0698 


029 

343.8 

058 

171.9 

.0087 

114.6 

116 

85.95 

145 

68.76 

.0175 

57.30 

204 

49.11 

233 

42.98 

.0262 

38.20 

291 

3438 

320 

31.26 

.0349 

28.65 


SB 

.0610 

64O 

669 


* 9 * 


I8.IO 

17.20 

16.^8 



0175 


204 

233 

.0262 

291 


57-290 


49.IO4 

42.964 

38.188 

34-368 

1.242 


•O.S 2 


553 

582 

.0612 

641 


15.64 641 15.605 

14.96 I 670 14.924 


9.08 


18.075 

17169 
16.350 
• 5605 


72 2 

*3727 

758 

*3.197 

.0787 

12.706 

816 

*2.251 

846 

11.826 


901 

n.io 

929 

10.76 

.0958 

*0.43 

.0987 

*0.13 

.1016 

9.839 


0875 

904 

934 

.0963 

.0992 

.1022 


-if. 43° 
11.059 
10.712 
10.385 
10.078 
97882 


1.000 

1.0000 

000 

000 

000 

000 

1.000 

1.0000 

000 

0.9999 

000 

999 

1.000 

.9998 

000 

998 

000 

997 

1.000 

.9997 

000 

996 

001 

995 

1.001 

9994 

001 

993 

001 

992 

1.001 

.9990 

001 

989 

001 

988 

1.001 

.9986 


002 

002 

1.002 

002 

00 2 

1.002 


985 

983 

9981 

980 

_978 

.9976 



3 

2 

10 


84 8r__0 

55 50 ' 

26 40 ' 

30 ' 
20 ' 
10 ' 


1.4981 
952 
* 4923 
893 
864 

L 4 » 35 _ 

806 

777 

1.4748 


86 ° 0 


5 

4 


10 
20 ' 
30 ' 
40 ' 
50 ' 
8 ° 0 ' 


8.206 


9.0098 

8.7769 

8-5555 

8.3450 

8.1443 


6.9682 

6.8269 

6.6912 

6.5606 

6.4348 


283 

254 

1.4224 




609 



















































RADIANS 



6-392 I -'584 6.3138 


6.059 


5-955 

«55 


11 437 



793 5764 

#23 4845 

>853 5 3955 

883 3093 

9»4 2257 


10 

20 

30 

40 

50 


12 ° 0 


10 ' 

20 ' 

30 

40 

50 



016 

843 

016 

838 

1.017 

-9833 

018 

827 

018 

822 


019 

Hi i 

020 

805 

1.020 

•9799 

021 

793 

022 

_7?7 

1.022 

9781 

023 

775 

024 

769 

1.024 

•9763 

025 

757 

026 

750 

1.026 

_^744 

027 

737 

028 

730 

1.028 

.9724 

029 

A1A 

717 


3963 


50 

40 

30 

20 

_10 

79- 0 

' 50' 
40' 
30' 
20 ' 
10 ' 




2967 


996 
•3025 
•3054 
083 
113 


3142 


784 

592 

812 

556 

.2840 

3521 

868 

487 

896 

453 

2924 

3420 

952 

388 

.2979 

357 

.3007 

3326 

035 

295 

062 

265 

W BUJ1 

K9CU 


3057 

32709 

1.046 

•9563 

I.274I 

089 

237* 

047 

555 

712 

121 

2041 

048 

546 

683 

•3153 

3.17I6 

1.048 

•9537 

I.2654 

185 

1397 

049 

528 

625 

217 

IO84 

050 

520 

595 

.3249 

3.0777 

1.051 

-9511 

1.2566 

Col 


Sin 

KndiunB 


50 

40 

30 

20 

10 


72° 


I'Mfffi 














































































•3090 


118 
45 
73 

oi 
28 


•3256 


283 

3ii 

3338 

365 


3.236 


207 

179 

3.152 

124 

098 


3072 


046 

3-021 

2.996 

971 




281 

314 

3346 

378 

411 


3443 


476 

508 

•3541 

574 

607 


3640 


673 

706 

•3739 

772 

805 


0475 

30178 

2.9887 

9600 

9319 


2.9042 


8770 

8502 

2.8239 

7980 

7725 


2.7475 


7228 

6985 

2.6746 

6311 

6279 


872 5826 

906 5605 

•3939 2.5386 

•3973 5172 

.4006 4960 





4452 2.2460 


487 2286 

522 2113 

•4557 2.1943 

592 1775 

628 1609 


699 1283 

734 1123 

4770 2.0965 
806 0809 

84« 0655 


1.0 


072 

074 

1075 

076 

077 


1.079 


080 

081 

I.082 

084 

085 


088 

089 

I.090 

092 

093 


1.095 


096 

097 

1.099 

100 

102 


103 


105 

106 
1.108 


•9336 


325 

3*5 

•9304 

293 

283 


.9272 


261 

250 

9239 

228 

216 


*694 

665 


68 ° 0 


50' 

40' 

30' 

20 ' 

10 ' 


67 ° 0 


50 



•9135 


124 
112 
.9100 
088 
075 


.9063 


051 

038 

.9026 

013 

.9001 




975 

962 

.8949 

936 

923 


606 

M 

57 

7 

2( 


8 

K 

519 

66° ( 


5095 * 9626 


ce Cot 































































































4 

5 


29° 0 



10 

2 

3 

4 

50 


32° 


10 ' 

2 

3 

4 

5 » 


33° 0 


10 

2 

3 

4 

5 


34° 0 


10 

2 

3 

4 

5 


36° O' 


10 ' 
2 
3 
4 ' 

5 i 


36° 0 


Kndinn 


4712 


74 * 

771 

.4800 

829 

858 


.4887 


916 

945 

•4974 

•5003 

052 


.5061 





60 


789 

818 

•5847 

876 

905 


5934 


963 

99 2 
.6021 





695 


720 

746 

•4772 

797 

823 


8 


874 

899 

•4924 

950 

4975 


.5000 


025 

050 

•5075 

loo 

125 


•5095 1-9626 
«32 9486 

,6 9 9347 

.5206 1.9210 
2 43 9074 

280 8940 




118 
107 
2.096 
085 
074 


052 

041 

2.031 

020 

010 


I.990 

Who 




932 

923 

1.914 

905 

800 




5774 _ 1.732 


812 7205 

851 7090 

5890 1.6977 

930 6864 

5969 6753 

6oo 9 i .6 6 m 

048 6534 

088 6426 

6128 1.6319 
168 6212 

208 6107 



47 * 

828 

495 

820 

•5519 

1.812 

544 

804 

_ 568 

796 


616 

781 

640 

773 

.5664 

1.766 

688 

758 


6494 


536 

577 

6619 

661 

703 

**745 


787 

830 

6873 

916 

<>959 


5301 

5204 

1.5108 

5013 

1 49*9 
1.4826 


4733 

4641 

* 4550 

4460 

4370 



046 4193 

089 4106 

7133 14019 

'77 3934 

221 3848 


265 


1.213 
216 
218 



.8 


732 

7 *« 

.8704 

689 

675 


.8660 



10 


1.0821 | 62 ° 0 


50 

40 


61° 0 


50 ' 

40 ' 

30 ' 

20 ' 

10 ' 


60° 0 


50 

40 



617 

588 

'•0559 

530 

501 


0472 


443 

414 

1.0385 

356 
32 


0297 


268 

239 





50 ' 

40 ' 

30 ' 

20 ' 

10 ' 

68 ° 0 ' 


5 

4 



919 

890 

.9861 

832 

803 



.8290 


274 

258 

.8241 

225 

208 


.8 


*75 

*58 

.8141 


.8090 


Sin 






Kadi a n« | D egret* 






















































































































































































6. FIVE-PLACE NATURAL LOGARITHMS 

lh ta j b . le contains logarithms of numbers from 1 to 10 to the base To 
the natural logar.thms of other numbers use the formulas: 


obtain 


log. ( 10 ' H) 

-(ft) 

Jog, 10 = 2.302585 
log. 10 * - 4.005170 
log. 10 * - 6.907755 


log, /V + log, 10 ' 
log, /V — log, 10 ' 


log, 10 * - 9.210340 
log, 10 » = 11.512925 
log, 10 « - 13.815511 


0 

0.0 oooo 


1 

0995 



0.0 953 ' I *0436 
o.i 8232 9062 

0.2 6236 - 

0 3 .VM 7 

0.4 0547 
0.4 7000 

0.5 3063 


7003 

4359 
1211 
7623 

3649 

9333 

47io 


1980 2956 > 3922 


*'333 *2222 *3103 
9885 *0701 *1511 
7763 8518 9267 


•2314 


4232 

9884 

5233 


0-69315 I 9813 *0310 


4812 

•0432 

5752 


•0804 


5389 5962 653 

0977 *1519 *2071 

6269 6783 729. 


295 *1784 *227 


2.1 0.74194 

2.2 0.7 8846 

2.3 0.8 3291 

2.4 0.8 7547 

0.9 1629 
0-9 5551 

0.9 9325 
1.0 2962 
1.06471 


1.0 986 


4669 

9299 

3725 

7963 

2028 

5935 

P 

6815 


5*42 5612 6081 6547 7011 

9751 *0200 *0648 *1093 *1536 

4157 4587 5015 5442 5866 

8.377 8789 9200 9609 *0016 

2426 2822 3216 3609 4001 

6317 6698 7078 7456 7833 

•0063 *0430 *0796 •1160 *1523 

3674 4028 4380 4732 5082 

7158 7500 7841 8181 8519 


186 *1514 *1841 


It/ - IK 



0010 

•5700 

•6551 

*7395 

•3902 

•4686 

•5464 

•1481 

•2208 

•2930 

8526 

9204 

9878 

5108 

5742 

6373 

•1282 

•1879 

•2473 

7098 

7661 

8222 

•2594 

* 3 '27 

•3658 

7803 

8310 

8813 

•2755 

•3237 

*3716 

7473 

7932 

8390 

•1978 

•2418 

•2855 

6289 

6710 

7129 

•0422 

•0826 

•1228 

439 » 

4779 

5166 

8208 

8582 

8954 

•>885 

•2245 

•2604 

5431 

5779 

6126 

8856 

9192 

9527 


/--t- iODi /‘ ,v O 01/3 0479 
•0297 *0597 *0896 *1194 * 149 , 


4127 4415 

6976 7257 

9746 *0019 
2442 2708 


•0118 I *0364 


4703 

7536 

•0291 


6002 

9089 

•2083 

4990 

7815 

•0563 



3031 

5395 

7705 

9962 

2170 

4330 

6444 

8515 


3270 

5629 

7933 

•0185 

2388 

4543 

<*53 

8719 

•0744 


2728 


9 


























E-PLACE NATURAL LOGARITHMS 



I.60944 


5.1 I.62924 

5.2 1.64866 

5.3 1.6 6771 

5.4 I.68640 

5.5 1.70475 

5.6 1.7 2277 

5.7 1.74047 

5.8 1.7 5786 

5.9 1.7 7495 


1.79176 


6.1 | 1.80829 

18 2455 

18 4055 

1.8 5630 
1.8 7180 

1.8 8707 

6.7 I 1.9 0211 

6.8 I 1.9 1692 

1.9 3152 


1.9 4591 



.5 I 2.0 1490 
.6 2.0 2815 

2.0 4122 
7.8 | 2.05412 
2.o 6686 


8.0 | 2.0 7944 


2.09186 
2.1 0413 
2.1 1626 

2.1 2823 
2.1 4007 
2.1 5176 

8.7 2.! 6332 

8.8 2.1 7475 

8.9 2.1 8605 


2.1 9722 


2.2 0827 
2.2 1920 
2.2 3001 

2.2 4071 
2.2 5129 
2.2 6176 

9.7 2.27213 

9.8 2.28238 

9.9 2.29253 


2.3 0259 



2942 

4124 

5292 

6447 

7589 

8717 


9834 



1482 

3098 

4688 

6253 

7794 

9311 

0806 

2279 

3730 


5161 


6571 

7962 

9334 

0687 

2022 

3340 

4640 

5924 

7191 


«443 


9679 

0900 

2106 

3298 

4476 

5640 

6791 

7929 

9054 


•0166 


1266 

2354 

343 * 

4496 

5549 

6592 

7624 

8646 

9657 


*645 

3258 

4845 

6408 

7947 

9462 

0954 

2425 

3874 


5303 


6711 

8100 

9470 

0821 

2155 

347 * 

4769 

6051 

73*7 


8567 


34*7 

4593 

5756 

6905 

8042 

9*65 


•0276 


9924 

1142 

2346 

3535 

4710 

587 * 

7020 

8*55 

9277 


•038 


*485 

2570 

3645 

4707 

5759 

6799 

7829 

8849 

9858 


2334 

253 * 

2728 

4287 

4481 

4673 

6203 

6393 

6582 

8083 

8269 

8455 

9928 

•0111 

•0293 

1740 

* 9*9 

2098 

35*9 

3695 

387 * ! 

5267 

5440 

5613 

6985 

7*56 

7326 

8675 

8842 

9009 

1 ——m~r—TTg 


1970 

2132 

2294 

3578 

3737 

3896 

5*60 

53*7 

5473 

6718 

6872 

7026 

8251 

8403 

8555 

9762 

99*2 

•0061 

1250 

1398 

*545 

2716 

2862 

3007 

4162 

43‘>5 

4448 

5586 

5727 

5869 

6991 

7*30 

7269 

8376 

85*3 

8650 

9742 

9»77 

•0013 

IO89 

*223 

*357 

24*9 

255 * 

2683 

3732 

3862 

3992 

5027 

5*56 

5284 

6306 

6433 

6560 

7568 

7694 

7819 

8815 

8939 

9063 

•0047 

•0169 

•0291 

I263 

13H4 

1505 

2465 

2585 

. 2704 

3653 

377 * 

3889 

4827 

4943 

5060 

5987 

6102 

6217 

7*34 

7248 

7361 

8267 

8380 

8493 

9389 

9500 

9611 

•0497 

•0607 

•0717 

*594 

1703 

1812 

2678 

2786 

2894 

375 * 

3858 

3965 

4813 

49*8 

5024 

5863 

5968 

6072 

6903 

7006 

7*09 

7932 

8034 

8136 

8950 

905 * 

9*52 

9958 

•0058 

*0158 

0956 

*055 

**54 










































7. EXPONENTAL AND HYPERBOLIC FUNCIONS 

, J r Z va '“ e ? °f X "°* Biven , in ,he ' a,lle exponential (unction o may be found 

rz n ;:'t y i ,v o.««r of a ,able of common ,o - ri ' h - *» **„ 

nta^be" T ''""' V ' ^ * when * > «) ""•> * end co s h x 

ma> be obtained to five significant figures by the formula sinh x = cosh x - 

.tTxC l 5 o^ nd bV ' he rda,lon ata «: furthermore, for'such “ lues of x! 



sinh x 

cosh x 

tanh x 

.00000 

1.0000 

.00000 

* .10017 

1.0050 

.09967 

.20134 

1.0201 

•19738 

•30452 

1 0453 

29131 

•41075 

1.0811 

•37995 

.52110 

1.1276 

.46212 

63665 

11855 

•53705 

-75858 

1-2552 

•60437 

.88811 

1-3374 

.66404 

1.0265 

1-4331 

71630 

1.1752 


1.3356 

1.6685 

.80050 

15095 

1.8107 

•83365 

1.6984 

1.9709 

.86172 


1 - 9043 

2.1293 

2 - 3756 

2.6456 

2.9422 

32682 


3.6269 


40219 
4 4571 

49370 

5-4662 

6.0502 

66947 

7 4063 

8.1919 
90596 


2.1509 

2 - 35*4 

2 - 5775 

2.8283 

3 - 1075 
34177 


4-1443 

4 5679 
50372 

5 5569 
61323 

6.7690 

7-4735 

8.2527 

9.1146 


•88535 

90515 

•92167 

•93541 

.94681 

95624 


3 


•97045 

•97574 

.98010 

•98367 

.98661 

•98903 

.99101 

•99263 

.99396 
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X 

e' 

e~ x 

sinh x 

cosh x 

tanh x 

X 

3.0 

20.086 

.04979 

10.018 

10.068 

99505 

3.0 

3.1 

22.198 

•04505 

11.076 

11.122 

•99595 

3.1 

3.2 

24-533 

.04076 

12.246 

12.287 

.99668 

3.2 

3.3 

27.113 

.03688 

13 538 

13 575 

.99728 

3.3 

3.4 

29.964 

•03337 

14965 

14 999 

•99777 

3.4 

3.5 

33-115 

.03020 

16.543 

16.573 

.99818 

3.5 

3.6 

36.598 

.02732 

18.285 

18.313 

99851 

3.6 

3.7 

40.447 

.02472 

20.211 

20.236 

.99878 

3.7 

3.8 

44-701 

.02237 

22.339 

22.362 

.99900 

3.8 

3.9 

49.402 

.02024 

24.691 

24711 

.99918 

3.9 

4.0 

54-598 

.01832 

27.290 

27308 

•99933 

4.0 


60.340 

.01657 

30.162 

30.178 

•99945 

4.1 


66.686 

.01500 

33-336 

33-351 

•99955 

4.2 


73 700 

•01357 

36.843 

36857 

99963 

4.3 


81.451 

.01228 

40.719 

40732 

99970 

4.4 


90.017 

.01111 

45003 

45014 

•99975 

4.5 

WUM 

99.484 

.01005 

49 737 

49 747 

.99980 

4.6 

4.7 

109 95 

.00910 

54969 

54-978 

99983 

4.7 

4.8 

121.51 

.00823 

60.751 

60.759 

.99986 

4.8 

4.9 

134-29 

00745 

67.141 

67.149 

99989 

4.9 

6.0 

148.41 

.00674 

74203 

74210 

99991 

6.0 

5.1 

164.02 

.00610 

82.008 

82.014 

•99993 

5.1 

5.2 

181.27 

00552 

90633 

90.639 

99994 

5.2 

5.3 

200.34 

.00499 

100.17 

100.17 

99995 

5.3 

5.4 

221.41 

00452 

110.70 

110.71 

•99996 

5.4 

5.5 

244.69 

.00409 

122.34 

122.35 

99997 

5.5 

5.6 

270.43 

.00370 

135.21 

135.22 

•99997 

5.6 

5.7 

298.87 

00335 

149 43 

149 44 

99998 

5.7 

5.8 

330.30 

00303 

16515 

16515 

99998 

5.8 

5.9 

36504 

.00274 

182.52 

182.52 

•99998 

5.9 

6.0 

40343 

.00248 

201.71 

201.72 

99999 

6.0 

6.1 

* 



222.93 

222.93 

■99999 

6.1 

njfl f 


Lrlll 

24637 

246.38 

99999 

6.2 

O.J 

544-57 

.OOI84 

272.29 

272.29 

.99999 

6.3 

6.4 

601.85 

.00166 

300.92 

300.92 

•99999 

6.4 

6.5 

665.14 

.00150 

332.57 

332.57 

1.0000 

6.5 
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Abel, 244/ 

Abel’s Theorem on power series, 472 
Absolute convergence of series, 463 
Absolute maximum (minimum), 119, 122 
Absolute value of number, 1 If 
Acceleration 

in curvilinear motion, 428 
in rectilinear motion, 41 
on space curve, 534 
Algebraic function, 304 
Alternating series, 465 
Amplitude of simple harmonic motion, 386 
Angle between curves, 68, 402 
Angle between two directions, 489 
Angle from radius vector to tangent, 399 
Angular velocity, 433 
AntidifTerential, 176 
Antidifferentiation, 174, 176 
by parts, 191 
by transformation, 187 
of power, 176, 181, 183 
symbol, 180 

Anti-Snowflake curve, 101 
Approximate integration 
by infinite scries, 448, 480 
by mid-point rule, 250 
by Simpson’s rule, 246 
by trapezoidal method, 244 
Approximation of increment by differen¬ 
tials, 138, 510 
Arbitrary constant, 175 
Arc of curve 
centroid of, 297 
differential of, 265 
length of, 262, 404, 530 . 

moment of inertia of, 581 
rectifiable, 262 
Archimedes, 211 
Area 

between two curves, 228 
by double integration, 555, 564 
centroid of, 295, 556 
definition of, 207, 215, 220 
in polar coordinates, 402, 564 
in rectangular coordinates, 220, 555 
moment of inertia of, 581 
of circle, 210 
of circular sector, 345 
of conical frustum, 275 
of surface in general, 558, 567 
of surface of revolution, 275, 277 
under plane curve, 220, 223, 226 


Asymptotes, 112, 113, 154 
Average velocity, 10, 44, 154 

Berkeley, Bishop, 171/ 

Bernoulli's differential equation, 343 
Binomial series, 472, 476 
Binormal to space curve, 532 
Bliss’ Theorem, 276, 300 
Bolzano's Theorem, 98 
Boyle’s law, 27 

Brachistochrone property of cycloid, 409 

Calculus, 1, 171, 304 
differential, 171 
integral, 211 
Cardioid, 173, 399, 412 
Catenary, 317, 334, 390 
Cauchy, 171/ 

Cauchy form of remainder, 452/ 

Cauchy Generalized Mean-Value Theo¬ 
rem, 166 

Cauchy Integrals, 269, 270, 271, 300 
Cauchy principal value, 271/, 274 
Cauchy-Ricmann conditions, 523 
Center 

of curvature, 417 
of gravity, 289, 290, 291 
of mass, 291, 556, 567 
Centroid, 292 
of arc, 297 

of plane area, 295, 556 
of solid, 575 

of solid of revolution, 293 
of surface, 560 
of surface of revolution, 296 
Chain rule, 143 

Change of limits in definite integral, 241 
Change of order in higher partial deriva¬ 
tives. 507, 541 
Change of variable 

in antidifferentiation, 187 
in definite integrals, 241 
in double, triple, integrals, 566, 575 
Circle, curvature of, 416 
Circle of curvature, 417 
Circular measure of angle, 344 
Circular motion, 428, 432 
Circular sector, 345 
Cissoid, 118 
Closed expression, 244 
Comparison test for infinite series, 456 
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Com|>onents 
of acceleration, 429, 534 
of vector, 423 
of velocity, 427, 533 
tangential, normal (of acceleration), 430 
transverse, radial, 433 
Composite function, 510 
Compound interest law, 311 
Concavity of curve, 105, 172 
C-mional convergence of infinite series, 

Cone, 254, 492 
Constant, 2 

Continuity of function of one variable, 

**»/, 91 

of exponential, 305 
of logarithm, 306 
of polynomial, 94 
of product, 94 
of quotient, 94 
of rational function, 94 
of sum, 94 

of trigonometric functions, 93 , 346 
right-, left-, hnnd, 91 / 
uniform, 277/ 

C ° nl 505 ily ° f function of Kev °ral variables. 
eontinuUy of function of two variables. 

Continuous growth, law of. 311 , 336 
continuous real variable, 3 
Continuum, 3, 586 
Contour lines, 492 
Convergence 
of Cauchy integrals, 272 
of infinite sequence, 17 
of infinite series, 453 
Conversion of logarithmic base, 308 
Corner, 62, 115 

Critical points, 105, 111, 115, 536 
Curvature, 417 
center of, 417 
circle of, 417 
of circle, 416 
radius of, 417 

Curve tracing, 104, 108, 110, 115, 153 
Curvilinear motion 
plane, 421 
space, 533 
Cusp, 116 
Cycloid, 407 
Cycloidal pendulum, 421 
Cylinder, 252, 491 
Cylindrical coordinates, 561, 575 

Damped harmonic motion, 390 
Decreasing function, 40, 173 
Definite integral, 205, 218, 392 
approximation of, 244, 246 
change of variable in, 241 


of /(', y), 542 
properties of, 234 
symbol for, 225 
Density, 291, 555, 556/ 

Dependent variable, 5 
Derivative of f( x ), 25 
right-, left-, hand, 87 
Derivative 

of composite function, 519 
of constant, 34 
of exponential function, 316 
° f d ° fin0d by P—tris^ua- 

of function of a function, 45 
of hyperbolic functions, 593 
of implicit functions, 70 
of indefinite integral, 238 
of inverse functions, 145 
of inverse trigonometric functions, 375 
of logarithmic function, 313 
of power of function, 47 

of ljower of indepemdent variable, 34 , 

of power series, 471 
of product of functions, 53 , 55 
of quotient of functions, 57 
of sum of functions, 35 
of trigonometric functions, 346 
Derivatives of f{x, y) 
directional, 515 
normal, 517 
partial, 505 
total, 521 

Difference-quotient, 25 
Differentiable function, 159 
Differential 
of arc. 265 

of function of one variable, 137 
of function of several variables, 510 
of independent variable, 138 
partial, 510 
total, 160, 510 
Differential equation, 176 
Bernouilli’s, 343 
exact, 199 
homogeneous, 342 
linear, of first order, 339 
M dx + iV dij » 0. 197 
of continuous growth, 335 
of simple harmonic iflotion, 385 
Differential identities, 145, 151 
Differential system, 176, 178, 194 
Differentiation, 157, 521 (see Derivative) 
Direction angles, 486 
Direction cosines, 487 
Direction numbers, 487 
Directional derivative, 515 
Discontinuous function, 92, 504 
Distance formula, 487 



Divergence 

of Cauchy integrals, 272 
of infinite series, 453 
Division by zero, 11/ 

Dominating series, 456 
Double integral, 543 
iterated, 548, 570 

Dual problems in extreme value, 131 
DuhameFs Theorem, ^76/, 277 
Dummy variable, 237 

e, 308, 310, 312, 587 
Easement curve, 481 
Elementary solids, 252 
Ellipsoid, 494 

Elliptic integrals, 480, 481, 483 
Envelope, 538 

Epicycloid, 411 
Error 

approximation by differentials, 139, 510 
in calculation by alternating series, 467 
in Simpson’s rule, 248 
percentage, 141 
relative, 141 
Error function, 321 
Euclid, 211 
Eudoxus, 211 
Euler, 310 

Euler’s Theorem on homogeneous func¬ 
tions, 508/ 

Evolute, 251, 420 

Exact differential equation, 199 

Exp x, 337/ 

Expansion of functions in scries, 477 
Explicit function, 68 
Exponential function, 304 
derivative of, 312, 316 
graph of, 306 
integral of, 322 
scries for, 477 
table of, 616 
Exponential series, 477 
Extreme values 
absolute, 122 
of f{x, y), 536 
relative, 119, 172 

Factor of exactitude, 200 
Family, 174 
Fermat, 78f, 119 

First derivative test for extrema, 120 
Fluid pressure, 302 
Folium of Descartes, 118, 156 
Fourier series, 389 
Frequency, 387 
Fubini’s Theorem, 552 
Function 
of one variable, 5 
of several variables, 7, 502 


Function 
algebraic, 304 
composite, 519 
continuous, 91 
cost, 61 
decreasing, 40 

defined by parametric equations, 151 
defined by power series, 470 
demand, 61 
differentiable, 159 
discontinuous, 92 
elementary, 244, 304 
explicit, 68 
exponential, 304, 305 
homogeneous, 508/ 
hyperbolic, 392, 588 
implicit, 68 
increasing, 40 
integrable, 219 
inverse, 149 
inverse hyperbolic, 590 
inverse trigonometric, 370 
logarithmic, 306 
marginal revenue, 61 
multiple-valued, 6 
of a function, 45 
oscillating, 84 
polynomial, 304/ 
range of definition of, 5 
range of values of, 5 
rational, 94, 304/ 
single-valued, 6 
smooth, 104 
total revenue, 61 
transcendental, 304 
trigonometric, 344 
Fundamental Theorem 
of algebra, 381 
of double integrals, 551 
of integral calculus. 222, 250 
of triple integrals, 572 

Geometric series, 454 
Geometry 

formulas from, 604 
space, 485 
Gradient, 517 

Gravity, center of, 289. 290, 291 
Gregory series. 466, 473, 482 
Gyration, radius of, 580 

Harmonic series, 456, 457 
Helix, 498 
Hermite, 312 
Higher derivatives, 44 
Higher partial derivatives, 506 
Hodograph, 429 
Homogeneous body, 291, 556/ 
Homogeneous function, 508/ 
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Homogeneous linear differential equation, 

Huyghens, 484 
Hyperbolic functions 
definition of, 590, 591 
differentiation of, 593 
graphs of, 592 
identities in, 5!K), 592 
integration by, 592, 593 
inverse, 590, 591 
integration of, 593 
table of, 616 
Hyperboloids, 494 
Hypocycloid, 410, 412 
of four cusps, 75, 268, 411 


Identical functions, 51 
Implicit function, 68, 524 
differentiation of, 70. 129. 160, 524, 525 
Improper integral (see Cauchy integral) 
Increasing function, 40, 173 
Increment, 10, 510 

“PPjoximation of, by differentials, 138, 

Indefinite integral, 237, 392 
differentiation of, 238 
properties of, 237 
Independent variable, 5 
Indeterminate, 5 
Indeterminate forms, 170, 320/ 

Inertia, moment of, 580 
Infinite integral (see Cauchy integral) 
Infinite senes, 452 
Infinitesimal, 171/ 

Infinity, 84 

Inflection, point of, 108 
Initial condition, 176 
Initial ray, 398 

Instantaneous rate of change, 24 
Instantaneous velocity, 14 
Integrate function, 219 

Integral 

Cauchy, 269, 271 
curvilinear, 583 
definite, 205 
double, 543 
elliptic, 480, 481, 483 
indefinite, 237 
iterated, 548, 570 
multiple, 542 

of continuous functions, 219 

of sum, 235 

partial, 552 

surface, 560 

triple, 570 

Integral as limit of sum, 218 
Integral sign, 180/, 225, 239 
Integral test for series, 459 
Integrand, 225 
Integrating factor, 200/, 335 


Integration, 225, 239, 391 
by exponential form, 322 
by hyperbolic forms, 592, 593 
by partial fractions, 328, 380 
by parts, 240 
by power law, 240 
by reduction formulas, 322 

by table of integrals, 391 
by transformation, 241, 359, 367 
by trigonometric forms, 351, 359 
of power series, 471 
of rational functions, 326, 380, 384 
of rational functions of trigonometric 
functions, 360 
rcsum6 of, 391 
Intervals 
closed, 3 
nested, 585 
open, 3 
semi-closed, 3 
Inverse Function, 145, 149 
Inverse Function Theorem, 148 
Inverse hyperbolic functions, 590, 591 
Inverse trigonometric functions, 6, 149 
370, 372, 376, 377 
Involute, 420 
Irrational number, 584 
Irreducible quadratic factors, 381 
Isolated point, 116 
Iterated double integral, 548, 549 
in cylindrical coordinates, 563 
in polar coordinates, 565 
Iterated triple integral, 571 

Jucobian, 526 
Jordan’s inequality, 389 

Kepler's law, 436 

Lagrange form of remainder, 452/ 
Isambcrl, 211 

Law of continuous growth, 311, 336 
Law of mass action, 336 
I>east squares, 134 
Iseibniz, 25/ 

L°jbniz derivative notation, 142, 144, 157 
Leibniz series, 455 
Length of arc 

for parametric equations, 266 
for space curve, 530 
in polar coordinates, 404 
in rectangular coordinates, 264 
L’H6pituPs Theorems, 167 
Lima^on of Pascal, 172 
Limit 

left-, right-, hand, 21, 85 
of continuous function, 97 
of /(x), 19, 83, 88 
of function of several variables, 502 
of product, 21 
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Limit —Continued 
of quotient, 21 

of ratio of arc to chord of circle, 265 
of sequence, 17, 24 

of sum, 21 
of variable, 15 

Limiting cases of arc-length integrals, 268 
Limits of definite integrals, 225 
Lindemann, 211 

Linear differential equation of first order, 
339 

LiouviUe, 244/ 

Ln z, 313 

Logarithmic differentiation, 314 
Logarithmic function, 307 
derivative of, 313 
graph of, 307 
tables of, 607, 614 
Logarithmic series, 469 
Logarithms, calculation of, 475 

Maclnurin’s formula, 443 
Maclaurin’s series, 450, 475 
Maclaurin's Theorem, 444 
Mass, 290 
of lamina, 556, 567 
of solid, 572 

Mass, center of, 291, 556, 567, 575 
Maximum value of function of one vari¬ 
able, 98, 119, 122 

Maximum value of function of several 
variables, 536 

Mean value of function, 236, 286, 556 
Mean-Value Theorem 
for derivatives, 162, 440/ 
for functions of several variables, 511 
for integrals, 236 
Method of "exhaustion”, 210/ 

Method of fulsc position, 167 
Minimum (see Maximum) 

Moment, 289, 580 
Moment-arm, 289 
Moment of inertia, 580 
Monotone sequence, 586 
Monotonic function, 148 
Motion 

circular, 428, 432 
curvilinear, 421 
damped harmonic, 390 
of projectile, 156, 194, 203, 432 
on polar curve, 433 
on space curve, 533 
rectilinear, 37 
simple harmonic, 385 
Multiple integration, 542 
Multiple-valued function, 6 

n-factorial, 60 

n-tuple iterated integral, 583 


Natural logarithms, 313 
table of, 614 . 

Necessary and sufficient conditions, 
Nested intervals, 585 
Newton, 78/, 171/ 

Newton’s law of cooling, 338 
Newton’s method for solution of equations, 
166 

Node, 116 

Normal component of acceleration, 431 
Normal derivative, 516 
Normal-length, 77 
Normal line 
to plane curve, 65 
to surface, 512 

Normal plane to space curve, 529 
Null variable, 171/ 

Number system, 584 

Orthogonal curves, 76 
Orthogonal trajectory, 200 
Osculating circle, 413 
Osculating plane, 531 

Pappus, theorems of, 297 
Paraboloid, 495 
Parallel-axis theorem, 581 
Parallelepiped, 252 
Parameter, 151, 174 
Parametric equations, 151, 498 
curve tracing from, 153 
Pnrtial derivatives, 70/. 160, 505 
Partial fractions, 328, 380 
Partial integrals, 552 
Partial sums of infinite series, 453 
Partition, 216 
Percentage error, 141 
Perimeter of circle, 209, 210 
Period 

of pendulum, 60 

of simple harmonic motion, 386 

of sin x, 344 

Perpendicularity condition (space), 489 
Phase number, 387 

ir, 211 

Piecewise continuous curve, 110 
Piecewise smooth curve, 111 
Plane, 490 
Planiineter, 246 

Point of inflection of curve, 108 
Polar coordinates, 398 
area by double integration, 564 
area in, 402, 564 
centroids, 404 
differential properties, 398 
extreme values of r, 399 
high, low, points on curve, 401 
integral properties, 402 
length of arc in, 404 
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Polar coordinates —Continued 
motion on curve given by, 433 
volume, surface area, of solids of revolu¬ 
tion, 405 
Polar net, 562 

Polynomial approximation of function 
440, 442 
Power law 

for differentiation, 47 
for integration, 183 
1 °'Y® r st *nes, 451, 467 
differentiation of, 471 
functions defined bv, 470 
integration of, 471 
operations with, 477 
radius of convergence of. 469 
range of convergence of, 469 
uniqueness theorem on. 475 
Primitive, 176 

I nncipal normal to space curve. 532 
ncipa! value of inverse trigonometric 
Prism"™' 7 * 371 * ^72, 376, 377/ 
Prismoid, 261 
Prismoid formula, 246 
Projectile, 156, 194, 203.432 
1 rojections of line-segment, 486 
Properties of definite integrals, 234 

inM ' ni ' v in,p « ra, ‘- 237 

Pyramid, 255 

R^idial components of acceleration, 433 
Radian, 344/ 

Radius of convergence of power series, 469 
Radius of curvature, 417 
Radius of gyration, 580 
Radius vector, 398 
Range of convergence, 469 
Range of variable, 2 
closed, 3 
open, 3 
se mi closed, 3 
Rate of change, 1 , 50 
Ratio test for series, 460 
Rational function, 94. 304/ 
integration of, 326. 380, 384 
Rational number, 584 
Real numbers, 2. 586 
Rectangular nets, 544, 57 
Rectifiable curve, 262 
Reduction formulas, 322, 360, 391 
Relative error, 141 
Relative maxima and minima, 119 
Remainder in Maclaurin’s formula, 444 
Remainder in Taylor's formula, 440, 442 
Resultant of two vectors, 423 
Rhamphoid, 119 
Riemann, 219, 300 


Riemann integral, 219 
limit of, 269 
Rolle's Theorem, 164 
Root test for series, 462 
Roulettes, 408 

Scalar, 422 
Schnabclspitzc, 119 

Second^dcrivalivo test for extremn, 121 , 

Sopnniblc variables in differential 
lions, 198 
Sequence, 17, 586 
Sequence of nested intervals, 585 
.Series, infinite, 451, 452 
absolutely convergent, 463 
alternating, 465 
conditionally convergent, 464 
convergence, divergence, of, 453 
of positive terms, 456 
of positive and negative terms, 463 
power, 467, 470 
sum of, 453 
value of, 453 

Set 

dense, 584 
perfect, 586 

Simple harmonic motion, 385 

Simpson's rule, 247 

Single-valued function, 6 

Singular points of curves, 116 

Slope of tangent to curve, 30, 62 

Smooth curve, 104 

Smooth function, 104 

Snow-flake curve, 101 

Solid analytic geometry. 259/, 485 

Solid of revolution, 256 

Solution of differential equation, 176 

r«ho? .<r tttions hy N ' owto “'« 

Space curve, 496 
arc length of, 530 
normal plane to, 529 
osculating plane to, 531 
plane, 496 
tangent line to, 529 
twisted, 496 
Speed 

in curvilinear motion, 421 
in rectilinear motion, 11 
Sphere, 253, 494 
Spherical coordinates, 576 
Spiral 

hyperbolic, 407 
logarithmic, 401 
of Archimedes, 407 
Straight line (space), 498 
continued equations of, 499 
parametric equations of, 500 
tracing planes of, 499 
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Strophoid, 118, 156 
Subnormal, 77 
Subtangent, 77 

Successive differentiation of implicit func¬ 
tions, 71, 524 

Sufficient and necessary conditions, 75/ 
Summation notation, 217 
Superharmonic series, 457 
Surface, 490 
aretrofrS55T567 
centroid of, 559 
normal line to, 512 
quadric, 494 
tangent plane to, 512 
volume under a, 543, 552, 563 
Surface integral, 560, 568 
Surface of revolution 
area of, 275, 277 
centroid of, 296 

Symbol for antidifferentiation, 180 
Symbol for definite integral, 225 

Table of integrals, 391, 594 
Tables, numerical 

of exponential function, 616 
of hyperbolic functions, 616 
of nutural logarithms, 614 
of ordinary logarithms, 607 
of powers and roots, 606 
of trigonometric functions, 609 
Tac-node, 116 
Tangent-length, 77 
Tangent line 

to plane curve, 62 
to space curve, 529 
Tangent plane to surface, 512 
Tangent-slope, 30, 62 
Tangential component of acceleration, 430 
Taylor's formula, 440 
Taylor’s series, 450 
Taylor’s Theorem, 442 
Time rate of change. 50 
Torus, 298, 301, 365 
Total derivative, 521 
Total differential, 509 
Trace, 490 
Tractrix, 301 

Trajectory, orthogonal, 200 
Transcendental function. 304 
Transformation 
in antidifferentiation, 187 
of definite integrals, 241 


of double integrals, 566 
of triple integrals, 575 
rectangular to polar coordinates, 
Transverse component of acceleration, 4o*> 
Trapezoidal rule, 244 
Trigonometric functions 
differentiation of, 346 
integration of, 354, 359 
inverse, 370 
table of, 609 

Trigonometric integration, 366, 377 
Trigonometric transformations, 366 
Trigonometry, formulas from, 604 
Triple integrals, 570 

in cylindrical coordinates, 575 
in spherical coordinates, 577 
iterated, 572 
Trochoid, 411 

Twisted cubic, 497, 529, 532 

Uniqueness theorem on power series, 475 
,le la ValUe Poussin, 247/, 470/, 530/ 

Value of infinite series, 453 
Variable, 2 
Vector, 422 

components of, 423 
direction of, 422 
magnitude of, 422 
unit, 422 

Vector function, 424 
derivative of, 425 
Velocity 
angular, 433 

average, in rectilinear motion, 10, 44 
in curvilinear motion, 426 
instantaneous, in rectilinear motion, 14 
on space curve, 533 
Velocity-curve, 429 
Velocity-magnitude, 11, 39, 44, 427 
Velocity-vector, 422, 426 
Volume 

of elementary solids, 252 
of solid. 572 

of solid of revolution, 256, 280, 569 
of solid with standard cross-section, 258 
under a surface, 543. 552, 563 

Wallis’ formulas, 363, 604 
Weierstrass’ Theorem, 98 
Weighted means, 237, 285 
Witch of Agnesi, 156 
Work, 205, 233 
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